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Abstract:

The ternary quadratic equation given by 9x2 —24xy+22y2 — 722 is considered and searched for its

many different integer solution. Twelve different choices of integer solution of the above equations are
presented. A few interesting relations between the solutions and special polynomial numbers are presented.
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L INTRODUCTION :
The Diophantine equations offer an unlimited field for research due to their variety [1-3]. In particular ,
one may refer [4-12] for quadratic equations with three unknowns. This communication concerns with yet

another interesting equation 9X2—24xy+22y2 —772 representing homogeneous equation with three

unknowns for determining its infinitely many non-zero integral points. Also,few interesting relations among the
solutions are presented.

Il. METHOD OF ANALYSIS
The Quadratic Diophantine equation with three unknown to be solved is given by

9x? —24xy+22y2 =772 1
— (3x—4y)? +6y% =772 ©)

Assume
U =3x—-4y 3)

Substituting in (2) we get,

2 2 2
Uc+6y° =7z @)

(4) is solved through different approaches and the different patterns of solutions of (1) obtained are presented
below.
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Observation on the Ternary Quadraticdiophantine Equation with Three Unknowns

PATTERN: 1
Assume as
z=a’+6b’ (5)
Write “7° as

Substituting (5) & (6) in (4) and employing the method of factorization , we get
(U +ivBy)U - ivBy)=(1+iv6 J1iv6 fa-+iveD) (a—iveb)
Equating the positive factor
(U + i\/gy)z (1+ i\/EXa+ i\/gb)2
= (U +iv6y)=[a? - 60% ~12ab )+ i1/6(a? — 602 + 2ab)

Equating real and imaginary parts

U =a® —6b% —12ab

y=a2 —6b? +2ab

Assume a=3a, b=3b in the above equation and in view of (3),We obtain the non-zero distinct integral solution of
(1) as

x(a,b)=15a2 —90b? —12ab
y(a,b) =9a® —54b? +18ab

z(a,b)=9a? +54b?
PROPERTIES:

e x(al) +y(al)—90ty 5 +30P, = 0(mod3)
e x(al)+z(al)-36ty 5 +12P, +36=0

ey(al)+z(al)-96t, 5 +36P, =0(mod3)
PATTERN: 2
“7’ can also written as

11+ 3iv6 J11-3i/6)
5° ™

7=

Substituting (5) & (7) in (4) and employing the method of factorization, we get
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Observation on the Ternary Quadraticdiophantine Equation with Three Unknowns

(U +ivBy)(U —iBy) = (a+i6b)? (a—i/6b)? (1“3%)211_3%)

Equating the positive factor

U +iBy = (11+i3\/€)éa+i\/€b)2

2 ppp2 - 2 102
Ui ng:(11a 66b 36ab)+ ;Jé(sa 18b +22ab)

Equating real and imaginary parts

(1122 - 660> — 36ab)
5

U=

(3a2 ~18b% + 22ab)
5

Assume a=15a, b= 15b in the above equation and in view of (3),we obtain the non-zero distinct integral solution
of (1) as

x(a,b) = 345a° — 2070b? — 780ab
y(a,b) =135a° —810b? +990ab

2(a,b) = 225a° +1350b°
PROPERTIES:

o x(a1) + y(a) +1290t, , —1770P,, =0(mod 2)
o X(a1) +Z(al) + 210ty 5 — 780P, + 720 =0

e.y(a,1) +z(a,1) - 630t 5 +990P,, = 0(mod3)
PATTERN: 3

‘7’ can also written as

(17 + 316 J17 - 3i6)

7=
72 ®)

Substituting (5) & (8) in (4) and employing the method of factorization, we get
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Observation on the Ternary Quadraticdiophantine Equation with Three Unknowns

(U +i/6y)(U —i/By) = (a+ivBb)2 (a—iveb)2 L’ *3”6)97_3”6)

Equating the positive factor

U +iBy = (11+i3\/€)éa+i\/€b)2

122 — 66b° —36ab)+ iJE(3a2 —18p% + 22ab)
5

=>U +i 6y:(1

Equating real and imaginary parts

U - 1722 ~1020 — 36ab)
7

(3a2 —18b? +34ab)
7

Assume a=21a, b= 21b in the above equation and in view of (3),we obtain the non-zero distinct integral solution
of (1) as

x(a,b) = 609a? — 3654b2 + 2100ab
y(a,b) =189a? —1134b? + 2142ab

2(a,b) = 441a2 + 2646h>
PROPERTIES:

o x(a1) + y(a) +1290t, , —1770P,, =0(mod 2)
o X(a1) +Z(al) + 210ty 5 — 780P, + 720 =0

e.y(a,1) +z(a,1) - 630t 5 +990P,, = 0(mod3)
PATTERN: 4

(4) can also written as

U?+6y° =7x1xz°

1’ can also be written as

-+ 26 ) 2i/6)
52

©)

(10)
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Observation on the Ternary Quadraticdiophantine Equation with Three Unknowns

Write ‘7° as

7=l+iv6)1-iV6) )

Substituting (9) ,(10) & (11) in (4) and employing the method of factorization, we get

U +iEnU —ivBy)= (1+i\/EXl—i\/EX1+2i\/€X1;22i\/€Xa+i\/Eb)z (a—iveb)

Equating the positive factor

(U +i\/§y)= (1+i\/§X1+i\/€Xa+i\/§b)2
5

a2 2 : 2 on2
U+ iey)- 112 w6 36ab) +iv/6(3a2 ~18% — 22ab)

5
Equating real and imaginary parts of the above equation, we get

11a% - 66b? + 36ab
5
- 3a2 —18b2 - 22ab

5
Assume a=15a, b=15b in the above equation, we obtain the non-zero integral solution of (1) is obtained as

x(a,b) = 345a° — 2070b? + 780ab

U:

y(a,b) =135a2 —810b? —990ab

2(a,b) = 22522 +1350b?
PROPERTIES:
o X(a,b)+ y(a,b)— 2550t 5 +1770P,, = 0(mod5)

o x(a,b)+z(a,b)—1350t4 5 + 780P,4 = 0(mod 2)

o.y(a,b)+2z(a,b)—1350t, 4 +990P,, —540 =0

PATTERN: 5
(4) can also written as

U?+6y? =7x1xz?

(12)
Write ‘7° as
,_l1+3ie)i1-3ivs)
5° (13)
‘1’ can also written as
| (26 )i-2iV6)
5° (14)

Substituting (12),(13)& (14) in (4) and employing the method of the factorization , we get
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Observation on the Ternary Quadraticdiophantine Equation with Three Unknowns

0 + iy )U iy~ 11+ 36 J11- 3iv/6 J1+ 216 J1— 2i/6 fa + iv/Bbf (a—i6b)
252

. . . 2
(11+ 3|\/EX1+ 2|\/5Xa + I\/Eb)
25
U +iv6y = (a2 ~ 602 ~12ab )+ i/6(a? - 22— 602)
Equating real and imaginary parts of the above equations, we get
U =a”-6b°+12ab

Equating the positive factor

U +iv6y =

y =a’ —2ab—6b?
Assume a=3a, b=3b in the above equation,we obtain the non-zero distinct integral solution of (1) is obtained as
x(a,b)=15a% +12ab —90b?

y(a,b)=9a? —18ab —54b?

z(a,b)=9a? +54b?
PROPERTIES
o .x(a,b)+ y(a,b)—30ty 5 —6P,5 =0(mod 2)

o x(a,b)+ y(a,b)-124 4 —12P,, = 0(mod 3)

o y(a,b)+z(a,b) 36ty , +18P;5 =0

PATTERN : 6
Case: 1
Equating (4) can be written as

U+2)_6z-y) _«a

zZ+y U-z g (15)
Which is equivalent to the system of double equation as

—ay+Up+z2(-a+p)=0

—aU —6yB+2(a+68)=0

(16)
Solving (16) by the method of cross multiplication, we get
U=-a’ -12af + Gﬂz
y=—a’+2af+6p>
2 2
Z=—a" -6
p a7

Substituting (17) in (3), the non-zero distinct integral solution of (1) is given by
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Observation on the Ternary Quadraticdiophantine Equation with Three Unknowns

X(ct, B) = —15a:% —12a + 90 32
y(e, B) = -9a? +18ap + 54 5°

2(a, B) = -9a® - 5482

PROPERTIES:
o X(a )+ y(a,1) + 30ty 4 —6P; =(mod?2)
o x(a,) + z2(x))) +12t4,a +12P,, = 0(mod 3)
ey(a,pf)+z2(a, p) + 36t4’a -18P, =0
Case: 2

(3) can be written as
U+z -y «

6(z+y) U-z p (18)
which is equivalent to the system of double equation as

UB-6ya —z2(-6a+)=0 (19)

~Ua-ypB+2(a+p)=0
Solving (19) by the method of cross multiplication ,we get
U =-6a? -12a8 + B2

y =—6a? +2af+ B

2 2
z2=-6a" - f (20)
Substituting (20) in (3), the non zero distinct integral solution of (1) is given by

x(a, f)=-90a’ —~12af3 +155°
y(a, B) = —54a® +18af +93*

2(a, B) = —-54a® —98?
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Observation on the Ternary Quadraticdiophantine Equation with Three Unknowns

PROPERTIES:
o X(a, B)+ yla, B) +150t4 5 — 6P5 = 0(mod 2)

o X(a, B)+ z(ax, B) +132t4 5 +12P;, = 0(mod 3)

o y(a, B)+2(a, f)+126t4 5 18P, =0

Case:3
(4) can be written as

U+z 2z-y) «

Az+y) U-z p 21)

which is equivalent to the system of double equation as

BU-3ay +2(-3a+ #)=0

—oU -2y +2(a+2p)=0

(22)
Solving (22) by the method of cross multiplication, we get
U =-3a? -12af + Zﬂz
y=-3a’+28° +2ap (23)
7=-3a’-2p°
Substituting (23) in (3), the non-zero distinct integral solution of (1) is given by
X(ct, B) = 4502 —12a8 + 30 32
y(a, B) =270 +18aB +183°
2(a, B)=—-27a? —183°
PROPERTIES:
1x(ea,) + y(a ) + 42t, . +30P, = 0(mod 2)
2.X(er 1) +z(e,1) +60t, , +12P,, = 0(mod 3)
3.y(al)+2(a ) +36t,, +18P, =0
Case: 4
(4) can be written as,
U+z 3(z-
+tz _32-y)_a 24)

20z+y) U=z B \whichis equivalent to the system of double equation as
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Observation on the Ternary Quadraticdiophantine Equation with Three Unknowns

PU =2ay+2(—2a+ ) =0

—aU -3fy+2(3f+a) =0

(25)
Solving (25) by the method of cross multiplication, we get
U =-2a’ -12ap + 3ﬂ2
y =-2a’ +2af +3p°
z2=-2a’-3p°
@b (26)
Substituting (26) in (3), the non- zero distinct integral solution of (1) is given by
X(c, B) = -30a? —12a3 + 4532
y(a, B) = —18a? +18afB + 27 3>
2(a, B) = —18a% — 27 B2
PROPERTIES:
1x(el) + y(a1) +54t, , — 6P, = 0(mod 2)
2.xX(a )+ 2(a 1) + 36t, , +12P,, =0(mod 3)
3.y +z(ad)+ o4t, , -18P, =0
Case:5
(4) can be written as,
U-z 3(z-
_3(z-y)_ @ @
2(z+y) U+z p
Which is equivalent to the system of double equation as
PU —2ay +2(—2a—- ) =0
—aU =38y +2(38-a)=0 8)

Solving (28) by the method of cross multiplication, we get
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Observation on the Ternary Quadraticdiophantine Equation with Three Unknowns

U =2a?% —1208-3p°
y =2a? +2ap -3

z2=2a? +3pB°

(29)

Substituting (29) in (3), the non- zero distinct integral solution of (1) is given by
x(ct, B) = 30at? —12a,3 — 4532

y(a, B) =180 +18a 8 — 27 B>

2(a, B) =18a + 27 B2
Case:6
(4) can be written as
U-z 2z+y) «a

=—,[F#0
3z-y) U+z 2 (30)

which is equivalent to the system of double equation as

PU+3ay +2(-3a—-p)=0

—aU +2py+2(-a+28)=0

Solving (31) by the method of cross multiplication, we get (1)
U =-3a? +12ap + 282
y=-3a®+2p% -2ap
7 =-3a?-2p> -

Substituting (32) in (3), the non-zero distinct integral solution of (1) is given by
X(at, B) = —45a.% +120,8 + 3032

y(a, B)=-27a? —18a3 +183°

2(a, B)=—27a? —183°
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Observation on the Ternary Quadraticdiophantine Equation with Three Unknowns

PROPERTIES:
1.x(1) + y(a1) +42t, , +30P, = 0(mod 2)

2.X(er 1) +z(ex,1) +60t, , +12P,, = 0(mod 3)

3.y(a)+z(a))+36t,, +18P, =0
Case: 7
(4) can be written as
U-2)_6(+y)_a

—, =0
z-y U+z ﬂﬂ

Which is equivalent to the system of double equation as

PU +6ay +2(6a+ )=0

—aU+yp+2(f-a)=0

Solving (34) by the method of cross multiplication, we get

U =-6a?- B2
y=-6a’ - p*
z=—6a> —ﬂz

Substituting (35) in (3), the non-zero distinct integral solution of (1) is given by
x(a, B) = -90a? —153°

y(a, B) = ~54a® —98°

2(a, B) = ~54a> —9 B2

PROPERTIES:
o X(a 1)+ y(a,1) + 30ty 4 —6P; =(mod?2)

o (1) + 2(@r,1) +12t4 5 +12P,, = 0(Mod 3)

e y(a,p)+2(a,B)+36ty 4 —18P, =0

I1l.  GENERATION OF SOLUTIONS

(33)

(34)

(3%)

Different formulas for generating sequence of integer solutions based on the given solution are presented below:

Let (uo, Yo, Zo) be any given solution to (1)
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Observation on the Ternary Quadraticdiophantine Equation with Three Unknowns

Formula:1
Let (ul, Y1, Zl)given by
Up =Ug, Y1 =Yo+h 71 =20 +h,
be the 2nd solution to (1).Using (36) in (1) and simplifying, one obtains
h= 12y0 —1420

In view of (36), the values of Yy, and Z, is written in the matrix form as

(y1.21) =M"(yp.20)

13 -14
M = and t is the transpose
12 -13

Where

The repetition of the above process leads to the n™ solutions Yn Zp given by

t n t
(Yn.zn) =M™ (yo,20)
If «, 3 are the distinct eigenvalues of M, then

a=1 p=-1

Thus, the general formulas for integer solutions to (1) are given by
Up =Up,

Y = (7 + 6(—1)n)y0 + 7(—1+(—1)”>z0 ,

Z, = 6@—(—1)“ )yo + (—6+ 7(—1)”)z0

Formula: 2
Let (ul, Y1, 21) given by
Up =Ug+3h, y1 =Yg, z1=29+h,
be the 2™ solution to (1).Using (37) in (1) and simplifying, one obtains
h=—-6ug +7zq
In view of (37), the values of X, and Z, is written in the matrix form as

(x.21) '=M(xg,29)
Where

(—17 21}
and t is the transpose

The repetition of the above process leads to the n'" solutions Xp»Zpy given by

t n t
(Un,zn) =M "(ug, 29)
If o, 3 are the distinct eigenvalues of M , then

a=-1 p=10

We know that

(36)

37)
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Observation on the Ternary Quadraticdiophantine Equation with Three Unknowns

o’ M-p1) s (M —al) | =2x2
— — +—- —ol ), | =2x2 identity matrix
(a-5) (B-a)
Thus, the general formulas for integer solutions to (1) are given by
7(=1)" —16(10)" 21(- (1) + o))
Ug +

11 11

M" =

Zp ,

Yn=Yo,

n n n n
Zn =6 M uo +9 _2(_1) +(10) ZO
11 2

V. CONCLUSION:
In this paper, an attempt has been made to obtain non-zero distinct integer solutions to the ternary

quadratic diophantine equation 9X2—24xy+22y2:7z2 representing  homogenous cone. As the

Diophantine equations are rich in variety, one may search for integer solutions to higher degree Diophantine
equations with multiple variables along with suitable properties
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