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Abstract

In this study, we convert the classical Goursat problem into a fractional form in order to study its solution. The
fractional Goursat problem can be solved in homogeneous, inhomogeneous, and linear cases applying the DTM
(differential transform method) in its fractional form. To confirm the accuracy of our results, the acquired
results converge with the exact solution and the work published in the literature.
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L. Introduction
The hyperbolic partial differential equation known as the Goursat problem occurs in a number of
science and engineering fields. Numerous numerical techniques, such as the Homotopy Analysis technique
(HAM), the Runge-Kutta technique, and the finite difference method, the Adomian Decomposition Method
(ADM), and with integral conditions, have been used to analyze the Goursat problem.
A classical formulation of the standard form of a homogeneous linear Goursat problem is provided.

Uy (x, ) TA(X) U, (X,H)HB(X,1) u(x,H)+C(x,1) u(x,t) = 0 (1
u(x,0) = o), u(0,t) = P(), )
®(0) = ¥(0) =u(0,0). (3)

This is called the problem of the Gorsat, after the French mathematician Edouard Goursat, who first analyzed
the linear form of the problem in [1].”

In recent years, differential equation have seen advanced significant with applications spanning physics,
chemistry, industrial mathematics, control theory, and fluid dynamics.. Fractional calculus is the extension of
classical concept of differentiation and integration to arbitrary (non-integer) orders. Over the past two or three
decades, the topic has become increasingly important [2-4]. Fractional derivatives have been used to
mathematically characterize numerous phenomena in engineering and other areas [5—8]. When modeling real-
world issues, these representations have produced positive outcomes [9—11]. Researchers have recently focused
on studying fractional order partial differential equation solutions [12—14].

The idea of fractional calculus is nearly as old as conventional classical itself. The history of fractional
calculus dates back to over three centuries, and the original question that gave rise to the name fractional

an . 1 . . . .
calculus was: what does dx—fi mean if n = E? This question first appeared in a correspondence between Gottfried

Wilhelm Leibniz and the Marquis De L Hopital in 1695, when Leibniz was the first to mention the possibility of
derivatives of arbitrary, non-integer orders [15].
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Researchers have discovered that the differential transform method (DTM) is one of the best techniques. This
approach stands out because it gives us analytical approximations, which are frequently precise solutions, in the
form of a fast converging power series with tastefully constructed terms ([13, 16] and refer to the references
therein).

Additionally, DTM minimizes the computation size and solves the equations directly and simply without the
need of restrictive conditions, discretization, linearization, on perturbation techniques, Adomian's polynomial, or
any additional r transformation [16—17].

The Differential Transform Method (DTM) has also been successfully used over recent years to solve various
types of differential equations, such as fractional telegraph, cable, and Swift Hohenberg equations [18,19, 20]. It
has been applied to linear, nonlinear, and system-type problems, and convergence results are established,
additional work appears in [13, 16, 21, 22].

Here, we introduce the essential definitions of fractional calculus required for the formulation of the problem

and implementation of the method.

1L Preliminary and basic definition

The generalization of the integral and derivative operators is important to fractional calculus. Riemann-
Liouville, Caputo, and Griinwald-Letnikov fractional derivatives are the three most often used definitions in the
literature. Every one of these definitions has unique benefits and works well for various kinds of problems.

The Riemann-Liouville definition of a fractional derivative of order « is expressed as [23]:

1 dm" ot f(©
Déxf(t) = F(n_a)m 0 (t—‘r)ﬁdr' n—1<a< n, n € N. (4)

In this expression, @ denotes the fractional order, n represents the smallest integer greater than «, I'(.)
. dn L o . N
represents the Gamma function, and —on fepresent the classical integer-order derivative. The Riemann-Liouville

formulation is particularly mainly valuable in theoretical analysis because of its strong mathematical foundation.

The Caputo fractional derivative of order « is defined as follows [24]:

M (¢
Daf(t) = —— [ L0 gy (5)

r(n-a)’a (t-t)e-nt+1

Here f®(7) is nth-order classical derivative of f(t). This formulation is widely used in applied science because
it incorporates of initial condition in a manner consistent with standard differential equation.

Moreover, the Grunwald-Letnikov definition provides a discrete form of fractional derivative and is given by
[25]:

1w
DER(=lim = T (~ D ()f (¢ — kh) (©)
Here h represents the step size and (Z) denotes the generalized binomial coefficient, which is expressed as

(Z) _ I (a+1) (7)

T r(k+1) r(a—k+1)
This formulation is particular valuable in Numerical simulation and computational application.

The gamma function denoted I'(z) play significant role in fractional calculus. It is defined as:

rw) = [, t¥letdt )
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r'w+1) =wl(w), w> 0. ©)
Moreover, the Gamma function generalizes the classical factorial function, since for every n€N,

rm = (-1 (10)

I11. Definition of Differential Transform.
The basic definition of deferential transform method (DTM) is presented below.

Definition
Suppose u(x ,t) and v(x ,t) are analytic function that are continuously differentiable with respect to the variable
t. Then the differential transform is defined as:

Up (%) = — [ﬁ u(x )] (11)
k r(ka+1) layk g N

And

1 ok
Vie ()= T(ka+1) [W v(x, t)]t=0 (12)

Where the order of the fractional derivative of time is denoted by a while Uy (x) and V,(x) represent the fully
derived t-dimensional spectrum function of the transformation. In this article, lower case u(x, t) and v(x, t)

represent the original functions and upper case U, (x) and Vg(x) represent the transformed functions.

Definition
The corresponding inverse differential transforms of Uy (x) and Vi (x) is given follow as:

u (X ) t) = Z]?:O Uk (X)tka: (13)
and
v 0) = D VGOt (14)

From (1) and (3) we get that

— 1 i ka
ux, )= T(ka+1) [ayk ux, t)]tzo t (15

and similarly from (2) and (4) we get

— o0 1 6_k ka
V%, 0= o s a0k VO t)]tzot (16)

From the above definitions it is clear that the idea behind the differential transform approach arises from the
power series expansion of a function. The basic mathematical operations involved in the reduced differential
transform technique are summarized in Table 1.
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Function

Transformation

Function

Transportation

z(x ,t)

1 ox
Tka + 1) [6_yk utx t)]

t=0

z(x,t)=u(x, t)v(x, t)

k
29 = ) Uy Vieen (9
r=0

k
= Z Vn Uk—n
n=0

z(x,t)=u(x,t) F v(x ,t)

Zi(x) = U (x) £ V(x)

n

Fi]
z(x,t) = ﬁ_y“ u(x, t)

Z (%)
=(k+1) (k+2) ..(k
+1n) Upyn (%)

z(x,H)=c.u(x,t) Z(x) = c. U (%) oNe Zy %)
z(x,t) = e U D)
ot _ T(ka+ Na + 1)U
- F(ka ¥ 1) k+N (X)
7(x ,t)=x"t" Zy(x) = x™6(k —n)
z(x,t) = xMy" u(x, t) Zy (x) = x"Up_p (%)
Iv. Implementation of Differential Transform Methods and Results
We applied DTM to the following linear homogeneous and non-homogeneous Goursat problems:
Problem 4.1 (Homogeneous Goursat Problem)
Uye = U, 7)
Subject to initial condition
u(x, 0) =e*, u0,t)=-ef, u(0,0)=1. (18)
DEDfu(x,t) = u(x,t), 0<a<l1 (19)
To obtain the solution we apply differential transform method (DTM):
e X
U, =¢
INk-a+1
Ulk +1] = ( (k-o ) j'int(U[k],x)=Uk fork= 0 (20)

T(k-oo+ a+1)

Using the process described above, we get
X
Ul = __°
r(1+a)
X
U, = — <
r(2o+1)

ex

Uu, =———
3T T(3a+1)

ex

U, =—————
4T Tr(4o+1)
X

U= ¢

=—— — , andsoon....
ST r(50+1)
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The inverse reduced transforms are finally applied, and we obtain

uGn6) = ) (U @V
k=0

The graphical comparison of exact and 10th iteration of approximate solution is given as:

Exact and Approximate solution
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Fig4.1(a)Graphical of 10" iteration by taking t=1 and 0=0.25
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Exact and Approximate solution
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Fig4.2(b)Graphical of 10" iteration by taking t=1 and 0=0.5
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Fig4.3(c)Graphical of 10™ iteration by taking t=1 and 0=0.75
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Exact and Approximate solution
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Fig4.3(c)Graphical of 10" iteration by taking t=1 and o=1

Problem 4.2 (Homogeneous Goursat Problem)

Uy = -2, (22)
With initial condition
U(x, 0)=e*, u(0, t)=et, u(0,0)=1 (23)
Fractional Form of the Problem
DEDEf(xt)= 2u(x t), 0<a<l (24)
To obtain the solution we apply differential transform method (DTM):
U,:=¢"
-2-T(k-a+1
Ulk + 1] = ( ) -int(U[k],x)= Uy fork=0 (25)
Mk-o+a+1)
By applying the above procedure, we obtain
X
[]1 = — 2—e
Mo+ 1)
X
U2 = __de
r(2o+1)
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X
AP 1
r(3o+1)
_ 16¢*
4T T(4a+1)
X
U ':—32—e,and SO on

ST r(5a+1)

The inverse reduced transforms are finally applied, and we obtain

u(x,t) = Z U, (o)tke, (26)
k=0

_262144¢" /%% 2048¢"/'*  8388608¢" / “

r(18a+ 1) r(1la+1) r(23a+1)

The graphical comparison of exact and 50th iteration of approximate solution is given as:

Exact and Approximate solution
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Fig4.5(a)Graphical of 50th iteration by taking t=1 and 0=0.25
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Exact and Approximate solution
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Fig4.6(b)Graphical of 50th iteration by taking t=1 and 0=0.5
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Fig4.7(c)Graphical of 50th iteration by taking t=1 and a=0.75
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Exact and Approximate solution
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Fig4.8(a)Graphical of 50th iteration by taking t=1 and a=1

Problem 4.3 (Inhomogeneous Goursat Problem)

U =U—t, (27)

With initial condition
Ux,0)=e*, u(0,t)=t+ e, u(0,0)=1 (12)
Fractional Form of the Problem
Dy DEf(x,H)=u(x,t) = 8(k), 0 <a<1 (28)
Where
(k) — [ 1 k=0
0k+0

To obtain the solution we apply differential transform method (DTM):

Uy=t+e' (29)
Ulk + 1] = ( 1"(/1;-(5—? Zj-)l) -int(U[k] — 8(k),x)= Uy fork=0 (30)
By applying the above procedure, we obtain
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_tx+e —x
or(i+a)
1 Pr—xr 42

Uy =5 ——————
2 1(2a+1)
1 =6

Uyi=— = —————
6 T(3a+1)

1 xtr—xt 424"

U, =—
4724 T(4a+1)

U] 120e" +x° 1 — x°
571200 T(5a+1)

The inverse reduced transforms are finally applied, and we obtain

and so on...

uGnt) = ) UG, (31)
k=0

u:=t+e + (tx+e—x) +L (FPr—x*+2¢&) 7~

r(1+o0) 2 r(20+ 1)
1 (= ree) i
6 r(3o+1)

+ +

The graphical comparison of exact and 50th iteration of approximate solution is given as:
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Fig4.9(a)Graphical of 50th iteration by taking t=1 and 0=0.25
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Exact and Approximate solution
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Fig4.10(b)Graphical of 50th iteration by taking t=1 and 0=0.5
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Fig4.11(c)Graphical of S50th iteration by taking t=1 and a=0.75
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Exact and Approximate solution
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Fig4.12(d)Graphical of 50th iteration by taking t=1 and a=1

Problem 4.4 (Inhomogeneous Goursat Problem)
Uy = U, + 4xt — x2t?, (32)
With initial condition
U(x, 0)=e”*, u(0,t)=t+ ef, u(0,0)=1, (33)
Fractional Form of the Problem
DEDLH(x,t)= Uy + 4x5(k) — x25(k — 1), 0<a<1 (34)
Where
1 k=0
8(k) =
0k=+0
To obtain the solution we apply differential transform method (DTM)
U, :=¢" (35)
k- 1
Ulk + 1] = (ko 1) cint(Ulk] + 4x 8(k) — x (36)
Ik-ao+a+1)
M8k —1),x)=Uk fork >0
39 | Page

WWW.ijres.org



Analysis of Fractional Goursat Problem by using Differential Transform Method.

By applying the above procedure we obtain

_ &+ 257
(1 + a)
%x3+ex {
ri+o)| =——— - =33
U r'(1+a) 3
2 r(2o+1)
U L 2T +a) —2xt—12¢"
S Vi r(3o+1)
g L 2T(1+a)—2x"—60¢"
460 I(4o+1)
6 6 X
S B I'(1+a)+2x"+360e and 5o on
37360 r(50+1)

The inverse reduced transforms are finally applied, and we obtain

w0 = ) (UG,
k=0

u ':ex + 1 1 ( ( L x20
' 2520 ]"( 190 + 1) 241359326208000
1

- 20 x| . 19a
IR2718652416000° |1+ @) +2520¢ j t )
1 (22X —r(1+0)+60e")

+ P
60 40+ 1)

The graphical comparison of exact and 50th iteration of approximate solution is given as:

Exact and Approximate solution
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Fig4.13(a)Graphical of 50th iteration by taking t=1 and a=0.25

(37)
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Exact and Approximate solution
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Fig4.14(b)Graphical of 50th iteration by taking t=1 and 0=0.5

Exact and Approximate solution
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Fig4.15(c)Graphical of 50th iteration by taking t=1 and a=0.75
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Exact and Approximate solution
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Fig4.16(d)Graphical of 50th iteration by taking t=1 and a=1

4.5 Conclusion:

In this thesis, we studied the Goursat problem by changing it from the classical form to a fractional

form. To solve it, we used the Differential Transform Method (DTM) in its fractional version. Our goal was to
test how accurate, reliable, and effective this method is when dealing with both linear and nonlinear types of
Goursat problems.

We began by explaining the basic rules and tools of fractional calculus that are needed for this method.

After building the necessary foundation, we applied fractional DTM to different types of Goursat problems —
including simple (homogeneous), more complex (inhomogeneous), linear, and nonlinear problems. When we
compared our results to exact solutions already available in the research, we found a very close match. This
shows that our method works well and produces trustworthy results.
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