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Abstract
This paper address some typical results of mine on the nonlocal new Kirchhoff-type problems with negative
modulus in details.
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I. INTRODUCTION

Consider for a, b>0,the problem of the new Kirchhoff-type equation!" as following:
—(a—bIQ|Vu & dx)Auzg(x,u), xeQcRY(N21), (P)

whereQ is a bounded domain in R" with smooth boundary 6Q or Q=R", f:QXxR — R is a measurable

function. We have been point out that this problem is the Kirchhoff-type problem with negative modulus when
a,b>0 in [2,3] firstly based on the meaning of physics, and the same method may be use to solving the problem

_(bJ-Q| Vu |2 dx—a)Au = g(x,u), XEQQRN(NZI)’

but we are not the first researcher on this kind of problems. Mentioned that Yin and Liu [4] studied this kind of
problem(P) firstly, and included with Lei et al [5-7], all the reasons of research for the Eq. (P) that the nonlocal

coefficient (a —bIQ Nu |’ dx) isn't bounded below. We consider the problem (P) and explored their physical

significance in [2-3], and we point out that this kind of problem (P) is the Kirchhoff-type problem with negative
modulus in details [3]. We believe that the theoretical description in this thesis is helpful to the follow-up
workers. Indeed, based on the pure research, this problem is related with Kirchhoff-type equation

—(a+bjg|vu 2 dx)Au:f(x,u), in Q, (1)

where a > 0,b > 0,Q is a bounded domain in R" with smooth boundarydQ or Q=R", /' : QxR —> R isa
measurable function. Mentioned that Eq.(1.1) is related with the model

o’u Eh (1) 0u o’u
W= po+ =t [ |22 dx |5 = (), (12)
ot 2L70 ox ox

where u=u(x, ?) is the lateral displacement, 0<x<L, the time > 0, o the mass density, E the Young's modulus, /

the cross-section area, L the length, p,the initial axial tension. Eq.(1.2) named the Kirchhoff problem as an

extension of classical D'Alembert's wave equations for free vibration of elastic strings by Kirchhoff!!!in 1876.

When finding the existence of stationary solution, Eq. (1.2) may be express as the Eq. (1.1) and therefore
problem (1.1) was named the Kirchhoff-type problem. Eq.(1.1) has been studied by many researchers on whole
space R" and bounded domain with some boundary conditions, we omit it here.

II. BASIC KNOWLEDGE
Assume that a, b>0, " = max{0,u}, u~ =min{0,u}, 2" =cowith N =1,2, 2" =2N/(N —2)
1/
with N >3 L9(Q)(1< ¢ < +00) == {u [ e dr < +oo} L norm | ull, = (jg|u|"dx) " (Q)isa

N
space of essential bounded functions. The dual space of L?(Q)(1< g < +w0)is L (Q).
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wH(Q):={u:Q—> Rl<|a < k,3D{u,i=1,,N|,
wh(Q)={ue ] (Q)|1<al<k3DueL'(Q),i=1,,N}.

loc

W4 (Q) is the closure for Cj () on W 4 (Q). W1 (Q), W,**(Q) and their duals.

kL k- 9

q -4 k,
W T (Q), W, 17 (Q), are complete. W4 () -norm|{|, and the dual action with W 7™ (QQ),

I u||=[IQZLD“u K dx} Cuvy=[ 3 (Dwy"- Y Dvdx.

la|<k la|<k-1 la|<k—1

Case g = 2, this is an equivalence that the norm and dual with follows:
1/q
il =[ [ OVt sunde] " ey = [Vl Vi Vs [ s
1/q
| ull = [IQ NVu|! dx} is the equivalence-norm of W~ (Q), (u, vy = .[Q Vu |"? Vu -Vvdx is the
equivalence-dual. " (Q) = H* (Q), W*(Q) = H; (Q) , and for N>3, the mathematical space
D?(R"Y)= {u e’ RY)|Due?(RY),i= 1,...,N} ,
, L
Their norm|| ull = [I Vu | dx} , dual action (u, V) = J- . Vu-Vvdx , and for D" (Q) : the closure of
R/ R’

I
Cy(Q) onnorml| ull = U;) Vu |’ dx} ! and dual action (u, V) = J-Q Vu - Vvdx Denote by H the H (Q2),
D(R"), B,(0):={ueH |l ul <r},B,(0):= {xeR" || x|<R}.
As we know, H r (Q) not compact, but H < L (Q) < L (Q)(1 < g < p < 27) continuously, S, is

: P 71
the best constant of H c L"(Q)(1<¢<2), S, := inf W , which is corresponding with the first eigen-
- ueH\{0} || 14
q

function & ; § is the best constant of /1 cl’ (Q).eg
-

Il ulP

weth | 2
2

then, is achieved by
N-2 2-N

u,(x)=[ N(N=-2)&* | + (&’+|x[) 2 @.1)

onRY(N >3)and & > 0is arbitrary. —Au, = uffl (N =3)and

S f

Hence [ Vu, [P dv=[ e, [ dx= S? andS = ( [ Vu, P dx); - ( [ e P dx)fzv.

Consider the problem with Dirichlet and Neumann's boundary:

{—Auz/lu, xeQ, —Au =, xeL,

? .

ué’

&

wf e te],

2.2
u=0, xeoQ); a—u=0, x € oQ, @2
on

then, there exist {4}, ({ )7 )and{@.}7, ({8}7,) € C*(Q), such that
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AP = ud.¢ =V t Q
“Ap =g, >0, xeQ, ¢ = ug,p =Vceonstant,x € Q,

» =0 x € 0Q), % =0, x €092, (2.3)

on
<... = N
0<A <4 < lim A4 = +oo; 0= < 1, <+, lim g, = +o0,

0F b < H'(Q). ~Ag! = 40" ~AF = g
Recall that 4 € H is a weak solution of problem (P), if for every v € H , there is

(a —bJ-Q|Vu & dx)(jQVu -Vvdx+J-m§//u-vdS)—J-Qg(x,u)-vdx =0. (2.4)

ITI. Many contributions on new Kirchhoff-type problem with negative modulus
Consider the following problem with p € (2, 2*) :
—(a —bjgqu & dx)Au Hulu, xel

u=0, x €092,
then, by using the Mountain Pass Lemma, Yin and Liu got that:

3.1)

Theorem3.1.' Assume that a,5>0, p € (2, 2*) , then problem(3.1)possesses at least a nontrivial weak solution.

Theorem3.2.' Assume that a,b>0, p € (2, 27), then problem(3.1)possesses at least a nontrivial non-negative
solution and a nontrivial non-positive solution.

ForA>0, f, =tmax{xf,0}#0, f,=Af +f andl<g<?2,
—(a—bJ-Q|Vu|2 dx)Auzfﬂ(x)|u|"’2 u, xeQcR
u=0, x € 0Q)

by using Ekeland's variational principle, Harnack inequality, Lei et al got that.
Theorem3.3.” Assume thata,b >0, 1 < ¢ <2 and f, € L (€2) . Then there exists 4. > 0, such that for

(3.2)

any A € (0, 4,), problem (3.2) has at least two positive solutions.

We studied in [6] for the problem with A arbitrary, p € (2,4](N =1,2,3)or p € (2,2 )(N > 4)as
follows:

—(a—b.[QWu & dx)Auz/MuV”2 u, xeQ;
u=0, x € 0Q)
Theorem3.4."Set B, (0) R" is an open ball with radius R , then, for all R > 0 ,the problem(3.3) has an

(3.3)

a
unique positive solution with J.Q Vu | dx < 5 when Q2 = B, (0).
Based on the variational and perturbation methods, Lei at al researched
2 A 3
—(a—bJ. |Vu | dx)Au =—, xeQcR’
Q u’ (3.4)

u=0, x e 0Q)

Theorem3.5. Assume a,b >0, 0 < y <1, there exists A, >0 such that) < A < A, , then, problem (3.4)has

at least two positive solutions.
4

We explored their physical significance and considered the problem with f'(x) € L* (R*)
2 2 4
—(a—bjR4\Vu| dx)Au =ul"u+puf(x), xeR", (3.5)
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Theorem3.6.”*'Set @, b > 0, then problem(3.5)has infinitely many positive solutions when u=0.
Theorem3.7.>* Assume that f(x) € L?(R") is a positive function, then there is 4z, > 0 such that
problem(3.5)has at least two positive solutions when £z € (0, £4.] .

The problem (P) which contains the different source. Case f'(x,u) is measurable. We studied their nearly

resonant solution for N =1,2,3 in[8] as

—(a—ijWu 2 dx)Au+b/1u3 = f(x,u), xeQ,

(3.6)
u=0, x € 092,
Theorem3.8.”*'Denote by F'(x,7) = IOT f(x,8)ds . S, is the best constant for H < L*(€2) ,and which
-
corresponding with @ .
/ P
(F1) 0< f(x,0) <bA| [ +a(A/| Q)7 |t]for(x,1) € Dx (R\{0}) aces
. X, —
(F2) llmL3 =0, forall (x,z) € QxR uniformly;
) | t |
. a
(F3) lim [— e —j F(x, tl91)dx} —> 400, xeQ.
l—>w| 2 Q
Then: (1) case (F1), we have for every A € (0, Sl) . Problem (3.6) has at least a nontrivial weak solution;
(2) case (F2) and (F3), we have that problem(3.6)has at least three nontrivial weak solutions when A < S,
and4A — S, .
We researched the following problem:
—(a —ij|Vu & dx)Au =A|lul u+puf(x),xeQcR", (3.7

there a, b is the same mathematical symbol, 4, 1€ R,0< ¢ <2", f(x)>0ae,Qc R orQ=R".
q+1

Theorem3.9.”'Assume thata,b >0, A =1,0< f € L (Q)a.c., then, case Q = R" (N >3) and
g€ (1,2" —1], there is a iz, > 0 ,such that for all zz € (0, £4,], (3.7) have at least two solutions.
Theorem3.10.” Assume thata,b >0, N >3, Q=R" g=2"—1,if 1 =0 ,we have forall 1 € R ,(3.7)has

infinitely many solutions.
Theorem3.11.”a, b >0, N >1,Q = RN,,u =0 .Case lim u(x) =0, then

[x]—>00
(1) g€ (1,2" =1), forall A > 0 ,(3.7)has at least two solutions;
(2) g €(0,1], there isa A, > 0 such that for all 4 € (0, A.) ,(3.7)has at least two solutions;
,
Theorem3.12.” Assume thata,b >0, Q < R" (N >1) is whole space or 0Q smoothly, f € L*1(Q),
A =0, then there isa £4 > 0 such that(3.7)has at least a solution when £ > /4, , and has at least three
solutions when £z € (0, £4.) .

Theorem3.13.” Assume thatab > 0,4 >0, 1=0, N >1, Q=R" , then for every g € (-1, 2" —1), the

problem (3.7)has infinitely many solutions, extremely the classical solutions when €2 = {x eR": ﬁll X, # 0
Next, for theorem3.12 with (3.7), recall that(3.7) now
—(a—ijWu 2 dx)Au —uf(x), xeQcRY(N>1),
u=0, x €09,

(3.8)
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Theorem3.14."Assume that @,b >0 and f(x)e L’ '® 7V (Q) is positive almost everywhere, then, there is
a constant £, > 0, such that the problem(3.8)has at least three nontrivial solutions for ¢z € (0, £4,) and a

nontrivial solution for f € [t ,+0).

Theorem3.15."”Assume thata,b > 0 and f(x) € e (Q) is positive a.e., then, there is a constant

M. > 0 such that problem(3.8) has only three solutions for 0 <| £ |[< f4.. , only two solutions for £ = % 4.
and unique solution for ‘ y7i ‘> .. . Moreover, problem (3.8)has infinitely many solutions for a,b > 0, u=0.
Corollary3.16.Assume that @,b >0 and f'(x) € L*(Q) is positive a.c., then, for /., defined by Theorem
before, the problem (3.8) has only three solutions for every 0 <| 4 |< f4.. , only two solutions for 4 = %4, and

unique solution for every | ££ [> L4 .
We considered the problem with Hardy-Sobolev critical exponent:

5 ol 3
~(a=bf, VP dr)au= Jap /0 veReRs (3.9)

u=0, x¢Q\{0}.
a,b,A >0, f(x,u): QxR to R measurable.
Theorem3.17./""Assume that a,b, A > 0 and f'(x,u) satisfy the following conditions:

(f1) case f(x,u)>0 and thereis 5§ <5 such that limM = lim S(xu)

=0 forx € Q uniformly;
>0 || ulroo gy |

(f2) assume that, there exist a constant £ > 4 such that 0 < pF (x,u) < f(x,u)u when |u|>0and x €Q,

Fru =" f(x0ydr.

Then, equation (3.9) has at least a positive solution if the conditions (f1) and (f2) are satisfied.
We introduced in [3] but not research it that time. We consider it now in [12],

—(a —bIRNI Vul dx) Au=u""" (or=|u |2*’2 u),x € RV(N >3); (3.10)
—(a—bJ-RN\Vu & dx)Au:u,xeRiv(NZI); (3.11)

—(a -b RN(O)| Vul dx)Au =u’'or=u|"?u),qe(2,2),xeRY(O(N=1) (3.12)
RY :{xeRN | x, >O},RJ_V :{xeRN | x, <0},
RY ={xeR"|x <0}, RY(0)={xeR" |x <0}
Theorem3.18."” Assume that @ > 0, b > 0, then equation (3.10) has infinitely many solutions in C*>(R").
Theorem3.19.Assume that @ > 0,5 > 0, then equation (3.10) has infinitely many solutions in C* (Riv) ,
C*(RY) and C*(RY).
Theorem3.20.Assume that @ > 0, b > 0 ,then equation (3.10)has infinitely many solutions
inC*(R"(0)), C*(R"(0)) and C*(RY (0)).
The references [2,3,12]} et al, whose got that a >0>b and S =1
B .
—[a +(bJ‘RN| Vul dx) }Au =lul’ ?u,xe RV(N 23),u e D*(R") (3.13)

has infinitely many solutions. [13] addresses b>0>a, feR:
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Theorem3.21."*'Assume that a <0 < b, then: for all S € (—0,0)U (ﬁ, 400) ; and for =0 and

a+b>0; f=5*5 and b> 85" Be(0,5%5) and

(N=2)B=2|1 \ ops's 7
TR {2(N 2)bSS } <a,

(3.13) has infinitely many classical solutions.
We considered for a,b are not equal zero at the same time, g # —1:

—(a—l)_"Q|Vu|2 dx)Au:uq,er. (3.14)

Where Q =[c,,d,|x[c,,d,]x---x[cy,dy].

Theorem3.22."YAssume that q # —1, then, equation (3.14) has infinitely many classical solutions. Moreover,
I assume that ¢ =1, @ <0 <bor ab >0 : Exponential function type solution;

IL assume that ¢ =1and no: @ < 0 < b Trigonometric function solution .Especially, ab >0;or b=0; or

— =1, the zero boundary condition can be satisfied. n,(i =1,---, N).
i=1 (C,' - dl)
II. assume that ¢ = 0, for any non-simultaneous zero @,b € R, def u” =1 : Power function type solution.

IV. assume that ¢ < —1 andno a <0< b;—1<g#1 andno a >0 > b : Power function type solution.
We studied the following problem in Applicable Anlysis:

—(a—b_[QVu & dx)Au =ulu, xel
u=0, xe0Q,

Theorem3.23."""Assume that a,b >0, N >1, then, for every p €[2, 2"), the equation (3.15) has infinitely

(3.15)

2
. © a 2 a p .
many solutions {u, },_, and I (1, ) —> e J.QIVuk " dx — 5 ,J.Q\uk | dx =0 as k — o, where [ is

the variational functional for problem (3.15).

ou
We consider, for a,b, A€ R, Qc R" (N=1), Au=u or 8_ , the problem
n

—(a—bJ.QVu & dx)Au =Au, xeQ;
Au =0, x € 0Q.

Theorem3.24.'"'Case a > 0 , then those solutions are classical:

(3.16)

0
i=1°

(1) Assume that b = 0, there is a sequence {a s} ,1im g4, =00, such that the problem (3.16) has infinitely
1—>00

many classical solutions when A = ay, ;

© .
n=12

(2) Assume that b > 0, for all A € R, (3.16) has infinitely many classical solutions {u, }
(3) Assume that b <0, a M, <A <ap.,,, then, problem (3.16) has i-pair different solutions, and the solutions
are constants when A < ag, ;

Theorem3.25." Assume that @ = 0, then problem (3.16) has infinitely many classical solutions {un }:;1 case

bA <0, and the solution is 0 if and only ifbA4 > 0;all those solutions are satisfy the / (i, ) — O case n —> 00,
and for constant A, .[Q u,fdx << J-Q Vu, \2 dx—0.
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a
Theorem3.26.""%/Case A is constant, then for theorem 3.4(2), J.Q Vu, |2 dx > Z , ZIQ ujdx -0,

2

a . .
I(u,) > 4_b asn —> 00 ;case A is a parameter, then, for the solution near resonance of the theorem

3.24(2)(3),are satisfied with J-Q Vu, [ dx—0, 2’.[9 w’dx —0, I(u,)—> 0 ,and J-Q u’dx << .[Q Nu, |* dx,

[—b symbol]

when 4 — ay; .

For more details about new Kirchhoff-type problem with negative modulus, we refer the readers to the
reference [17].
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Appendix: A brief introduction to this paper in Chinese

H r——N Ve A Il8=18
A NEENE/RERB OIS
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