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Abstract:  

The ternary quadratic equation given by 
222 722249 zyxyx   is considered and searched for its 

many different integer solution. Twelve different choices of integer solution of the above equations are 

presented. A few interesting relations between the solutions and special polynomial numbers are presented.    
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I. INTRODUCTION : 

             The Diophantine equations offer an unlimited field for research due to their variety [1-3]. In particular , 

one may refer [4-12] for quadratic equations with three unknowns. This communication concerns with yet 

another interesting equation 
222 722249 zyxyx   representing homogeneous equation with three 

unknowns for determining its infinitely many non-zero integral points. Also,few interesting relations among the 

solutions are presented.  

 
II. METHOD OF ANALYSIS 

The Quadratic Diophantine equation with three unknown to be solved is given by 

                                
222 722249 zyxyx                                                                        (1) 

                                222
7643 zyyx                                                                         (2) 

 

Assume 

                             

                                   yxU 43 
                                                                                  (3)

 

Substituting in (2) we get,   

                    

                                 
222 76 zyU 

                                                                                  (4)
 

(4) is solved through different approaches and the different patterns of solutions of (1) obtained are presented 

below. 
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PATTERN: 1 

               Assume as 

                         
22 6baz                                                                                                    (5) 

Write „7‟ as 

 

                61617 ii 
                                                                                                  (6)

 

   

Substituting (5) & (6) in (4) and employing the method of factorization , we get 

                      22
66616166 biabiaiiyiUyiU   

 

Equating the positive factor 

 

                     

 

                                abbaiabbayiU 2661266 2222   

 

Equating  real and imaginary parts 

 

                                              

abbay

abbaU

26

126

22

22




 

 

Assume a=3a, b=3b in the above equation and in view of (3),We obtain the non-zero distinct integral solution of 

(1) as 

 

                                  

 

  22

22

22

549,

18549),(

129015,

babaz

abbabay

abbabax







 

PROPERTIES: 

 

  
)3(mod03696)1,()1,(

0361236)1,()1,(.

)3(mod03090)1,()1,(.

,4

,4

,4







raa

raa

raa

Ptazay

Ptazax

Ptayax

 

 

PATTERN: 2 

 

„7‟ can also written as 

 

              

  
25

63116311
7

ii 


                                                                                         (7)

 

  

 

Substituting (5) & (7) in (4) and employing the method of factorization, we get 

    26616 biaiyiU 
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2

22

5

)6311)(6311(
)6()6()6)(6(

ii
biabiayiUyiU


  

 

Equating the positive factor 

 

 

   
5

221836366611
6

5

)6)(6311(
6

2222

2

abbaiabba
yiU

biai
yiU







 

 

Equating real and imaginary parts 

 

                                   

 

 
5

22183

5

366611

22

22

abba
y

abba
U







 

 

Assume a=15a, b= 15b in the above equation and in view of (3),we obtain the non-zero distinct integral solution 

of (1) as 

 

                            

22

22

22

1350225),(

990810135),(

7802070345),(

babaz

abbabay

abbabax







 

PROPERTIES: 
 

                            
)3(mod0990630)1,()1,(.

0720780210)1,()1,(.

)2(mod017701290)1,()1,(.

,4

,4

,4







raa

raa

raa

Ptazay

PtaZax

Ptayax

 
PATTERN: 3 

 

„7‟ can also written as 

 

              

  
27

63176317
7

ii 


                                                                                        (8)

 

  

 

 

 

Substituting (5) & (8) in (4) and employing the method of factorization, we get 



Observation on the Ternary Quadraticdiophantine Equation with Three Unknowns 

www.ijres.org                                                                                                                                               9 | Page 

 

     

  
2

22

7

)6317)(6317(
)6()6()6)(6(

ii
biabiayiUyiU


  

 

Equating the positive factor 

 

 

   
5

221836366611
6

5

)6)(6311(
6

2222

2

abbaiabba
yiU

biai
yiU







 

 

Equating real and imaginary parts 

 

                                   

 

 
7

34183

7

3610217

22

22

abba
y

abba
U







 

 

Assume a=21a, b= 21b in the above equation and in view of (3),we obtain the non-zero distinct integral solution 

of (1) as 

 

                            

22

22

22

2646441),(

21421134189),(

21003654609),(

babaz

abbabay

abbabax







 

PROPERTIES: 
 

                            
)3(mod0990630)1,()1,(.

0720780210)1,()1,(.

)2(mod017701290)1,()1,(.

,4

,4

,4







raa

raa

raa

Ptazay

PtaZax

Ptayax

 

 

PATTERN: 4 
 

     (4) can also written as 

 

                          
222 176 zyU 

                                                                                          (9)
 

1‟ can also be written as 

 

                            1= 
  

25

621621 ii 

                                                                             (10)
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Write „7‟ as  

                    
  61617 ii 

                                                                                           (11) 

 

 

Substituting (9) ,(10) & (11) in (4) and employing the method of factorization, we get 

 

         
2

22

5

666216216161
6)6(

biabiaiiii
yiUyiU


   

Equating the positive factor 

                           
5

66161
6

2
biaii

yiU


  

                 
5

221836)366611(
6

2222 abbaiabba
yiU


  

Equating  real and imaginary parts of the above equation, we get 

                                                           5

22183

5

366611

22

22

abba
y

abba
U







 

Assume a=15a, b=15b in the above equation, we obtain the non-zero integral solution of (1) is obtained  as 

  22

22

22

1350225,

990810135),(

7802070345),(

babaz

abbabay

abbabax







 

PROPERTIES:

 

 

                       

   

   

    05409901350,,.

)2(mod07801350,,.

)5(mod017702550,,.

,4

,4

,4







raa

raa

raa

Ptbazbay

Ptbazbax

Ptbaybax

 
PATTERN: 5 

(4) can also written as                 

              
222 176 zyU 

                                                                                                      (12)
 

Write „7‟ as                 

             

  
25

63116311
7

ii 


                                                                                             (13)                                                              

 

„1‟ can also written as               

            

  
25

621621
1

ii 


                                                                                                    (14)

 

Substituting (12),(13)& (14) in (4) and employing the method of the factorization , we get 
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          
2

22

25

6662162163116311
66

biabiaiiii
yiUyiU




 

Equating  the positive factor 

                      

   

   2222

2

6261266

25

66216311
6

babaiabbayiU

biaii
yiU






 

Equating real and imaginary parts of the above equations, we get 

                                        

22

22

62

126

babay

abbaU





 

Assume a=3a, b=3b in the above equation,we obtain the non-zero distinct integral solution of (1) is obtained as 

                                    

 

 

  22

22

22

549,

54189,

901215,

babaz

bababay

bababax







 

PROPERTIES 

                     

   

   

    01836,,

)3(mod01212,,

)2(mod0630,,.

,4

,4

,4







raa

raa

raa

Ptbazbay

Pbaybax

Ptbaybax

 

PATTERN : 6 

Case: 1  

         Equating  (4) can be written as 

                  














zU

yz

yz

zU )(6)(

                                                                                            (15)

 

Which is equivalent to the system of double equation as 

                    

 

  











066

0





zyU

zUy

                                                                                (16)

 

Solving (16) by the method of cross multiplication, we get 

                      




















22

22

22

6

62

612







z

y

U

                                                                                       (17)

 

 

 

Substituting (17) in (3), the non-zero distinct integral solution of (1) is given by 
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22

22

22

549),(

54189),(

901215),(













z

y

x

 

PROPERTIES:  

                              
01836),(),(

)3(mod01212)1,()1,(

)2(mod630)1,()1,(.

,4

,4

,4







raa

raa

raa

Ptzy

Ptzx

Ptyx







 

Case : 2 

(3) can be written as 

                        














zU

yz

yz

zU

)(6
                                                                                     (18) 

which is equivalent to the system of double equation as

  
                            (19) 

 

 

 

 

Solving (19) by  the method of cross multiplication ,we get 

                               
22

22

22

6

26

126













z

y

U















                                                             (20)

 

 

Substituting (20) in (3), the non zero distinct integral solution of (1) is given by 

                               

 

 

  22

22

22

954,

91854,

151290,













z

y

x

 

 

 

 

 

 

 

 

 

 

  











0

066





zyU

zyU
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PROPERTIES: 

                         

   

   

    018126,,

)3(mod012132,,.

)2(mod06150,,.

,4

,4

,4







raa

raa

raa

Ptzy

Ptzx

Ptyx







 

Case:3 

       (4) can be written as  

                       
 

 














zU

yz

yz

zU 2

3
                                                                                      (21)

 

which is equivalent to the system of double equation as 

                   

 

  











022

033-U





zyU

zy

                                                                       (22) 

 

Solving (22) by the  method of cross multiplication, we get 

         

                                       

22

22

22

23

223

2123













z

y

U

  















     

                                                        (23) 

 

Substituting (23) in (3), the non-zero distinct integral solution of (1) is given by 

 

  22

22

22

1827,

181827,

301245),(













z

y

x

 

 

PROPERTIES: 

              

01836)1,()1,(.3

)3(mod01260)1,()1,(.2

)2(mod03042)1,()1,(.1

,4

,4

,4







raa

raa

raa

Ptzy

Ptzx

Ptyx







 

Case: 4   

(4) can be written as, 

 

                                                                                  (24) 

Which is equivalent to the system of double equation as 













zU

yz

yz

zU )(3

)(2
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











0)3(3

0)2(2





zyU

zyU

                                                                             (25)

 

 

Solving (25) by the method of cross multiplication, we get 

 

                       





















22

22

22

32

322

3122







z

y

U

                                                                              (26)

 

 

 

Substituting (26) in (3), the non- zero distinct integral solution of (1)  is given by 

                               

22

22

22

2718),(

271818),(

451230),(













z

y

x

 

PROPERTIES: 

 

                   

01854)1,()1,(.3

)3(mod01236)1,()1,(..2

)2(mod0654)1,()1,(.1

,4

,4

,4







raa

raa

raa

Ptzy

Ptzx

Ptyx







 
Case:5 

(4) can be written as, 

 

                                                                                  (27) 

 

Which is equivalent to the system of double equation as 

 

                      













0)3(3

0)2(2





zyU

zyU

                                                                               (28)

 

 

 

 

 

 

 

Solving (28) by the method of cross multiplication, we get 















zU

yz

yz

zU )(3

)(2
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



















22

22

22

32

322

3122







z

y

U

                                                                              (29)

 

 

Substituting (29) in (3), the non- zero distinct integral solution of (1)  is given by 

                               

22

22

22

2718),(

271818),(

451230),(













z

y

x

 

Case:6 

       (4) can be written as  

                      
 

 
0,

2

3
















zU

yz

yz

zU

                                                                             (30)

 

which is equivalent to the system of double equation as 

                   

 

  











022

033U





zyU

zy

                                                                          (31) 

Solving (31) by the  method of cross multiplication, we get 

                                            

 

                   

  

           

22

22

22

23

223

2123













z

y

U














    

  

                                                                       (32)

 

Substituting (32) in (3), the non-zero distinct integral solution of (1) is given by 

 

  22

22

22

1827,

181827,

301245),(













z

y

x
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PROPERTIES: 

              

01836)1,()1,(.3

)3(mod01260)1,()1,(.2

)2(mod03042)1,()1,(.1

,4

,4

,4







raa

raa

raa

Ptzy

Ptzx

Ptyx







 
Case: 7  

  (4) can be written as 

        

0,
)(6)(
















zU

yz

yz

zU

                                                                                           (33)

 

Which is equivalent to the system of double equation as 

                    

 

  











0

066





zyU

zyU

                                                                                     (34)

 

Solving (34) by the method of cross multiplication, we get 

                      




















22

22

22

6

6

6







z

y

U

                                                                                                     (35)

 

Substituting (35) in (3), the non-zero distinct integral solution of (1) is given by 

22

22

22

954),(

954),(

1590),(













z

y

x

 

 

PROPERTIES:  

                              
01836),(),(

)3(mod01212)1,()1,(

)2(mod630)1,()1,(.

,4

,4

,4







raa

raa

raa

Ptzy

Ptzx

Ptyx







 
 

III. GENERATION OF SOLUTIONS 
 

Different formulas for generating sequence of integer solutions based on the given solution are presented below: 
  

 

Let  0,00 , zyu  be any given solution to (1) 
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Formula:1 

          Let  1,11, zyu given by  

               ,01 uu  ,01 hyy  ,01 hzz                                                                         (36) 

be the 
nd2  solution to (1).Using (36) in (1) and simplifying, one obtains   

00 1412 zyh   

In view of (36), the values of 1y and 1z  is written in the matrix form as 

   tnt
zyMzy 0011 ,,   

Where 















1312

1413
M   and t  is the transpose 

The repetition of the above process leads to the 
thn solutions nn zy , given by 

   tnt
nn zyMzy 00 ,,   

If  , are the distinct eigenvalues of M , then 

,1 1  

 

Thus, the general formulas for integer solutions to (1) are given by 

     
      00

00

0

176116

,117167

,

zyz

zyy

uu

nn
n

nn
n

n







 
 

Formula: 2 

         Let  1,11, zyu  given by  

,301 huu  ,01 yy    ,01 hzz                                                                                        (37) 

be the 2
nd

 solution to (1).Using (37) in (1) and simplifying, one obtains 

00 76 zuh   

In view of (37), the values of  1x  and 1z  is written in the matrix form as   

    tt zxMzx 0011 ,,   

Where  

 














86

2117
M  and  𝑡 is the transpose  

The repetition of the above process leads to the 
thn  solutions nn zx ,  given by                 

                                                   tnt
nn zuMzu 00 ,,   

If  , are the distinct eigenvalues of M , then 

                                                ,1   10  

 

 

 

 

 

We know that 
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 
 

 
  22, 





 IIMIMM

nn
n 









 identity matrix 

Thus, the general formulas for integer solutions to (1) are given by 

        

       
00

0

00

2

1012
9

11

101
6

,

,
11

10121

11

101617

zuz

yy

zuu

nnnn

n

n

nnnn

n













 














 
















 














 


 

 
IV. CONCLUSION: 

In this paper, an attempt has been made to obtain non-zero distinct integer solutions to the ternary 

quadratic diophantine equation 
222 722249 zyxyx   representing 

 
homogenous cone. As the 

Diophantine equations are rich in variety, one may search for integer solutions to higher degree Diophantine 

equations with multiple variables along with suitable properties 
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