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Abstract 

In this study, we convert the classical Goursat problem into a fractional form in order to study its solution. The 

fractional Goursat problem can be solved in homogeneous, inhomogeneous, and linear cases applying the DTM 

(differential transform method) in its fractional form. To confirm the accuracy of our results, the acquired 

results converge with the exact solution and the work published in the literature. 
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I. Introduction 

The hyperbolic partial differential equation known as the Goursat problem occurs in a number of 

science and engineering fields. Numerous numerical techniques, such as the Homotopy Analysis technique 

(HAM), the Runge-Kutta technique, and the finite difference method, the Adomian Decomposition Method 

(ADM), and with integral conditions, have been used to analyze the Goursat problem.  

The classical formulation of a homogeneous linear Goursat problems' standard form is provided by 

 𝑢𝑥𝑡(𝑥, 𝑡)+A(x,t) 𝑢𝑥(x,t)+B(x,t) 𝑢𝑡(x,t)+C(x,t) u(x,t) = 0    (1) 

    𝑢(𝑥, 0)  =  𝜑(𝑥),   𝑢(0, 𝑡) =  𝜓(𝑡),   (2) 

      𝜑(0) =  𝜓(0) = 𝑢(0, 0).    (3) 

    

It is known as the Goursat problem, after the French mathematician Edouard Goursat, who first analyzed the 

linear form of the problem in [1].” 

In recent years, differential equation have seen advanced significant with applications spanning physics, 

chemistry, industrial mathematics, control theory, and fluid dynamics.. Fractional calculus is the extension of 

classical concept of differentiation and integration to arbitrary (non-integer) orders. Over the past two or three 

decades, the topic has become increasingly important [2–4]. Fractional derivatives have been used to 

mathematically characterize numerous phenomena in engineering and other areas [5–8]. When modeling real-

world issues, these representations have produced positive outcomes [9–11]. Researchers have recently focused 

on studying fractional order partial differential equation solutions [12–14]. 

The idea of fractional calculus is nearly as old as conventional classical itself. The history of fractional 

calculus dates  back to over three centuries, and the original question that gave rise to the name fractional 

calculus was: what does 
𝑑𝑛𝑓

𝑑𝑥𝑛 mean if n = 
1

2
? This question first appeared in a correspondence between Gottfried 

Wilhelm Leibniz and the Marquis De L Hopital in 1695, when Leibniz was the first to mention the possibility of 

derivatives of arbitrary, non-integer orders [15]. 
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Researchers have discovered that the differential transform method (DTM) is one of the best techniques. 

This approach stands out because it gives us analytical approximations, which are frequently precise solutions, 

in the form of a fast converging power series with tastefully constructed terms ([13, 16] and refer to the 

references therein). 

Additionally, DTM minimizes the computation size and solves the equations directly and simply without the 

need of restrictive conditions, discretization, linearization, on perturbation techniques, Adomian's polynomial, or 

any additional r transformation [16–17]. 

The Differential Transform Method (DTM) has also been successfully used over recent years to solve various 

types of differential equations, such as fractional telegraph, cable, and Swift Hohenberg equations [18,19, 20]. It 

has been applied to linear, nonlinear, and system-type problems, and convergence results are established; 

additional work appears in [13, 16, 21, 22].   

Here, we introduce the essential definitions of fractional calculus required for the formulation of the problem 

and implementation of the method. 

II. Preliminary and basic definition 

The generalization of the integral and derivative operators is important to fractional calculus. Riemann-

Liouville, Caputo, and Grünwald-Letnikov fractional derivatives are the three most often used definitions in the 

literature. Every one of these definitions has unique benefits and works well for various kinds of problems. 

The Riemann-Liouville definition of a fractional derivative of order 𝛼 is expressed as [23]: 

𝐷𝑡
𝛼f(t) = 

1

𝛤(𝑛−𝛼)

𝑑𝑛

𝑑𝑡𝑛 ∫
𝑓(τ)

(t−τ )𝛼−𝑛+1 𝑑τ,
𝑡

0
 n−1 < α < n, n ∈ N.   (4)   

In this expression, 𝛼  denotes the fractional order, n represents the smallest integer greater than  𝛼 ,  𝛤(. ) 

represents the Gamma function, and 
𝑑𝑛

𝑑𝑡𝑛 represent the classical integer-order derivative. The Riemann-Liouville 

formulation is particularly mainly valuable in theoretical analysis because of its strong mathematical foundation. 

The Caputo fractional derivative  of order 𝛼 is defined as follows  [24]: 

𝐷𝛼f(t) = 
1

𝛤(𝑛−𝛼)
∫

𝑓(𝑛)(τ)

(t−τ )𝛼−𝑛+1 𝑑τ
𝑡

𝛼
      (5) 

Here  𝑓(𝑛)(𝜏) is nth-order classical derivative of f(t). This formulation is widely used in applied science because 

it incorporates of initial condition in a manner consistent with standard differential equation. 

Moreover, the Grunwald-Letnikov definition provides a discrete form of fractional derivative and is given by 

[25]: 

𝐷𝛼f(t)=lim
ℎ→0

1

ℎ𝛼
∑ (−1)𝑘(𝛼

𝑘
)𝑓(𝑡 − 𝑘ℎ)∞

0      (6) 

Here h represents the step size and (𝛼
𝑘

) 𝑑𝑒𝑛𝑜𝑡𝑒𝑠 𝑡ℎ𝑒 generalized binomial coefficient, which is expressed as 

(𝛼
𝑘

) =
𝛤 (𝛼+1)

𝛤(𝑘+1) 𝛤(𝛼−𝑘+1 )
.     (7) 

This formulation is particular valuable in Numerical simulation and computational application. 

The gamma function denoted 𝛤(z) play significant role in fractional calculus. It is defined as: 

𝛤(𝑤) =  ∫ 𝑡𝑤−1𝑒−𝑡𝑑𝑡
∞

0
     (8)  

   

𝛤(𝑤 + 1) = 𝑤𝛤(𝑤),  w> 0.     (9) 
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Moreover, the Gamma function generalizes the classical factorial function, since for every n∈N, 

𝛤(𝑛) = (𝑛 − 1)!.     (10) 

III. Definition of Differential Transform. 

The basic definition of deferential transform method (DTM) is presented below.  

Definition  

Suppose u(x ,t) and v(x ,t) are  analytic function that are continuously differentiable with respect to the variable 

t. Then the differential transform is defined as: 

𝑈𝑘(𝑥) =
1

𝛤(𝑘𝛼+1)
 [

∂k

∂yk  u(x, t)]
t=0

,     (11) 

And 

𝑉𝑘(𝑥)= 
1 

Γ(kα+1)
 [

∂k

∂yk  v(x, t)]
t=0

     (12) 

Where the order of the fractional derivative of time is denoted by α while 𝑈𝑘(x) and 𝑉𝑘(x) represent the fully 

derived t-dimensional spectrum function of the transformation. In this  article, lower case u(x, t) and v(x, t) 

represent the original functions and upper case 𝑈𝑘 (x) and 𝑉𝐾(x) represent the transformed functions. 

Definition 

The corresponding inverse differential transforms of Uk (x) and Vk (x) is given follow as: 

      u (x , t) = ∑ Uk
∞
k=0 (x)tkα,                                                                                        (13)      

 and   

      v (x, t) = ∑ Vk(x)tkα.∞
k=0                                                                                      (14)               

From (1) and (3) we get that 

 u(x, t) = 
1 

Γ(kα+1)
 [

∂k

∂yk  u(x, t)]
t=0

tkα                       (15) 

and similarly from (2) and (4) we get 

 v(x, t)= ∑
1 

Γ(kα+1)
 [

∂k

∂yk  v(x, t)]
t=0

∞
𝑘=0 tkα                      (16) 
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From the above definitions it is clear that the idea behind the differential transform approach arises from the 

power series expansion of a function. The basic mathematical operations involved in the reduced differential 

transform technique are summarized in Table 1. 

 

Function  Transformation  Function  Transportation  

z(x ,t) 1

𝛤(𝑘𝛼 + 1)
 [

∂k

∂yk
 u(x, t)]

t=0

 
z(x,t)=u(x, t)v(x, 

t) 
Zk(x) = ∑ Un

k

r=0

Vk−n (x)

= ∑ Vn Uk−n

k

n=0

 

 

z(x,t)=u(x,t) ∓ v(x ,t)  Zk(x) = Uk(x) ± Vk(x) z (x , t)

=
𝜕n

𝜕yn
 u(x, t) 

 

Zk(x)

= (k + 1) (k + 2) … (k

+ n) Uk+n(x) 

 

z(x,t)=𝑐. 𝑢(𝑥 , 𝑡) Zk(x) = c. Uk(x) z(x, t)

=
𝜕Nα

𝜕tNα
 u(x, t) 

 

𝑍k (x)

=
Γ(kα + Nα + 1)

Γ(kα + 1)
Uk+N (x) 

 

z(x ,t)=𝑥𝑚𝑡𝑛 Zk(x) = 𝑥𝑚𝛿(𝑘 − 𝑛)   

z(x , t) = xmyn u(x, t) Zk(x) = xmUk−n (x) 

 

  

5. Implementation of Differential Transform Methods and Results 

 

We applied DTM to the following linear homogeneous and non-homogeneous Goursat problems: 

 

Problem 5.1 (Homogeneous Goursat Problem) 

 

𝑢𝑥𝑡  = u,           (17) 

Subject to initial condition 

u(x, 0) = 𝑒𝑥 ,   u(0, t) =  𝑒𝑡  , u(0, 0) = 1.      (18) 

𝐷𝑥
𝛼𝐷𝑡

𝛼u(x,t) =  u(x ,t),  0 < α ≤ 1      (19) 

To obtain the solution we apply differential transform method (DTM): 
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  = 𝑈𝑘   for k≥ 0     (20)  

 
Using the process described above, we get 

 

 

 

 

                          ,  and so on…. 

The inverse reduced transforms are finally applied, and we obtain  

𝑢(𝑥, 𝑡) = ∑(𝑈𝑘(𝑥))𝑡𝑘𝛼 .

∞

𝑘=0

                                                                                       (21) 

 

… 

 
 

The graphical comparison of exact and 10th iteration of approximate solution is given as: 

 

 

Fig4.1(a)Graphical of 10th iteration by taking t=1 and α=0.25 
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Fig4.2(b)Graphical of 10th iteration by taking t=1 and α=0.5 

 

Fig4.3(c)Graphical of 10th iteration by taking t=1 and α=0.75 
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Fig4.3(c)Graphical of 10th iteration by taking t=1 and α=1 

Problem 5.2 (Homogeneous Goursat Problem) 

 

𝑢𝑥𝑡  = -2u,      (22) 

With initial condition 

U(x, 0)=𝑒𝑥, u(0, t)= 𝑒𝑡 ,   u(0, 0) = 1   (23) 

Fractional Form of the Problem 

𝐷𝑥
𝛼𝐷𝑡

𝛼f(x,t)= -2u(x ,t),  0 < α ≤ 1 ,               (24) 

 

To obtain the solution we apply differential transform method (DTM): 

 

 

 = 𝑈𝑘   for k ≥ 0                            (25) 

By applying the above procedure, we obtain 
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                 , and so on 

The inverse reduced transforms are finally applied, and we obtain  

 

𝑢(𝑥, 𝑡) = ∑ 𝑈𝑘(𝑥)𝑡𝑘𝛼 ,

∞

𝑘=0

                                                                                      (26) 

 

The graphical comparison of exact and 50th iteration of approximate solution is given as: 

 

Fig4.5(a)Graphical of 50th iteration by taking t=1 and α=0.25 
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Fig4.6(b)Graphical of 50th iteration by taking t=1 and α=0.5 

 

Fig4.7(c)Graphical of 50th iteration by taking t=1 and α=0.75 
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Fig4.8(a)Graphical of 50th iteration by taking t=1 and α=1 

Problem 5.3 (Inhomogeneous Goursat Problem) 

𝑢𝑥𝑡  = u – t,       (27) 

With initial condition  

U(x, 0) = 𝑒𝑥  , u(0, t)=  𝑡 +  𝑒𝑡 ,   u(0, 0) = 1 (12) 

Fractional Form of the Problem 

𝐷𝑥
𝛼𝐷𝑡

𝛼f(x,t)= u(x,t) – δ(k),  0 < α ≤ 1           (28) 

Where  

 

 

To obtain the solution we apply differential transform method (DTM): 

        (29) 

 

= 𝑈𝑘   for k ≥ 0             (30) 

 
By applying the above procedure, we obtain 
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                          and so on... 

The inverse reduced transforms are finally applied, and we obtain  

 

𝑢(𝑥, 𝑡) = ∑(𝑈𝑘(𝑥))𝑡𝑘𝛼 ,

∞

𝑘=0

                                                                                       (31) 

 

 
The graphical comparison of exact and 50th iteration of approximate solution is given as: 

 
Fig4.9(a)Graphical of 50th iteration by taking t=1 and α=0.25 
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Fig4.10(b)Graphical of 50th iteration by taking t=1 and α=0.5 

 

Fig4.11(c)Graphical of 50th iteration by taking t=1 and α=0.75 
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Fig4.12(d)Graphical of 50th iteration by taking t=1 and α=1 

Problem 5.4 (Inhomogeneous Goursat Problem) 

𝑢𝑥𝑡  =  u, + 4𝑥𝑡 − 𝑥2𝑡2,               (32) 

With initial condition  

U(x, 0) = 𝑒𝑥,  u(0, t) =  𝑡 +  𝑒𝑡,  u(0, 0)= 1,   (33)  

Fractional Form of the Problem 

𝐷𝑥
𝛼𝐷𝑥

𝑡f(x,t)= 𝑈𝑘 + 4𝑥𝛿(𝑘) − 𝑥2𝛿(𝑘 − 1),              0 < α ≤ 1                  (34) 

Where  

 

 

 

To obtain the solution we apply differential transform method (DTM): 

       (35) 

 

    (36) 
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By applying the above procedure we obtain 
 

 

 

 

 

 and so on  

 

The inverse reduced transforms are finally applied, and we obtain  

 

𝑢(𝑥, 𝑡) = ∑(𝑈𝑘(𝑥))𝑡𝑘𝛼 ,

∞

𝑘=0

                                                                                      (37) 

 

 
The graphical comparison of exact and 50th iteration of approximate solution is given as: 

 

Fig4.13(a)Graphical of 50th iteration by taking t=1 and α=0.25 
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Fig4.14(b)Graphical of 50th iteration by taking t=1 and α=0.5 

 

Fig4.15(c)Graphical of 50th iteration by taking t=1 and α=0.75 
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Fig4.16(d)Graphical of 50th iteration by taking t=1 and α=1 

4.5 Conclusion: 

In this thesis, we studied the Goursat problem by changing it from the classical form to a fractional 

form. To solve it, we used the Differential Transform Method (DTM) in its fractional version. Our goal was to 

test how accurate, reliable, and effective this method is when dealing with both linear and nonlinear types of 

Goursat problems. 

We began by explaining the basic rules and tools of fractional calculus that are needed for this method. 

After building the necessary foundation, we applied fractional DTM to different types of Goursat problems — 

including simple (homogeneous), more complex (inhomogeneous), linear, and nonlinear problems. When we 

compared our results to exact solutions already available in the research, we found a very close match. This 

shows that our method works well and produces trustworthy results. 

References 

[1]. E. Goursat, A Course in Mathematical Analysis ,Vol. III, Dover Publications, Inc., New York, 1964. 
[2].  Podlubny I., Fractional Differential Equations: an Introduction to Fractional Derivatives, Fractional Differential Equations, to 

Methods of Their Solution and Some of Their Applications, 1998, Elsevier. 

[3]. Podlubny I., Fractional Differential Equations, 1999, Academic Press, San Diego, CA, US 
 

[4]. Samko S. G., Kilbas A. A., and Marichev O. I., Fractional Integrals and Derivatives, Theory and Applications, 1993, Gordon and 

Breach, Yverdon, Switzerland. 
[5]. Alquran M., Jaradat I., and Abdel-Muhsen R., Embedding (3 + 1)-dimensional diffusion, telegraph, and Burgers' equations into 

fractal 2D and 3D spaces: an analytical study, Journal of King Saud University - Science. (2020) 32, no. 1, 349–

355, https://doi.org/10.1016/j.jksus.2018.05.024, 2-s2.0-85048498934. 
[6]. Coronel-Escamilla A., Gómez-Aguilar J. F., Alvarado-Méndez E., Guerrero-Ramírez G. V., and Escobar-Jiménez R. F., Fractional 

dynamics of charged particles in magnetic fields, International Journal of Modern Physics C. (2016) 27, no. 8, article 

1650084, https://doi.org/10.1142/s0129183116500844, 2-s2.0-84958280242. 
[7]. Deresse A. T., Analytical solutions to two-dimensional nonlinear telegraph equations using the conformable triple Laplace 

transform iterative method, Advances in Mathematical Physics. (2022) 2022, 17, 4552179, https://doi.org/10.1155/2022/4552179. 

[8]. Qureshi S., Effects of vaccination on measles dynamics under fractional conformable derivative with Liouville-Caputo 
operator, The European Physical Journal Plus. (2020) 135, no. 1, https://doi.org/10.1140/epjp/s13360-020-00133-0. 

https://doi.org/10.1016/j.jksus.2018.05.024
https://doi.org/10.1142/s0129183116500844
https://doi.org/10.1155/2022/4552179
https://doi.org/10.1140/epjp/s13360-020-00133-0


ɸAnalysis of Fractional Goursat Problem by Using Differential Transform Method  

www.ijres.org                                                                                                                                            151 | Page 

[9].  Morales-Delgado V. F., Gómez-Aguilar J. F., and Taneco-Hernandez M. A., Analytical solutions of electrical circuits described by 

fractional conformable derivatives in Liouville-Caputo sense, International Journal of Electronics and Communications. 

(2018) 85, 108–117, https://doi.org/10.1016/j.aeue.2017.12.031, 2-s2.0-85044789204. 
[10].  Soltan A., Soliman A. M., and Radwan A. G., Fractional-order impedance transformation based on three port 

mutators, International Journal of Electronics and Communications. (2017) 81, 12–

22, https://doi.org/10.1016/j.aeue.2017.06.012, 2-s2.0-85029005095. 
[11]. Yokus A., Construction of different types of traveling wave solutions of the relativistic wave equation associated with the 

Schrödinger equation, Mathematical Modelling and Numerical Simulation with Applications. (2021) 1, no. 1, 24–

31, https://doi.org/10.53391/mmnsa.2021.01.003. 
[12]. Al-Mdallal Q. M., Yusuf H., and Ali A., A novel algorithm for time-fractional foam drainage equation, Alexandria Engineering 

Journal. (2020) 59, no. 3, 1607–1612, https://doi.org/10.1016/j.aej.2020.04.007. 

[13]. Mussa Y. O., Gizaw A. K., and Negassa A. D., Three-dimensional fourth-order time-fractional parabolic partial differential 
equations and their analytical solution, Mathematical Problems in Engineering. (2021) 2021, 12, 

5108202, https://doi.org/10.1155/2021/5108202. 

[14].  Hammouch Z., Yavuz M., and Özdemir N., Numerical solutions and synchronization of a variable-order fractional chaotic 
system, Mathematical Modelling and Numerical Simulation with Applications. (2021) 1, no. 1, 11–

23, https://doi.org/10.53391/mmnsa.2021.01.002. 

[15]. Arthur RT, Rabouin D. Leibniz on the Foundations of the Differential Calculus. Switzerland: Springer Nature; 2025 
[16].  Deresse A. T., Mussa Y. O., and Gizaw A. K., Analytical solution of two-dimensional sine-Gordon equation, Advances in 

Mathematical Physics. (2021) 2021, 15, 6610021, https://doi.org/10.1155/2021/6610021. 

[17].  Acan O. and Baleanu D., A new numerical technique for solving fractional partial differential equations, Miskolc Mathematical 
Notes. (2018) 19, no. 1, 3–18, https://doi.org/10.18514/MMN.2018.2291. 

[18].  Noori S. R. M. and Taghizadeh N., Study of convergence of reduced differential transform method for different classes of 

differential equations, International Journal of Differential Equations. (2021) 2021, 16, 
6696414, https://doi.org/10.1155/2021/6696414. 

[19]. Omorodion S. S., Conformable fractional reduced differential transform method for solving linear and nonlinear time-fractional 

Swift-Hohenberg (S-H) equation, International Journal of Scientific Research in Mathematical and Statistical Sciences. (2021) 8, 
no. 6, 20–29. 

[20]. Pshibikhova, R.A., 2016. The Goursat problem for the fractional telegraph equation with Caputo derivatives. Matematicheskie 

Zametki, 99(4), pp.559-563. 
[21]. Thabet H. and Kendre S., Analytical solutions for conformable space-time fractional partial differential equations via fractional 

differential transform, Chaos, Solitons and Fractals. (2018) 109, 238–245, https://doi.org/10.1016/j.chaos.2018.03.001, 2-s2.0-

85043306088 

[22].  Eslami M. and Taleghani S. A., Differential transform method for conformable fractional partial differential equations, Iranian 

Journal of Numerical Analysis and Optimization. (2019) 9, no. 2, 17–29. 

[23]. Li C, Qian D, Chen Y. On Riemann-Liouville and Caputo derivatives. Discrete Dynamics in Nature and Society. 

2011;2011(1):562494 

[24]. Farid G, Latif N, Anwar M, Imran A, Ozair M, Nawaz M . On applications of Caputo k-fractional derivatives. Adv. Difference Equ. 

2019;2019:1-16 

[25]. Scherer R, Kalla SL, Tang Y, Huang J. The Grünwald–Letnikov method for fractional differential equations. Computers & 

Mathematics with Applications. 2011;62(3):902-917 

 

 

 

https://doi.org/10.1016/j.aeue.2017.12.031
https://doi.org/10.1016/j.aeue.2017.06.012
https://doi.org/10.53391/mmnsa.2021.01.003
https://doi.org/10.1016/j.aej.2020.04.007
https://doi.org/10.1155/2021/5108202
https://doi.org/10.53391/mmnsa.2021.01.002
https://doi.org/10.1155/2021/6610021
https://doi.org/10.18514/MMN.2018.2291
https://doi.org/10.1155/2021/6696414
https://doi.org/10.1016/j.chaos.2018.03.001

