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Abstract 
In this paper, the relationship between gamma function and Mittag-Leffler density function is investigated. The 

Mellin transform of Mittag-Leffler density function also is presented. The expected values of some functions also 

is written as Mellin transform of some special cases of Mittag-Leffler density function by using some properties 

of Mellin transform. 
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I. INTRODUCTION 

The Mellin transform was introduced by Finnish mathematician Robert Hjalmer Mellin [1]. The 

classical Mellin transform is connected with the two-sided Laplace transform, then the classical Mellin 

transform is a linear integral transform like Laplace transform [2-4]. The classical Mellin transform is denoted 

and defined by 

                              
 

 

                                           

Where     is the parameter of Mellin transform? 

By substitution          , we obtain the two-sided Laplace transform [5] 

                        
 

  

                                                   

The inverse Mellin transform is denoted and defined by 

                  
 

   
               

    

    

                       

In mathematical methods, the integral transforms have many applications in ordinary differential equations 

(ODEs) and partial differential equations (PDEs) and fractional differential equations (FDEs) [6-11]. Fractional 

differential equation is a generalization of ordinary differential equation and order of fractional differential 

equation is a real order (fractional or natural order). 

Mittag-Leffler function is an important function in field of fractional calculus. The fundamental Mittag-Leffler 

function was introduced by Gosta Mittag-Leffler [12]. It is a generalization of exponential function and it is 

denoted and defined by 

        
  

          

 

   

                                                  

Two-parameter and three-parameter Mittag-Leffler functions are generalization of        . A 2-parameter 

Mittag-Leffler function is denoted and defined by 

          
  

          

 

   

                                                  

A 3-parameter Mittag-Leffler function is denoted and defined by 

    
       

          

                 

 

   

                                                  

Many people have introduced statistical densities depend on special forms of Mittag-Leffler function [13-20]. In 

2011 Mathai has introduced a general statistical density function related with a 3-parameter Mittag-Leffler 

function [21]. The Mittag-Leffler statistical density function is denoted and defined by 
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Where                                 and      

This paper is structured as follows: Section two represents some properties of Mellin transform and its 

relationship with some special functions. In section three we will find Mellin transform of special cases of 

Mittag-Leffler density. 

 

II. SOME PROPERTIES OF MELLIN TRANSFORM 
We know that all integral transforms are linear transforms, then 

            

 

   

              

 

   

          

 

 

               
       

 

 

 

   

 

                

 

   

          
    

 

   

                                                              

And Mellin transform of exponential function has a relationship with gamma function 

                           

 

 

                                        

Where     is a positive real number? 

By a change of variables         we obtain 

                            
 

 
 
   

  
  

 

 

 

 

                    

 

 

                                            

We can find Mellin transform of         
 

          
            

         

 

 

                                          

By a change of variables               ⇒            
 

 
  

 

 
 , we get 

          
            

 

 
  

   
 

  
 

 
   

 

   
  

 
 
    

 

 

 

  
 

 
             

 
 
      

 

 

   
 

 
        

 

 
                             

Mellin transform of first derivative is written as 

   
  

  
     

  

  
          

 

 

                          

By using integration by parts, we get 

   
  

  
               

                       

 

 

                                

if                  , we get 

   
  

  
                           

 

 

                               

 

From Mellin transform of exponential function we can deduce the Mellin transform of some trigonometric 

functions 
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From equation        ,        becomes 
 

  
                                

        

   
                                     

by using polar forms of complex numbers      
 

 
                

 

 
 
  , we can rewrite         as 

                        
     

 
 
   

  

     
 
 
   

  

   
   

             
 
 
 
        

 
 
   

   
                

 

 
                 

By using Mellin transform of             and using Mellin transform of first derivative, we can deduce Mellin 

transform of            

              
 

  
  
     

 
                                                

from        , if         
     

 
 , then 

                                          
by using equation         ,  we get 

                  
 

 
                      

 

 
        

                 
 

 
   

 

 
                      

 

 
    

              
 

 
                                                     

In previous functions, we can see the strong relationship between Mellin transform of these functions and 

gamma function. Now we can find the relationship between beta function and Mellin transform of    
 

   
   

   
 

   
     

 

   
            

 

 

                    

by a change of variables     
 

   
       ⇒          

  

      
 

if             ⇒          ,   if              ⇒              , we get 

   
 

   
     

 

   
 

   

  
    

        
  

 

      
    

 

 

 

          
    

        
  

 

      
    

 

 

 

                    

 

 

               
           

        
 

               
 

     
                         

 

III. MELLIN TRANSFORM OF SPECIAL CASES OF MITTAG-LEFFLER DENSITY 
Mittag-Leffler density is very important function in statistical field. Special case of Mittag-Leffler density at  

     is equal to gamma density. 

We can substitute       in equation        , we get 
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This is the gamma density function with the parameters     and  
 

 
  , its integration from zero up to infinity is 

equal to one 

     
         

 

 

   
 

       
         

 
      

 

 

                       

by substitution        , we get 

     
         

 

 

   
 

       
                       

 

 

 

  
 

       
                  

 

 

  
       

       
                                     

Expected value of any function        is denoted and defined by 

           
 

       
              

 
      

 

 

                                  

if           , we obtain 

        
 

       
           

 
      

 

 

                                  

by a change of variables       , we get 

        
 

       
                     

 

 

 

    

       
                 

 

 

 
         

    
                              

If                where     
 

 
   , then 

            
 

       
               

 
 
         

 

 

                                  

By substitution      
     

 
     , we get 

            
 

       
   

   

     
  

   

       
 

     
    

 

 

 

  
  

                
                

 

 

 

  
    

             
  

 

        
                      

Then 

                                                 
We can prove       by using expansion of exponential function and using the properties of expected value 

We know that 

         
         

  

 

   

                                                       

By taking the expected value for both sides of        

                
         

  

 

   

                                         

Since the expected has the linear property, we can rewrite         as 

              
       

  

 

   

                                               

By using the equation        , then        becomes  
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this is the left hand side of equation         
By using binomial theory, then the right hand side of         is written as 

              

   
 

  
    

        

  
          

                
                

  
    

   
         

  

 

   

                        

   
         

  

 

   

 
      

    
                                        

Then left hand side is equal to right hand side of equation        
Mellin transform of Mittag-Leffler density at      is written as 

      
         

 

       
         

 
             

 

 

                       

From equation       , we get 

      
                    

             

    
                

We can multiply and divide by         , we can rewrite         as 

      
        

               

    
 

    

      
 

                 
    

      
                         

If    , then 

      
                  

    

      
  

 

     
 

    

      
                 

 
From previous equations, we can remark that there is strong relationship between Mellin transform of Mittag-

Leffler density and gamma and beta  functions. 

 

IV. CONCLUSION 
The objective of this paper was to find the Mellin transform of special cases of Mittag-Leffler density function 

at        and its relation with some special function like gamma and beta functions and conclude that the 

Mellin transform of Mittag-Leffler density function at       is written as expected values of some functions. 
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