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Abstract

In this paper, the relationship between gamma function and Mittag-Leffler density function is investigated. The
Mellin transform of Mittag-Leffler density function also is presented. The expected values of some functions also
is written as Mellin transform of some special cases of Mittag-Leffler density function by using some properties
of Mellin transform.
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I INTRODUCTION
The Mellin transform was introduced by Finnish mathematician Robert Hjalmer Mellin [1]. The
classical Mellin transform is connected with the two-sided Laplace transform, then the classical Mellin
transform is a linear integral transform like Laplace transform [2-4]. The classical Mellin transform is denoted
and defined by

£@) = M{f()} = j FO) yrt dy (11)
0

Where p is the parameter of Mellin transform?
By substitution y = et , we obtain the two-sided Laplace transform [5]

F@ = [ fe e ay (12)
The inverse Mellin transform is denoted and defined by
1 c+ool
fO =M= [ yrr@ e Ay
m c—ool

In mathematical methods, the integral transforms have many applications in ordinary differential equations
(ODEs) and partial differential equations (PDESs) and fractional differential equations (FDES) [6-11]. Fractional
differential equation is a generalization of ordinary differential equation and order of fractional differential
equation is a real order (fractional or natural order).

Mittag-Leffler function is an important function in field of fractional calculus. The fundamental Mittag-Leffler
function was introduced by Gosta Mittag-Leffler [12]. It is a generalization of exponential function and it is
denoted and defined by

E = Z— 1.4

2 () 2CiFan (14)
Two-parameter and three-parameter Mittag-Leffler functions are generalization of E,(x) . A 2-parameter
Mittag-Leffler function is denoted and defined by

Eqp(x) = 2. o)) (1.5)
A 3-parameter Mittag-Leffler function is denoted and defined by
- r(c+j) x’
[ —
Eap(0) = ;j! r(r(b+aj) (1.6)

Many people have introduced statistical densities depend on special forms of Mittag-Leffler function [13-20]. In
2011 Mathai has introduced a general statistical density function related with a 3-parameter Mittag-Leffler
function [21]. The Mittag-Leffler statistical density function is denoted and defined by
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(Z)C ()_ abl Zf(b+j)(—1)fz“j
b cb I'(b) jl ¢ Ir'(ab+aj)

Where z >0 , R(a) >0, R(b)>0andc>0
This paper is structured as follows: Section two represents some properties of Mellin transform and its

relationship with some special functions. In section three we will find Mellin transform of special cases of
Mittag-Leffler density.

.7

Il.  SOME PROPERTIES OF MELLIN TRANSFORM
We know that all integral transforms are Iinear transforms, then

{ aﬁ@} fzaﬁ@}mﬂw ijﬁ@MWIW

—ZMWMM—ZWE@ 1)

And Mellin transform of exponential functlon has a relationship with gamma function

M{e "V} = fe‘”’ yP~1l dy (2.2)
0
Where r is a positive real number?
By a change of variables r y =t we obtain

o0

t\P~1 dt
“Ty 1l — -t — -t (— -
M{e}=M{e ) je (r> -
o 0
=r”j el dt = rP I'(p) (2.3)
0
We can find Mellin transform of e~
M{e TV} = Je—ryz yP~t dy (2.4)
0
1
By a change of variables t = r y? >  y= (f)z , We get
© p-1 1
t\ 2 1/ 1\2
- [ (37 )
M{e } je - 5 7 dt
» 0
1 p_ 1 p
— - —t 451 - - v
_er’je £z dt_zrpr(z) (2.5)
0
Mellin transform of first derivative is written as
df df
- p-1
M{dy} dy y dy (2.6)
By using integration by parts, we get
af
m{S )= Urowr g f@—DﬂwWZdy @7)

if lim,_,f(y) =0, we get

d
”4f}=‘@—”fﬂw¢””1@——@—nf@—n 28)

From Mellin transform of exponential function we can deduce the Mellin transform of some trigonometric
functions

o0

M{sinry } = fsinry yP~1 dy

0
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1 (. .
= o[- ey gy 29)
0
From equation (2.3), (2.6) becomes
1 P P F(p) P p
o7 L(=tr)™® = (ir)” ]F(p) [(=)?—=()P]  (210)
by using polar forms of complex numbers i = ez , —i= e‘fi we can rewrite (2.10) as
T, \ P mT.\"P
() - ()
M{sinry } = rP I'(p) X
i o Fw .
= r7PT(p) >3 = rPI(p) sinEp (2.11)

By using Mellin transform of (sinry) and using Mellin transform of first derivative, we can deduce Mellin
transform of (cosry)

M{cosry}=M { ddy ( sinrry > } (2.12)

sinry

, then

M{cosry}=—-(p-Df"(p—1) (2.13)
by using equation (2.11), we get

1 T
M{cosry}=—(p—1) " r~®Vrp-1) sin[E(p - 1)]
=—-I({p)r-? sin[%p— g] = —T'(p)r P (— cos%p)
=I'(p)r-? cos%p (2.14)

In previous functions, we can see the strong relationship between Mellin transform of these functions and
gamma function. Now we can find the relationship between beta function and Mellin transform of (ﬁ)

from (2.8),if f(y) =

—— yPt d 2.15

1+y J1+yy 4 ( )
t

by a change of variables y = - dy = e r)z

if y=0 = t=0, ify > > t -1 ,weqget

1

{ } _[ 1 tp-1 1 it
1ty 01+1_t A-or" d-0?

-1 1
j(l t)pl a—0? dt
(e _r-p)re)
—Of(l—t) PtP dt—ﬁ(l—P'P)—m
=Ir-prkp = (2.16)

sinmp

I11.  MELLIN TRANSFORM OF SPECIAL CASES OF MITTAG-LEFFLER DENSITY
Mittag-Leffler density is very important function in statistical field. Special case of Mittag-Leffler density at
a =1 is equal to gamma density.

We can substitute a = 1 in equation (1.7) , we get
. Cr(b+j) (-1 2
@)= F(b) Z JU eI T(h+))

-1 z

- cb r(b) Z ]' B cb r(b) e G1)

o
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This is the gamma density function with the parameters b and % , its integration from zero up to infinity is
equal to one

f(z)i_b(z) dz = 1% dz 3.2)

) ?
0
by substitution z = c t, we get

f(bc (z) dz = ;f(ct)b‘le‘t cdt
v cb I'(b)
0 0

o0

1 c? r(b)
— b +b-1 ,—t — —
=T c’t’ e dt = STh) (3.3)
0
Expected value of any function f(z) is denoted and defined by
1 z
— b-1 ,— 7%
EF@)) =555 f f@ et dz (3.4)
0
if f(z) = z", we obtain
T r+b 1 -z
E(z") = bl"(b) ¢ dz (3.5
by a change of variables z = ct , we get
1
) — r+b-1 ,—t
E(z") ch(b)j(Ct) e tcdt
0
b c"Ir'(b+71)
r+b-1 ,—t —
ST t e”t dt 0 (3.6)
0
If f(z) = e "% where r+ %> 0, then
1 -( 1)
—-rz — b— r+ ¥4
E(e™"%) STh) F(b)JZ e c)” dz (3.7
0
By substitution t = ( e+t )z , We get
b—1 c
-rz i -t
ECe™®) = CbF(b)j cr+1 ¢ cr+1dt
— b-1 ,—t
(or + 1)b cb F(b)jt ert dt
0
B rb) B 1 38
T (er+1DPIr(b) (cr+1)P (3:8)
Then
E(e "?2)= (cr+ 1) b (3.9)
We can prove (3.9) by using expansion of exponential function and using the properties of expected value
We know that
_ k
Z( rz) (3.10)

By taking the expected value for both S|des of (3 10)

_rz) (Z(_rz)k> (311)

Since the expected has the linear property, we can rewrite (3.11) as
Ber = YT
k=0

By using the equation (3.6) , then (3.12) becomes

E(Z¥) (3.12)
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- (=) I(b+k)

Fe = 20 Ty
Zi(—_cr)kl"(b+k)
L kT
y (—er )t
=ZTx(b+k—1)x(b+k—2)><---><b (3.13)

k=0
this is the left hand side of equation (3.9) .
By using binomial theory, then the right hand side of (3.9) is written as
(cr+1)P=
b b(b+1
=1—-— cr+% (er)? + ...

1!
4 (D)f oyt x ZEEDX X CRRD

© k
- Z% x(b+k=1)x(b+k—2)%..xb

OB E(e %) (3.14)

Then left hand side is equal to ri_ght hand side of equation (3.9)
Mellin transform of Mittag-Leffler density ata = 1 is written as
1
cb r(b)

k00=0
(—cr)eTrb+k)
- Z k!
k=0

M{@5,(2)} = jz”‘l e ¢ 2 dz=E(z7') (3.15)

0
From equation (3.6) , we get
P irb+p—-1)

M{@5,(2)} = E(zP71) = ) (3.16)
We can multiply and divide by I'(1 — p) , we can rewrite (3.16) as
c _F(b+p—1)F(1—p) cP 1
M85, ()} = ) =
o
=p(b+p-1,1-p) —— 3.17
B(b+p p) Fa=p) (3.17)
If=1,then
p-1 T cp-1

M{95,(2)} =B(p,1-p) r(cl ~p)  sinmp I(1=p)

(3.18)
From previous equations, we can remark that there is strong relationship between Mellin transform of Mittag-
Leffler density and gamma and beta functions.

V. CONCLUSION
The objective of this paper was to find the Mellin transform of special cases of Mittag-Leffler density function
at a=1 and its relation with some special function like gamma and beta functions and conclude that the
Mellin transform of Mittag-Leffler density function at a = 1 is written as expected values of some functions.
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