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Abstract

In this dissertation to discuss the oscillations of solutions to a class of second order half linear unbiased
differential equations with delayed arguments. New oscillation criteria are established and they essentially
improve the well — known results reported in the literature, including those for biased differential equations. To
find the solution of oscillation to second order unbiased delay differential equation using classical Riccati
transformation technique.
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l. Introduction
For the sake of smallness and directness, we let

Q) =(1- poge(S))“q(S)
0® = [ e,

R(t) = js U_é(t)dt.
R = RO+ j ) ROR OO

S1

S
R(s) = exp (—(xj d—tl

96) R()u(t)
fors>s,, wheres, >s, is large sufficient.
To prove oscillation criteria, we require the following supporting consequences.
Lemma 3.1
Let form (2.1.2) hold and assume that x(s) is a non negative solution of (2.1.1) on [s,, ). Then there exists a
s, >1o such that, for s >s,

y(s)> 0, y'(s)>0,

(u(s)y'(s) ¥ < o. (3.1.1)
Lemma 3.2
Let g(u)= Au-Bu(@tD/® \where A and B >0 are constants, o is a proportion of odd natural numbers. Then g
attains its maximum value on R at u*=(aA/((0+1)B))%and
maxyeg § = gu*) = # (A;%) (3.1.2)

3.2 Main results

At the present, we state and prove the our first oscillation consequence which extend obtain for the linear delay
differential equation (2.1.3) to the half-linear unbiased delay differential equation (2.1.1).

Theorem 3.1

Let the condition (2.1.2) be satisfied. If
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limg_,, sup fes(s) Q(®HR*(B(1))dt > 1,(3.2.1) 0 is non decreasing
(Or)

. . S 1

limg_, o, inf fe(s) Q(®R*(B(D))dt > -, (3.2.2)
then(2.1.1) is oscillatory.
Proof
Assume that (2.1.1) has an non oscillatory solution x(s) on [sQ, ). with no loss of generalization, we may
assume that, there exists an s1 >sQ such that x(s)> 0, x(t (s)) > 0, and x(8(s)) > 0 for s > s, . By the definition
of y(s), we obtain, for s> s,

X(s) 2 y(8)- p(s)xT(s) = y(s)- p(s)yt(s) = 1—p(b)z(t),
which simultaneously to (2.1.1) implies that

W' (%) <-Q0z* (8(D) (3.2.3)
On the additional hand, it follows from the monotonicity of ua(s)y’'(s) that,
y@=ﬂgﬂ1§%ﬁmw@$zmgﬂmmms (3.2.4)
A simple calculation shows that
(y(S) - R(S)ué(S)y’(S)> = —R(S)(ué(S)y’(S))’ (3.2.5)

Apply the chain rule, it is simple to see that
, 1 a—1 1 !
R(s)(u(s)(y’(s))a) = aR(s) (u&(s)y’(s)) <ua(5)}"(5)) .
By good value of (3.2.3), the later equal opportunity yields

—R(s) (ué(S)y’(S)> > ~R(s) (ué(S)y’(S)) Q)y“(6(s)). (3.2.6)
Combining (3.2.5) and (3.2.6), we obtain

(y(s) - R(s)ui(s)y'@) > L R(s) (ui (s)y'(s>)“Q(s>y“(e<s)). (3.2.7)

Integrating (3.2.7) from s; to s, we have

1
1 (s ®
Y(s) 2 ROEEYE + % | (ué (t)y'(t)) R(H) QY™ (6(0)dt

Taking (3.2.5) and the monotonicity of ué(s)y (t) into account, we get there at
1 1
u(s) = R(s)ua(s)y’(s) + R(s)ux(s)y’'(s)

1-a

raf y (ué (t)y'(t>> RORYBOQAO(8®) (v'(6(D)) " ds

Zﬁ@y@m@+§ngwmmmmm) (3.2.8)
Thus, we conclude that

y(8(s)) = ux (8(s))y’(8(s))R(B(s)). (3.2.9)
Using (3.2.9) in (3.2.5), by good value of (3.1.1), one can see that z(s) = r(s)(Y'(s)¥ isa
positive solution of the first order delay differential inequality
z'(s) + Q(S)R“(G(s))z(e(s)) <0 (3.2.10)

In view of the connected delay differential equation

z'(s) + Q(S)R“(G(s))z(e(s)) =0 (3.2.11)
as well as a positive solution. However, it is well-known that form (3.2.1) or form (3.2.10) ensures oscillation
of (3.2.11). This in turn around means that (3.1.1) cannot have positive solutions.
The hence proof.

Corollary 3.1
Let form (2.1.2) hold. If

lim sup f;(s) q@®R*(6())dt > 1, (3.2.12) 0 is non decreasing
S—00
(or)
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limg o inf f;, a(OR*(6(6))dt > o (3.2.13)
then (2.1.1) is oscillatory.
Example 3.1
For s > 1, consider the second-order unbiased differential equation
((()7) +-2; x=2s) =0 (3.2.14)
where y(s)= x(s)+ p,x(t (s)), a is a proportion of odd positive integers, po €10, 1), t(s)<s,q, >0,
and A € (0, 1). By Theorem 3.1, (3.2,14) is oscillatory if
p=(1— p)gear LIRS 1 2 (3.2.15)
For a particular case of , equation
1/ 1
((x’(t))3> +%x3(0.90) = 0 (3.2.16)
t3
oscillation of all solution is assured by condition
q0>1.92916. (3.2.17)

To the best of our understanding, the identified related condition for (3.2.16) based on evaluation with a first-
order delay differential equation gives

qo > 3.61643, which is a significantly weaker consequence.

On the other hand, for equation

1 1 4 1
(Gr3) + %(138)6 s73x3 (0.95) = 0 (3.2.18)
form (3.2.17) fails to hold and x(s) =sz is a non oscillatory solution of (3.2.18).
clearly, if
N 1
Jow QR (6(®))dt <=, (3.2.19)

then Theorem 3.1 cannot be functional to (2.1.1). However, if (3.2.19) holds and z(t) is a positive
solution of (3.2.10), then it is likely to get hold of sharper lower bounds of the ratio z(6(s))/z(s). This will
permit us to refine classical Riccati transformation techniques which are generally used in learn of oscillation
of second-order differential equations. Zhang and Zhou obtain such bounds for the first order delay differential

equation (3.2.11) by employing
{ fn(P)}io
folp) =1
fu(p)= PT(P), (3.:2.20)
n=0,1,2,...,,
where p is a positive constant satisfying
f;(S)Q(t)R“(B(t))dt >p,s= 5 =5 (3.2.21)

They show that, for p € (0, 1/e], the sequence is increasing and bounded above and
lim fn(p) = f (p) € [Le]
where f (p) is a real root of the equation ”

f (p) = ePf® (3.2.22)
Their consequence plays the necessary role when prove the following lemma.

Lemma 3.3
Let us assume that 6 is strictly increasing, situation (3.2.21) holds for some p > 0, and (2.1.1) has a positive
solution x(s) on [s,, ). Then, for every n >0,
2(s) = u(s)(y’(s)® satisfies
L) > £ (32.23)
for s great sufficient, where fn(p) is defined by (3.2.20).
Proof
Assume that (2.1.1) has a non oscillatory solution x(s) on [s,, o). with no loss of generalization, suppose that

there existsas, >s, such that x(s)> 0, x(t (8)) >0, and x(6 (s)) > 0 for s >s,. As in the proof of Theorem

3, assume that  z(s) = u(s)(y’(s))* is a positive solution of the first order delay differential inequality (3.2.10).
arranged in a similar method as in the proof of Lemma 3.1, we see that estimation (3.2.23) holds.

In the follows, we use the Riccati substitution technique to get hold of new oscillation criteria for (2.1.1),
which are particular effective in the case when Theorem 3.1 fail to apply.
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Theorem 3.2
Let us assume that 8 € C([s,, =), R), 8'(s) > 0, and situation (3.2.21) holds for some p > 0. If there exists a
function ¢ € C([to, =), (0, »0)) such that, for some sufficiently large T >s1 and for some n >0,

(0 @)™ (o) )
o) 2 |dt = o
<§0( )Q(®) (a + 1)a+1 fn(p)(p“(t)(e'(t))

N

gim sup f

T
(3.2.24)

where fn(p) is defined by (3.2.20) and ¢'(s)= max{0, ¢'(s)}, then (2.1.1) is oscillatory.

Proof

Assume that (2.1.1) has a non oscillatory solution x(s) on [s,, ). with no loss of generality, assume that there

existsas, >s, such that x(s)> 0, x(t (s)) >0, and

X(6 (s)) >0fors>s,.

Defined the Riccati function by
{ORY
w(s) = @(s)u(s) (—yl(lg(ss)» ,S = s (3.2.25)
Then w(s) > 0 for s > s, .Differentiating(3.2.25), arrive at
ey 9 (8) u(s)' ()Y , ') \(y'(6(s)
w'(s) = o) w(t) + ()75 2P (S)u(s)<y(9(s))> (y(g(s))>
(3.2.26)

It follows from Lemma 3.4 that there exists a T > s1 great sufficient such that

1
Y'(6() Falplu(s)\®
( yi(s) ) 2 ( u(8(s)) ) ,s=T (3.2.27)

By virtue of (3.2.3) and (3.2.27), applications of (3.2.25) and (3.2.26) yield

oeff(p)w(s)1 Wa+i( 5)

w'(s) = %W(t) — ¢(s)e®- (3.2.28)
P (p(Hu(8(s))
let
1
1] a I
-7 ((SS)) andp = L OVE)
(p(s)u(6(s))*
In (3.1.2), it follows now from Lemma 3.2 and (3.2.28) that
;o natl
W (s) € —9(s)Q(s) + —P @) uew) (3.2.29)

@)@+ fr(p)p(s)(6' )"

J S(so(t)@(t)— o) _wo) )dt < w(T)

r (a+1)%+1 £ (p) () (6" (1))
which contradicts form (3.2.24).

Hence the proof.

Remark 3.1

Theorem 3.2 is new because of the constant fn(p) (for some n > 0) appearing in (3.2.24). So far, all
consequences obtained in a similar method have been formulated for n = 0. Thus, for any given n > 0, our
consequence fundamentally improves the previous ones.

Letting ¢(s)= R%(@ (1)) in (3.2.24), Theorem 3.2 yields the following result.

Corollary 2

Let form (2.1.1) hold and assume that 6 € C([sQ, =), R), 8°(t)> 0, and condition (3.2.21) holds for some p > 0.
If, for some sufficiently large T > t1 and for some n >0,

s a a+1 9'(t)
limsup | (R*(6(t))Q(t) — ds = o
t s | (000) ) HORO®)u=(00)

(3.2.30)
where fn(p) is defined by (3.2.20), then (2.1.1) is oscillatory.
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Example 3.2
As in Example 3.1, we consider (3.2.14). If we assume thatp Si in (3.2.15), then the Sequence
{f(p)}n=odefined by(3.2.20) has a finite limit (3.2.22),which can be expressed as

W(—
Fio) = tim fu(p) = — P

where W standard denotes the principal division of the Lambert function. Then, by  Corollary 3.2, (3.2.14)
is oscillatory if

a a+1
(1 - po)*q2*f(p) > (=) (3.2.31)
In order to illustrate the efficiency of the above criterion, we stress that an application of (2.1.6) yields that
condition

a a+1
(1 - p0)%q02* > (-5) (32.32)
ensure oscillation of (3.2.14). For a particular case of (3.2.14), equation
(()’) +% x309s) = 0, (3.2.33)

situation (3.2.31) gives 3.5876 > 0.3164, which is implies that (3.2.33) is oscillatory. However, one may see
that the left hand side of inequality (3.2.32) becomes 0.2187, which means that form (3.2.32) fails to hold for
(3.2.33). Moreover, one can easily verify that the condition resultant from Theorem 3.1 cannot be applied to
(3.2.33).The following theorem serves as an different to Theorem 3.2.

Theorem 3.3
Let form (2.1.1) be satisfied and assume that there exists a function y € C([So, ), (0, )) such that, for

some sufficiently greatest T > s,
@' (@) u(t) )d _
t=

S
timsup [ (wora@reo - LR
where 1’ (s) = max{0,1'(s)} . Then (2.1.1) is oscillatory.
Proof
Assume that (2.1.1) has a non oscillatory solution x(s) on [s,, «). with no loss of generality, we can suppose

that there exists a s; >, such that x(s)> 0, x(z (s)) > 0, and x(c (s)) > 0 for s > s,. Defined the Riccati
function by

(3.2.34)

_ y') \*
w(s) = P(s)uls) (y(g(s))> ,$ > s1 (3.2.35)
Then w(s) >0 for s>s, and
! 1)@y, I(s a+1
w'(s) = LB w(0) + p()IL Oy (22) (3.2.36)
The proof of Theorem 3.1, we get (3.2.8),( i.e).,
1
y(s) = R(s)ua(s)y'(s)
y'(s) <1 :
¥(s) R(s)ua(s)
Integrating the latter inequality from o (t) to t, we obtained

y(0®) <— T A ) 3.2.37
y(s) =P L(S)R(t)u%(t) (3.2.37)

Combining (3.2.5)and (3.2.37),it follows that,

(ol e
o N\ ye

or

s dt
< Q(s) exp (—(xf —
o) R(t)ua (1)
< —Q(s)R(s).
Hence, by (3.2.35) and (3.2.36), we deduce that
w'(s) = L2 w(© — WE)QER(E) — —& W a (s, (3.2.38)
() YEuE)«
Let
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" (s
A=w+( ) andB=L1

wis) P(u(s)a

In (3.1.2).it follows from Lemma2 and (3.2.38) that is,
(s 0L+1u
w'(s) < — W()QERE) + Wah) 0 (3.2.39)
let T > s, be sufficiently large. Integrating (3.2.39) from T to S, we have
s (W, ®)
L (‘ ‘lJ(t)Q(t)R(t) + ICTGETIC) dt < w(T),

which contradict condition (3.2.34).
Hence the proof.

Example 3.3
As in the Example 3.1, we consider (3.2.14). By Theorem 3.3, (3.2.14) is oscillatory if
« a+1
(1 - po)*aor > (=) (3.2.40)

where u= (o/(a + (1 — p0)*qor®))* . An function of (2.1.7) vyields that (3.2.14) is oscillatory provide that
It is easy to observe that u< 1, and thus our condition (3.2.40) provide a stronger consequence.

Il.  CONCLUSIONS

In this present dissertation, we have considered the oscillatory behavior of the second order half linear
unbiased delay differential equation. As it has been illustrate throughout one more than a few examples, the
results obtain improve a greatest number of the existing ones. Our method lies in establish some sharper
estimate connecting a non oscillatory solution with its derivative in the folder when criteria equivalent to fails
to be valid. The consequences existing in this dissertation strongly depend on the properties of first order delay
differential equations. An attractive problem research is to establish different iterative techniques for testing
oscillations in independently on the constant.
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