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Abstract

In an extended b-metric space, the properties of solutions of fixed point equations of LS-type cyclic mapping are
discussed. In this paper, we establish the fixed point theorem on LS-type cyclic mapping in an extended b-metric
space. Our results extend some known conclusions in the literature.

Keywords: Fixed point theory, extended b-metric spaces, LS-type cyclic mapping

MSC: 47H10

Date of Submission: 10-09-2024 Date of acceptance: 26-09-2024

I. Introduction

Fixed point theory is a vigorous research field, which has important applications in dynamic systems,
functional equations, differential equations, economics and so on. With the development of mathematics, the
application of fixed-point theory is also expanding, which provides powerful tools and methods for the research
of various disciplines. Fixed point theory is also applied to the study of functional equations and differential
equations. The existence and uniqueness of a given equation can be solved by finding the fixed point of the
equation. This is of great significance for mathematical modeling and analysis. In addition, the fixed-point theory
has been widely used in economics, physics and other disciplines. In economics, the equilibrium state and stability
of an economic system can be studied by constructing a fixed point of an economic model. In physics, fixed point
theory is applied to describe phase transition processes and the properties of equilibrium states. Metric fixed-point
theory is a branch of fixed-point theory that deals with the properties of solutions to fixed point equations of
operators in extended metric spaces. In 2017, the scholars from Pakistan, Tayyab Kamran, Maria Samreen and
Qurat UL Ain [1] proposed the concept of extended b-metric space based on b-metric space [2], they finish the
work of generalization of b-metric space and extend Banach contraction mapping principle [3] into in extended
b-metric space, obtained the corresponding fixed-point theorems. For b-metric space, more references, interested
readers may refer to the literatures [4,5]. For extended b-metric space, more references, interested readers may
refer to the literatures [6,7]. Therefore, in this paper, we consider a known cyclic mapping, which is found in [8],
and then explore the properties of the fixed-point equation of the cyclic mapping in an extended b-metric space.

Il. Preliminary Knowledge

In this section, some basic information about the extended b-metric space are given in the following content.
Definition 1 Let X be a nonempty set and 6: X x X — [1,). A function dy: X X X — [0, ) is called an
extended b-metric if for all x,y,z € X it satisfies:

(dol) dg(x,y) =0 ifandonly if x = y;

(deZ) dG(x' J’) = de()’, X),

(de3) de(x'J’) < Q(x,J’)[de(x;Z) + da(z:}’)]-

The pair (X, dg) is called an extended b-metric space.
Next, we present some concrete examples about an extended b-metric space.
Example 1 Let X = {1,2,3}. Define 6: X x X - [1,0), dg: X X X > [0,0) as follows:

0(x,y) =1+x+7y, de(1,1) =dy(2,2) =dg(33)=0
de(1,2) = dg(2,1) =80, dg(1,3) = dg(3,1) = 1000, dy(3,2) =dy(2,3) = 600
The metric space defined by the above has been proved to be an extended b-metric space in reference [1].
Example 2 Let X = [0,00). Define 8: X X X = [1,00), dg: X X X — [0,0) as follows:
0(x,y) =2+x+y, do(x,y) = (x —y)?

Then (X, dg) is a complete extended b-metric space [1].
Next, the concepts of convergence, Cauchy sequence and completeness will be given in an extended b-metric
space.
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Definition 2 Let (X, dgy) be an extended b-metric space.
(i) Asequence {x,} inXissaidtoconvergeto x € X, if forevery & > 0 thereexists N = N(&) € N such that
dg(x,,x) < € forall n > N. Inthis case, we write lim x,, = x.

n—-oo

(i) A sequence {x,} in X is said to be Cauchy, if for every &> 0 there exists N = N(¢) € N such that
do(xy, Xp) < € forall mn>=N.

Definition 3 An extended b-metric space (X, dy) is complete if every Cauchy sequence in X is convergent.

In the sequel, the notion of a closed set will be used; therefore, we present it here.

Definition 4 Let (X, dg) an extended b-metric space, C € X be a nonempty set. The set C is closed, if for
V{x,} € C, there exists ax* such that x, - x* as n - oo, then x* € C.

Definition 5 Let G1, G, be nonempty sets of metric space, if B(G1) S Gy, S(G2) S Gy, thus the (B, S): GixG;
— G2x Gy is called as a pair semi-cyclic mapping, where B is said to be a lower semi-cyclic mapping, S is said to
be an upper semi-cyclic mapping. If B =S, then B is said to be a cyclic mapping.

1. Fixed Point Theorems
This section first gives the definition of LS-type cyclic mapping, and then gives the main conclusions of this paper.

Definition 6 [8] Suppose that G,, G, are two nonempty sets in an extended b-metric space (X, dy) and if (B,S) is

a pair semi-cyclic mapping on G, xG, and there exists y, §,¢, Land y, &,¢, L are some real nonnegative

numbers such that for all x €Qi, y € Q;, the following inequality holds:
yd(u,Bu)+sd(v,Sv)+td (Bu,Sv)—d(u,Sv) < Ld (u,v)

Then, the pair (B, S) is called a LS-type cyclic mapping.

Next, the main conclusions about the existence and uniqueness of fixed points of LS type cyclic mapping are
given based on an extended b-metric space.

Theorem 1 Assume that (X, d,, )is a complete extended b-metric space, and the pair (B, S )is the LS-type
cyclic mapping in (X,dg). Let Gl,G2 be two nonempty closed subsets in extended b-metric space

(X,d,).G NG, =, if the following conditions hold:
) 6>LL>6,L+0(X %) > 7
1) L+20(Xy, Xop,, ) <O +t+7, L+1<E;

D Ilmsupe( ,

n’ 2n+2

)<1/h h :maX{L+0(X2n’X2n+2)_7 L—(S}

5+t 9( 2n? 2n+2) , 7/+t
Then, there exists a unique point X" € G, G, such that BX =X =5X".
Proof of Theorem: Firstly define {x, } andlet X, € G, as follows:
X = Bxy, % _le X, = BXy, X, _st Xonia = BX2n7X2n+2:SXZrH—l"“’nZO
Since the pair (B,S) is a LS-type cyclic mapping, from Definition 6, it can get
Ld, (X5, % )= 7d, (X0, BXy)+8d, (X, Sx, ) +td, (BX,, Sx, ) —d, (X5, S, )
= yd, (X0, %)+, (X, %, ) +td, (X, X, ) —dy (X0: X, )
> yd, (X, X, ) +6d, (%, %, )+td, (X, X,)
=0(%. %) [ dy (X9, %)+, (X, %,) ]
:ydg(xo,x1)+6d9(x1,x2)+tdg(x1,x2)
—0( X1 %, ) dy (X9, X, ) =X, % ) dy (X, X,)

(L+0(%: %) =7)dy (%, %) = (5 +t=0(%, %)) dy (X, %, )

)

Then

That is
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L+0(X, %, )—7
d < d
(%) < S+t=0(%,,%,) o)

Next, we continue to use the definition of LS-type cyclic mapping, and we can obtain

Ld, (%, %)= yd, (X,, Bx, )+ &d, (X, Sx, ) +td, (Bx,,Sx ) —d, (x,,Sx,)
= yd, (X, %) +6d, (X, %, ) +1d, (X5, %, ) —dy (X5, %) (2)

= yd, (X, %; ) +d, (X, %, ) +1d, (X3, X,)
Sort it out and this implies
(L=8)d, (X, %)= (r+t)d, (X, %)
That is

L-o
d, (X, %) <——=d, (X,
()€~ 00 00 %)
The same process (1)-(2), we're doing it again and get
Ld, (X, %) = 7d, (X, B, ) +8d, (X, S, ) +1d, (BX,, Sy ) —d, (X,, SX, )
= yd, (X, X5 )+6d, (X, X, ) +td, (X5, %, ) —d, (X,,%,)
> yd, (X, %5 ) +6d, (X, %, ) +1d, (X5, X,)
=0, %) dy (%, %)+ (X3, %,) |
=yd, (X, %5 )+6d, (X, %, ) +1d, (X5, X,)
—0( X1 % ) dy (X5, %5 ) =0 (X5, %, )y (Xg, X, )

Then we have
L+0(X, %, )—7

d, (%5,%,) < SH-0(% %) d, (%, %)
And
Ld, (X,, %) = 7d, (X, BX, ) +8d, (X, S, ) +1d,, (BX,, Sx; ) —d, (X,,S%;)
= ydy (X4, X ) +8d, (X3, %, ) +1d, (X5, %, ) —d, (X, X,)
= yd, (X, X ) +d, (Xg, %, ) +1d, (X5, X, )
Thus, we get

o
dg(x4,x5)smd0(x3,x4)

It can derive from conditions (1)-(1) that
L+60(Xpn, Xonsp ) =7 L—=5
S+t=0(Xp, Xon,n) 7+t

Let h= max{ } » then we can know that h e(0,1).

So, we can get

d, (%, %,) <hd, (x ¢x ), and d,(X,,%,)<hd,(x,x,)<h?d,(X.%) (3
Continue the above process (1)-(3), we have

d9 (Xn ! Xn+1) = hnda (XO' Xl)
With the help of condition (IV), VM,N € Nand n<m, then

WWW.ijres.org 141 | Page



A Fixed Point Result for Cyclic Mapping in Extended B-Metric Spaces

d (Xn’xm <(9 Xn’Xm I:d n’ n+1 (Xn+17xm):|
<O(Xy0 % ) Ay (X3 X1

n'*m n? *n+l

0%, %0 ) O (Xpeas X ) Ay (X X.2) Uy (X020 % )]
=0( Xy X ) Ay (X0 Xt )+ O (X, %0 ) O (Xo1s X ) g (X1 X))

n'm n?! “n+l n!”*m n+1? *'m n+1? *n+2

+ 60Xy X ) O (Xo1s X ) O (Xgi20 X ) Ay (Xpizs X ) (4)

n!'m n+1? *'m n+271'm n+2**'m

<O (X0 X ) Ay (X0 X )+ O (X3 X0 ) O (Xors X ) Ay (X1 Xap )+

n?'m n? *n+l n!m n+1? *'m n+l? *n+2

+ 60Xy X ) O (Xogs Xy )0 (Xpygs X ) B (Xigs X )

n!'m n+1? “*'m m-1? *'m m-17 *'m

<O(X,, %y )",y (X, X, )+ O (X, X ) O (Xgugs Xy )Ny (X0, % )+
)-

0% X0 )0 (Xy.1 %0 )8 (X1 X )N (X6, %)

limsup &(x, )<1/h

With aid of condition (I11) and n-e n Xoni2 it can derive from inequality (4) that the series

Zh”H t9 X m converges by ratio test for each m € N. Let

SN | HECERTES ol | RS
n=1
For m>n, the above inequality can show the following result
dy (% %) < dy (%% ) (Ens — ;)

Let n—»+, this can get

limd, (x,,x,)=0 (5)

N—oo

Therefore, it can derive from (5) that the sequence {xn} is a Cauchy sequence.

Since (X , dg) is a complete extended b-metric space, thenthereexistsa x e X suchthatx, — x(n - oo) .
Thus, we can get X, —> X; X,,,; —> X(N —>0).

Since {X,,} =G, {Xon,1} =G,,and G;,G, are two nonempty closed sets, then X € G, (1G,. Next we

show that the point X € G1 N 62 such that Bx = x = Sx. Since the pair (B, S) is LS-type cyclic mapping,
thus we can obtain
Ld, (x,x) = yd, (%, Bx)+od, (x,Sx)+td, (Bx,Sx)—d, (X, Sx)
That is
0= yd, (x,Bx)+(5-1)d, (x,Sx)+td, ( Bx, Sx)
since ¥>0,0>11t>0, thus, it can be obtained that
d,(x,Bx)=0,d,(x,Sx)=0,d,(Bx,Sx)=0

That is
Bx =X =Sx

Here the purpose is to show that XeGlﬂG2 is a unique point such that Bx = x = Sx . Suppose that
X,X*€ X are the common fixed point of B and S, Then utilizing the Definition 6, we can get
Ld, (x,x*) > yd, (x, Bx)+&d, (x*,Sx*)+td, (Bx, Sx*)—d, (X, Sx*)
That is
Ld, (X, x*) > yd, (X, x)+6d, (x*,x*)+td, (X, x*)—d, (X, X*)
Thus, we can obtain
Ld, (x,x*)=(t-1)d, (x,x*)
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It can derive from condition L +1<t that
d,(x,x*)=0
This completes the proof of this results.
Remark 1 In this paper, the properties of the solution of the fixed-point equation (Bx=x and Sx=x) for LS-type

cyclic mapping are investigated, and the existence and uniqueness of the common fixed point for the pair B and S
are obtained successfully.

IV. Conclusions
The metric fixed point theory is interesting. Constructing mapping equipped with different structures in
extended metric space and then studying the properties of solutions of their fixed- point equation is also an
important research work in this branch of research. Based on an extended b-metric space, this paper probes into
the properties of the solution of LS-type cyclic mapping’s fixed point equation, and successfully establishes the
corresponding fixed point theorem. As for the extension of the follow-up work of this article, we can also consider
extending to some other spaces, such as, rectangular metric space [9], rectangular b-metric space [10] and so on.

Funding: This work was supported by the project of cultivation of YiBin University under Grant.No.2021PY60.
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