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ABSTRACT: 

 The homogeneous ternary quadratic Diophantine equation represented by   
222 133 zyx    is studied for 

finding its non-zero distinct integer solutions. The formulae for generating sequence of integer solutions based 

on the given solution are exhibited. 
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I. INTRODUCTION 

Ternary quadratic equations are rich in variety [1-4, 17-19]. For an extensive review of sizable 

literature and various problems, one may refer [5-16]. In this communication, we consider yet another 

interesting homogeneous ternary quadratic equation  
222 133 zyx    and obtain infinitely many non-trivial 

integral solutions. Also, the formulae for generating sequence of integer solutions based on the given solution 

are exhibited. 

 

II. METHOD OF ANALYSIS: 

Let zyx ,,  be any three non-zero distinct integers such that 

           
222 133 zyx                                                                   (1) 

Introducing the linear transformations 
 

TXxTXz 13, 
                                (2) 

in (1), it leads to 
222 452 XTy 

                 (3) 

We present below different methods of solving (3) and thus, obtain different patterns of integral solutions to (1). 

Method: 1 

Observe that (3) is satisfied by

           

 

                             

2222 226,452,4 srXsryrsT   

In view of (2), the corresponding values of x and z satisfying (1) are given by 

                     
rssrz

rssrx

4226

52226

22

22




 

Method: 2 

Write (3) as the system of double equations as shown in Table: 1 below: 
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Table: 1 System of double equations 

System  1 2 3 4 5 6 7 

yX 2  2T  
22T  

213T  
 

 
226T  T52  T26  T13  

yX 2  52
 

26 4 2 T 2T 4T
 

 

Solving each of the system of equations in Table: 1, the corresponding values of X, y and T are obtained.  

Substituting the values of X and T in (2), the respective values of x and z are determined.  For simplicity and 

brevity, the integer solutions to (1) obtained through solving each of the above system of equations are 

exhibited. 

 

      System :1     System:2        System:3 

132

262

1326

2

2

2







kkz

ky

kkx

      

842

1444

20282

2

2

2







kkz

kky

kkx

 

1213

226

12613

2

2

2







kkz

ky

kkx

  

       System :4   System:5                System:6                 System :7 

82826

125252

205226

2

2

2







kkz

kky

kkx

    

kz

ky

kx

57

102

154







                         

kz

ky

kx

8

12

20







        

kz

ky

kx

21

18

69







 

 

Method: 3 

(1)  is written as 

      
222 133 xzy                                                                                                        (4) 

Assume 

                     
2213 bay 

        
                  (5)

 
 

 Also, 3 is written as  

  713271323                                                                                     (6) 

Substituting (5) and (6) in (4) and employing the factorization method, define 

   2)13(713213 baxz   

On equating the rational and irrational parts, we have 

  abbazabbax 14)13(2,52)13(7 2222                                      (7)                          

Thus (5) and (7) represent the non-zero distinct integer solutions to (1). 

Note: 1 

It is worth mentioning here that, in addition to (6), 3 may be represented as below: 

(i) 
  

4

113113
3


  

(ii) 
  

9

51325132
3


  

Following the procedure presented as above, two more sets of integer solutions to (1) are obtained. 

Method: 4 

One may write (1) as  

  1*313 222 xyz                                                                                     (8) 

Assume 

                
22 313 bax 

      
                            (9)

   
 

Write 1 as 

               )3213)(3213(1                                                                                    (10) 

Substituting (10), (9) in (8) and employing the factorization method, define 



On The Ternary Quadratic Diophantine Equation.. 

www.ijres.org                                                                                                                                               76 |Page 

  23133213313 bayz   

On equating the rational and irrational parts, we have 

   abbayabbaz 26)313(2,12313 2222                                         (11) 

Thus, (9) and (11) represent the non-zero distinct integer solutions to  (1). 

Note: 2 

It is worth mentioning here that, in addition to (10), 1 may be represented as below: 

(i) 
  

25

3313233132
1


  

(ii) 
  

49

31323132
1


  

Following the procedure presented as above, two more sets of integer solutions to (1) are obtained. 

 

Generation of Solutions 
Different formulas for generating sequence of integer solutions based on the given solution are presented below: 

Let  0,00 , zyx be any given solution to (1) 

Formula: 1 

Let  11,1 , zyx given by 

,01 xx  ,201 hyy  01 zhz 
                                                                

(12) 

be the
nd2 solution to (1). Using (12) in (1) and simplifying, one obtains 

00 2612 zyh   

In view of (12), the values of 1y and 1z are written in the matrix form as  

   
   tt

zyMzy 0011 ,,   

where 











2512

5225
M and t is the transpose 

The repetition of the above process leads to the
thn solutions nn zy , given by 

   tnt

nn zyMzy 00 ,,   

If  , are the distinct eigenvalues of M, then 

39425
,

39425  

We know that 

 
 

 
 ,IMIM

a
M

nn
n 













 22I Identity matrix 

Thus, the general formulas for integer solutions to (1) are given by 

00

00

0

2392
3

392
13

2

zyz

zyy

xx

nnnn

n

nnnn

n

n








 








 









 








 







 

Formula: 2 

Let  111 ,, zyx given by 

,4 01 xhx  ,4 01 yhy  01 4zz 
                                               

(13) 

be the
nd2 solution to (1). Using (13) in (1) and simplifying, one obtains 
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00 62 yxh   

In view of (13), the values of 1x and 1y are written in the matrix form as 

 
   tt

yxMyx 0011 ,,   

where 











22

62
M and  t is the transpose 

The repetition of the above process leads to the
thn solutions nn yx , given by 

   to

nt

nn yxMyx 0,,   

If  , are the distinct eigenvalues of M, then 

4,4    

Thus, the general formulas for integer solutions to (1) are given by 

o

n

n

n

o

nn

n

n

o

nn

n

zz

yxy

yxx

4

)))1(3())1(1(((4

)))1(1(3))1(31((4

0

1

0

1











 

 

Formula: 3 

Let  111, zyx given by 

,43 01 hxx  01 3yy  ,   01 3zhz 
                                                          

(14) 

be the
nd2 solution to (1). Using (14) in (1) and simplifying, one obtains 

00 268 zxh   

In view of (14), the values of 1x and 1z are written in the matrix form as 

   tt
zxMzx 0011 ,,   

where 











298

10429
M and t is the transpose 

The repetition of the above process leads to the 
thn  solutions nn z,x  given by 

   t00

nt

nn z,xMz,x   

If  , are the distinct eigen values of M, then 

,13829 13829  

Thus, the general formulas for integer solutions to (1) are given by 

  00

0

00

2132

1

3

2
13

2

zxz

yy

zxx

nn
nn

n

n

n

nnnn

n








 











 








 







 

 

III. CONCLUSION: 

In this paper, an attempt has been made to obtain non-zero distinct integer solutions to the ternary 

quadratic Diophantine equation
222 133 xzy  representing homogeneous cone. As there are varieties of 

cones, the readers may search for other forms of cones to obtain integer solutions for the corresponding cones. 
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