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Abstract

In this paper, we established the equivalence relation of Einstein and Moller
energy-momentum prescriptions via distinet diagonal and non-diagonal space
times in teleparallel gravity theory. We perform an extensive investigation of
the localization of energy-momentum in wvarious space-times. We determined
that both of the prescriptions (Einstein and Moller) provide equivalent results
of energy-momentum and super potentials for any space-times (diagonal and
non-diagonal). We further explored that the tensor quantity .&.:f‘ must be equal
to zero for non-diagonal space-times in teleparallel gravity theory.
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l. INTRODUCTION
The energy-momentum localization [1-3] has been a problem for the physics
research community gradually after the emergence of the general theory of
relativity. Numerous authors,including Einstein [4], Moller [2,5], Bergmann-
Thomson [6], and their collaborators, have attempted to use a variety of space-

time measures and energy-momentum formulations [7,8] to solve the energy-
momentum localization issue [9]. They discovered that energy-momentum com-
plexes hold true for well-known and physically significant space times, They eval-
uated the same major emotions in both the GR and TG theories.

The distribution of energy-momentum has been the subject of several in-
vestigations that have been documented in the literature. However, Einstein
was the pioneer in this field, and since then, Lnadu-Lifshitz [10], Tolman [11],
Papapetron [12), Moller, Weinberg [13], Bergmen-Thomson, and have all pro-
duced various energy and momentum prescriptions. Numerous methods were
emploved put out since the discovery of general relativity to derive the con-
servation rules that defined generie systems. DBut more recently, teleparallel
gravitation [T'G|. a competing theory of gravity, has also raised this issue [14].
The nsage of Moller preseriptions therelore appears to be more fascinating, use-
ful, and suitable when discovering the energy-momentum since one of the most
significant reasons is that it is not coordinate dependent.

The concept of energy-momentum complexes was heavily questioned for sev-
cral reasons, First, the nature of symmetric and locally preserved, The object
is not tensorial, making its physical meaning unclear [15]. Secondly, varicus
energy-momentum complexes may produce distinet distributions for the same
gravitational backdrop [16,17]. Energy-momentum complexes were shown to
be local objects, contrary to popular belief that gravitational fields cannot be
localized [18]. Penrose and colleagues created a concept known as guasi-local
cuergy |19, 20]. Although these quasi-local masses are theoretically significant,
their definitions have fundamental faws. Chang et al. [21] shown that energy-

momentum complexes are valid formulations of the energy-momentum.
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According to Mikhail et al [22, 23], the energy-momentum issue can also
be localized inside the teleparallel theory of gravity, This idea was originally
proposed to define the energy of the gravitational field. Moller [24] was the
first to recognize that the tetrad deseription of the gravitational field provides
a more aceurate representation of gravitational energy-momentum than general
relativity [GR]. Vargas [25] discovered that the closed FRW spacetimes had zero
total energy when using the teleparallel form of Einstein and Landau-Lifshitz
complexes. This finding is consistent with prior studics by Cooperstock |26] and
Rosen [27]. According to Vargas et al [28], Bianchi types Tand TTin TPT produce
consistent results., Sharif and Jamil [29] discovered that the Lewis-Papapetrou
measure yields different onteomes in TPT compared to GR [30].

In our study, we alm to investigate the distribution of energy and momentum
within the context of TG, considering various metrics. While rescarchers have
explored this issue in different contexts like GR and TG, our focus is specif-
ically on the energy-momentum distribotion in TG and its relationship with
diverse metrics. Recently AT Ali et al [31], showed the equivalence of energy-
momentum complexes of Einstein and Tolman in G.R. They proved that energy-
momentum tensors defined by Einstein and Tolman in G are same for any
space-time. They also established that Einstein and Tolman super-potentials
are different in general. Weeping in view these points, in this paper we will
try to show that Einstein and Moller energy-momentum complexes gives same

results for different space-times in teleparallel theory of gravity [TPGT]. Tn par-
ticular we will take different space-time metrics and show that equivalence of
Einstein and Moller energy-momentum complexes exists in teleparallel gravity
theory, This paper is consists on some sections, in section 3 a general swmmary
of Finstein and Moller energy-momentum complexes in the context of telepar-
allel gravity theory is given. In section 4 there are some particular space-time
examples are given for the verification of the equivalence relation of Einstein and
Moller energy-momentum tensors gives same resulis for the energy-momentum
distribution in teleparallel gravity theory, In section 5 conclusion of the whole
work is given.

1 Einstein and Moller energy momentum Ten-
S0TrSs

1.1 Einstein energy momentum Tensor

The tensor defined by Tinstein for energy momentum in teleparallel gravity
theory and the super potential in the Maoller tetrad theory is given as [25,32,33]

{a‘wbﬂ: = 2ox,, | "
s = gvRhdn = 2gvhgee
where k is the coupling constant and
h = Det(h!) = \[—Det(g,.) = v=g . (2)
and the Frued super-potential ¢i~{w: is given by
elerl = pglpvl (3)
where the tensor S i defined as
sk = ,;(K'M‘i +guiTet gt Ty (4)
where
Felialk éiTj (] Rl _ ikl (5)

Here we note that i@l is the energy momentum density and h®Y where i =
1,2,3 are the momentum density components and the energy current density
compaonent is hdg
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1.2 Moller energy momentum tensor
The Moller energy-momentum tensor in the context of teleparallel theory of

gravity Mikhail et al. [22] are given by

h .  3dy - - i .
W = B PRS0V KT 100K,

and it's another important form is

wliel = Ilf’;?,'r‘g‘g“kl[g-‘jﬁk”' — K7 L N|KPY 2 2KV, (7)
where
P = dlgly + gty — dldly (8)

and the tensor quantity gi_l;’._ which 15 defined as
(Sl £ ie
gy = oRa; — ey, (9
MNow the Moller energy-momentum density in TPG is defined as

Ml 10
iR - _f;”kh.'l'f,‘ = %,‘;"k‘l":;‘l"; (10)

{hw = 2gun

I3 K
here AWl stands for energy density and A% where i = 1,2, 3 for momentum
density.

2 Some particular space-times Examples

In this section, we will take ten different space-times [34] and to show that the
resulis from the energy-momentum tensors of Einstein and Moller give the same

results in all cases
Example 1. Bell-Szekeres Metric [35]. The Cartesian form of the metric is

1 Dt—z) t—z=z i+ A
ds® = —dt* — Cos?{ ( z]m[ 1+ o z}m[ + z]l}d:n2
g Mz—t) t—z  COlt+z, 14z P
—Cos™{ 5 o 5 1+ 3 Jer( 3 Yy — E-riz .
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By putiing the metric coefficients in eq. (3) and eq. (7), we obtained the
following Einstein and Moller super potential components

D(:—z} t—z C-'(t-l—z) H—;* t—z

1
a0 _yso _ L
Dyt =y [C‘o.s{ al 2 )+ 3 1} Co { a 5 )
+ 5 +Cl‘+2]f1 }Tarr{ a‘—z}rr[ )}+C(a‘-+z]0 —}}
2Da(’ —)) - 2Ca (‘ _zj_Dm*[iz )— (.n(“;‘z)
sl Jg ]+'I‘cm{£( z—f}a[f_z)}-}—f_','(t—l—ﬂa —}}|z_r_>a t;z)
. t+z b=z . i‘-— ' N otttz
+2Ca( 5 1+ Dited( 5 }— Dza'( 5 )+Cﬁfr{ 2 J+C';,r1[ 3 N
TR TR (Trm{.l—(D'z —1 u{t - z) 1+ O+ z]rr(t -; 24]}-):{2.‘:’::('t ; z]
+2C"rr{t;2}+na‘-tr } Dzo( t;3]+C'r‘-u’{t-;Z}+C:n—'(t+z)}._
P — g
B2 = Pt = il +‘2{—2f.-"rx(i -I; :J - C’l’,frr{ﬁ -’2_ z} - (-'zn’(i ; z)}
3 = Wit )
(12)

MNow by putting the above values of super-potentials in eq. (1) and eq. (10}, we
obtained the following Einstein and Moller energy-momentum tensors

RO — 00 — - [Cos{B(z — f}m:f 3}}(2Da(f’ 3) + Dt — 2y’ 5 *))2 + DSin
K
[ -

(DG~ a5 5}~ e’ ("5 7 + (- 0" NC(CCost Ot + a7
cze(‘“w(:umt*%n}+Sm{cw+s>m:* (/52 4 (4 2)
t+ =
EEI,

h,-i)g = hof,
DY = pwl =0, i=1,2
(13)

Example 2. The general line element of the gravitational waves [36] is given by
ds? = e Nt — e Vp? — e F- Rdyﬁ + e PR (14)

where P R and N are the functions of ¢ and 2 only.
By putting the metric coefficients in eq(3) and eq(7), we obtained the following

Einstein and Moller super potential components,

:j;.lu — -.l;ltl — B_ZJ"L. . (1,10 -,1,10 C_‘:'PI . {biu — ‘l‘:ﬁ“ _ C_P{Nt |41Jt Ht)
&2 = wi? = _H_P(NI + P —R.) @4[1 o0 — "_P[-'\'_p. + F + )
2 = ¥a = , =
4 4
P13 — 13 — _ e PN, + P+ Ru:)‘
3 3 1 ;

(15)
and Einstein and Moller energy-momentum tensors are obtained by putting the
above super potentials in eq. (1) and eq. (10)

e F(Pyy — PF

_p '
hy = g = H }hfb“ il = © (Pro = Palh)

K

. hdY = pUY =00 =2,3.
(16)

Example 3. Consider the Ruban universe model[17] which is a special form of
the Szekeres universe and is given by

ds® = dit* — Q*dx® — R*(dy® + H*d2"), (17)
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where
y - sinfyl, K =1
Hiy) = e-m.[‘f_\f;iy] 0. WK =0
sinfyl, if K =-1

and K is the curvature parameter.(}(t, ) and R(#) are free functions and will
be determined.
By putting the metric coefficients in eq. (3) and eq. (7), we obtained the
following Einstein and Moller super potential components

m m
o2 = g0 = _QQ C 30— 9l — HORR' . 9 = 02 = _Qg
(18)
P20 = 20 = HR(RJQ;-F QuR) _ P2 = ¥,
and Einstein and Moller encrgy-momentum tensors are obtained by putting the
above super potentials in eq. (1) and eq. (10),

i ITRR'Q, i ‘
nal = pet = @ o _ggo 2 IRRQ: g0 g0 RITQR + RO
K M M
hdf) = hif =0,
(19)

Example 4. Consider the Szezkers class-1 space time which is defined by the line
elemnent

ds® = —dt® + Hiﬁ{drr:?' + rﬁyﬁ} + 24422, (207

where A = Ale.y, 2.8) and B = Bz, y, 2. 1).
By putting the metric coefficients in eq. (3) and eq. (7)., we obtained the fol-
lowing Einstein and Moller super potential components,

V4, +B,)

D10 = plo = eA{A;-2+ B.) . 20 = g2 3 L Q0 = g0 = As2B g
Pl g0 _ ! 4_23(—;1* — B P _ B | P2 g ‘-‘A;y_.
) . ~A+IR . )
o' =t = ——— =P = uP,
12 12 etdy a0 30 Ay 13 13 e'B, o) 21 EABW
e ==, == B e = et o=
(21)

and Einstein and Moller energy-momentum tensors are obtained by putting the
above super potentials in eq. (1) and eq. (10)

e 4228 (2B2 — B. A, + B..) + 24 A2+ A, B, + A, + By, + A2+ A, B. + A,. + B..)

L

hd)) = ¥ = h

Be0 = g0 = & \(Ae + 2B2)(A+ By) + Ay + B

i
hlf.lg _ Ii';'l]:l'g _ HA+ZU[I[,4U +?ny}{f1f + np} - Agy + lr]‘fy]
5
2eM2B(A DL, + 28,3, + 5..))

Y = hivf =

i
(22)

Example 5. Consider the line element for spatially homogeneons and anisotropic
Bianchi type T space time [37] is define by,

ds? = —dt? + Aldx® + B2dy? + [dz?, (23)

where A, B and I are depends upon  only. By putting the metric coefficients
ineq. (3) and eq. (7). we obtained the following Finstein and Moller super
potential components
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B10 — 410 nxr;qr,,n 20— g .Ayl";-BFUA a0 g _A;HQJ;B;A
310 = glo = _F(B,_F;—F,B] , @2 =l = -’;1;; el = = %
020 = ¢ = _B{_—'i.,.l".; I A) el =l = il:; P =l = B?IA_:Z = ez gl
S _1‘(A4-52+ B A) E SE L l;ir T l;l; .~
(24)

and Finstein and Moller energy-momentum tensors are obtained by putting the
above super potentials in eq. (1) and eq. (10)

RS = h¥) = s [AM(2B2B, + B (AL, + 1)AL) - [P Ays,
+ BU2(2A,Ty + TAy)} + A {Bo(T. B.. — BT +) — T2B,Ty+
BT*T,,} — B*T*A,(T*B, + BT,) + A*B*T*(2B,T, +... +BT..)]

70 = b — L{BA,T, + T(4,B, + AB,,) + AT B, + B.T; + BU,)] (29)
1= 1~ " et b R T L it Sl Bl i Lo

1 .
hdY) = h¥l) = —[AB,T, + (B, A, + B,,)) + B(T, A, + AT, + AT ;)]
K
1
hdf = hY) = —|I.(BA, + AB) + I'(B. A, + A. B + BA,. + AB,.)).
K
Example 6. Consider the metric function,

de? = —A2de? + BRde® + PRy + G2, (26)

where A. B F and (¢ are the lunctions of Ly and z. By putting the metric
cocfficients in eq. (3) and eq. (7), we obtained the following Einstein and Moller
super potential components

A(GF, + FG,) A(GRB, + BG,)

10 ] 20 20
q’l‘r _\IJ“ - '-¢'ﬂ _W[] -

28 2F

; . A(FB, + BF,) —B(GF, + FG,)
= 2G o= = 24
‘1’%1 _ 11-'?_‘ _ B((:A_,I—- A(:y)-q}T _ ‘["fl _ B(FA. + AF.)
<T’?" _ ‘]‘,:20 _ _F(Gnt + BGt] q-,‘l'z _ q-J.lI2 o F':GAI + '461:}

o 24 R 2B

) . F'{.T)'A + Al ; —G(F}?t+BFfJ
q,.’r? o ‘p-ig . = z _¢?r|'| o q;.lif] o

: ? 2G 4 4 24

L 4 {;(F“qr + AFrJ g : (:(5-41 + —‘4 B‘r )

13 _ qpls _ 23 _ 2% u i
'13:1 - ‘1‘3 - 2B '(pﬂ llIr.i EF #

and Einstein and Moller energy-momentum tensors are obtained by putting the
above super potentials in eq. (1) and eq.(10)
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‘L’J“

‘l’m

31
P =

20
o2 =

A

e

(2B.F. + FB.. + BF..) + 4G*FBYGB, + BG,) - AG*B*(GB, + BG,)F, + 1G*
FB*(2B,Gy + GByy + BGy,) + 4GP F*B(GF, + FG;) — 4G F*(GF, + FG.B.)+

AGPF2B(2F, G, 4 GEyy + FGy,)}

Wl = Wil = _—_{AB(GF, + FG,) + B(—FA,G: + G(—A,F, + AF,,) + A(G,F, + F,

2;42
Gy + FGez)) )

fr.‘TlS - .?.l.'If!a' =
G* + Rth)}}

2,42

:
e = il = 52z {~GA:(FB, + BF) + AG.(FB, + BF,) + AG(F. B, + B.F: + FB,.+

BF.:)}

(28)
Example 7. Now let us consider the special type of Ferrari-Thanez [38] degener-
ated spacetime is given by,

1 — dsint .
157 = (1 + daint)*(di* — d2?) — ———da® — cos®z(1 + dsint) dy®, (29
ds ( sind) (e dz") — 15 daint 2 —ens”z( sint)“dy”,  (29)
where ¢ is an arbitrary constant. By putting the metric cocfficients in eq. (3)
and eq. (7}, we obtained the following Einstein and Moller super potential com-
ponents

.V/L?‘f%ﬂt (1 + dsinfeost)

WJ”
2
/1 — dsint
'L'm = Ssinteosz ﬁ
1|. 1+ dsind ('30]
'I':i' _ —/ 1 — 82sin2t '

2

deinteosz{v/'1 — d2sin?t — 2( ./{I '{'””)}

Fasint
2(1 + dsint)

PP = 330 = g =

and Tinstein and Moller energy-momentum tensors are obtained by putting the

above super potentials in eq. (1) and eq. (10)

coszy'l — 0%sin?t

F
dsintcosz{y'1T — 82sint — 2(y/ i—:;%;i)} (31)
K1+ dsint)

hidl) = h) = —

hdf = hif =

hel = h¥Y = hd) = pDY = 0.

Example 8. Consider the general Bianchi type diagonal space-time,

ds? = —dt? + A%de® + BP0y 4 ez, (32)

where 4.3 and F are only depends on {. and o, 3 are constants. Now by putting
the metric coefficients in eq. (3) and eq. (7), we obtained the following Einstein
and Moller super potential components

(l‘}}" _ ‘Iﬂlfl _ _%ﬁrw—ﬁ-';l['ﬁnf + HyB)
1 ;
-1)%" _ 'F%U _ _E"'r”_;’-cﬂ("q‘q{ + M, A) (33)

. 1
W= W = g H(B A A,

and Einstein and Moller energy-momentum tensors are obtained by putting the
above super potentials in eq. (1) and eq. (10)

he! =he?=0 ; i=0,1,2.3. (34)

Example 9 Now by putting o« = 5 = 0 in eq. (32) which describe the well
known diagonal space-time of Bianchi type Ty,

[AGF?B*(FB, + BF,) — AF*B*(FB, + BF,)G. + A\GF*B*

{AF,(GB; + BGy) + F(—BA,Gy + G(—Ay B, + ABy,)) + A(G, B, + B,
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de? = —dt® + A%da? + B2dy? + 2d22, (35)

where A, B and F' are only depends on ¢, Now by putting the metric coefficients
in oq. (3) and eq. (7), we obtained the following Einstein and Moller super
potential components

2A(HB, + BH,)
K

1 . a6
q_lgn = wg“ = ;H(Hi’lg 1 ;‘in J ('jhj

10 _ it
'Dl _@1 -

. . 1
P30 = g0 = _ ;H[BA.- + AB,)

and Einstein and Maoller energy-momentum tensors are obtained by putting the
ahove super potentials in eq. (1) and eq. (10)

! =ho? =0 ; i=0,1,2,3 (37)

Example 10. By putting o« = —1.5 = 0 in eq. (32),we obtained the diagonal
space-time which describe the well known Bianchi type LI, which is given as,

ds? = —dt* + A0 + e dy® + 22, (38)

where the functions A.B and H are only depends on ¢, Now by putting the
metric coefficients in eq. (3) and eq. (7). we obtained the following Finstein
and Moller super potential components,

e~ BT , : 1, ; '\
R e —5a PP =0 B0 =0 = -3¢ AR +BIT)
P20 = 920 = _%w--"n{.rm' FAH) ;@30 = widt = _%p_--"n(ﬂA’ + AR,

(39)

and Einstein and Moller energy-momentum tensors are obtained by putting the
above super-potentials in eq. (1) and eq. (10,
et TAITD + A(BIT,
L L T (T8 + A(BH,))
M M

DY = WY = B = hE] = 0.
(40)
Example 11.Now if the space-time is non-diagonal in the context of tele-parallel

pravity the Einstein 'i;:"' and Moller ﬂ'h"l super potentials and energy mo-
mentum densities are same through the relation o= e+ }..-i\.;_:’, where

.ﬁ.;f‘ = {%‘}g“;:[ﬁplkﬂn + Ko 4 glelky and the Binstein and Moller energy

momentum densities i.*-;hf[J'L = h*’bL - A.ﬁi if the super potential difference

&k”l = 0.Now for this we consider the non diagonal space time is given as,
ds? = Adt* — e*Fle? — friﬂdyi — Hdz* + 2Gdzdt, (41)

where A, B, H and ¢ are the functions of ¢, ». After some lengthy calculations,
we obtained the non vanishing components of the super potentials A", @5 and
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'I'::’ are,

M = v am (V& (A(VA+VA) HG. GV (A + Ay~
(H-'*szI + .4f3f9HJ.))) ,
" = SVAVE {1@ A (VIT (A (VA+ VIT) G, + GV2 (114, = AIL) + G
(B34, + 47720,))) = -A%,

A= _sﬁv’f_}\fﬁ: (G2 + AH) (27 (-4 (VA+ V) HG.+

G2 (HA, — AH,) + G (11352_4,1: + ,4352!!;))) — AR,
. i N

A (\,ﬁ (—A (JE+ v’H) HG, + G¥2 (HA, — AH,)+ G
! SVGVI (G? + AH)

(H-G-"ZA,_, ¥ .fls'”HI))) .
AP = STATiT (1(;2 AT (v’ﬁ (-A (ﬁ + vE) HG, + GY2(HA, — AH,) + G

(1!3-*"-’-.4I + Aﬁ-*"zn_,))) ,

0
‘-l)[l -

(0—28( 2By cz‘g\ﬁ\r"fﬁ) (l‘\/_i

1
(svﬁ (—G + \/Ev‘ﬁ) VI (G2 + Am)
G*VHlog(e) B, + 1A 2GH* 2log(c) By + AVG (\/_1 FVH) HG. + 2472026,
242 H (2Hﬂoy(f?} B, + H,) — G? (H (A, + 4Alog(e)B.) — 2V AVHG, + AH_c) — G312
(H""-"ZA_,_. 4 A2 H,:))) ,

: ! — —e TG 4 e ; b
o' = (s»/?hfﬁ(—c + V’Hv’ﬁ) VH (G + AH)) (H QB( o ?Bﬁ\,ﬁ) (NE

GPHG, + A(VA— V) H*G, — 2VAG H, + G**H (HA, — AH,) + G (H*/?4, — 4%/
HH:))).

‘26‘( BG4 2B ﬂm) log(e) By

$I0 — 30 —
i 0 2(G2 + AH)

31
CIJEI -

1 . —
" (SVAVG (G 1 VAVIT) VI (G 1 AR)) (e +ervava)

(_4 (v’Ti + \xﬁ) HG, + G2 (—HA, + AH,.) - G (HH-"EAI + A"’-"EHA.) )) .

P =Pl = (—P.QBG +H23\/’Hv’fﬁ) (2(;‘;-1-:%;’21{;9&:)31_'_

1
(1(—c+ vAVE)VH (G2 + AH)) (
VGHG: — G¥*H, + H (u’ﬁat — VA (2Hlog(e) B; + Ht}))) ,

o = v = 1(SVAVG (-G + VAVE) VH (G* + AH) ) (7 (=e*G + 2 VAVH) (-2vA
G2 HG, + A (—u“A + v’n) H2G, + 2VAGEH, + G¥2H (—HA, + AH,) + G (—Hr'*'QA,+
Aa-“'ZHH‘.))) ,

&0 = ! (e‘w (—ew(; + ewv’ﬁv’ﬁj (:zc;-'*x/ﬁ
(SVAVE (-G + VAVIT) VI (G* + AH))
A, — 2AGTVTTG, + A* (\:’E - \fﬁ) HG, + AGY? (—H A, + AH,) + G (AH:‘*”EAI - 4*1!))) :
1
(w‘(; (G - »/A»*"H) VHIG? + AH])

a1 _
{I}_I —

- ((—ch + c-?BV’MH) (—2Gf'f'=\f'Hzog(c}B¢+ e
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AHG, — AGH, + G*2 (—JEG, + VA (2Hlog(e)B, + HL]))) .

(1(-e+va »fﬁl) VI (G2 + AH)) (=256 + *=VAVE) (2GH210g(e) B, + VGH

G, — G, e 0T (ﬁﬂ, — VA(2MTlog(e) B, + n[]))) — o,
z( 2B cwﬂm) (HAJ. 2WAVHG, AHT)

@) =0 = —
i 2 (—-’Lc!mvﬁ(}‘\fﬁﬁ— -1«95;1}{)

B = —

(VG (c- ﬂv”%) VA G+ A)) (-6 + e VAVE) (-26°/*VElog(e) B

AHG, — AGH, + G2 (—v’ﬁGt + VA (2H1og(e) B, + rrm}) )) — v,
1 _ .
N (vava (Cas vava) Vi @ - am) (e envadi)

(—A (\G+ v"ﬁ) HG, + GY? (HA, — AH,) + G (n*f!,q, 4 A rr_T))) .
o 2 (—EQBG + c"m\f{_A\./E) Hlog(e) B,
*y = 2(G2 + AH) "
‘ o
(suﬁw’r:; (—G + »f.ﬂ.v’H) VH (G2 + AH)}

1 _
{J}H —

2B 4 cmv’ﬁv‘ﬁ) ( 2(}‘3@;131

QAGQx;"HG,; -*_4‘3 (_ﬂ+ ‘v’?) HG, + A2 IEHA_‘. —AH)+C (—AH:**IZAJ: + ASI{ZHI))) _ 'l’iﬂ_-
1 2
(3vA (-G + VAVH) VH (6? + AH)) (r: ,?(

WAGH M og(e) B, + 442G I og(e) B, — 442 1og(€) B, — AVEG (V’H + Jﬁ) HG,+

QA2 — P (H (As + 4Alog(e) B,) — 2VAVHG, + ;131.) G2 (H””,-’li. p A2 HI;J),

B = ~e*PG + FPVAVH) (—2AH A+

and the energy-momentum components ﬁL,h@; and h‘i’L are,

1
(s»c..r\ﬁ.f‘?\/éﬁufz (G2 + AH

hf = 7] (4% (VA+ VI ) H*G2 + 842G 1 log(e) B + 16

AS2GTI2 52 0g(6) B, + 442G 2 H? (G (—HA, + AH,) + 2A3-"2H3f‘2:ogc_e}5u) 4 246° («J’E
+\r'n) H(Gy (HA, + AH,) + AHG,.) + 2A2GH? (—‘EG,, (n-*f"zAm + A'-*J’"ZHI) +A (u’,-ﬂ. +V n)
HG.) + AGP?H (A%f + H? (342 — 8Alog(e) A, B, — 2A (A, + 8Alog(e) B..)) + 842 H2
(2og(e) BGr + Gop) + 2ATT (—2{A, + 2Alog(e)B,) TT, — 3AIT, ) + G (—QMFV AL, 4+ AN

FH2 (A2 - 24A,,) - 2A%2H (ALH, + AH,, }) PG (ATHE + H? (A2 - 4Alogle) AL B, — 24

(Aup + 4Alog(e) B,..)) + 4432 HY? (2og(e) B,G, + Gre) — 2AH (A, + 2Alog(e) B,) H..
+A H,,)) = AGPH (SAHPGE - 3A2H + HY/? (342 + 244,..) + AYH (3G2 + 2AH,.) )

— 2 AN G H? (—,4H_'§ + 2H* logle) (A, B, + 2AB,,) — 2 A HY? (2log(e) B, G, + Gop) + H

((As + 2Alog(e) By) He + 2AH ) .
) = B+ AA,

where A is use for all coefficients of A contains in h‘i'g._
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1
(-m VAVGHY? (G2

FH.) By + HBy) + AVAGY?H? (w‘HHJomfz)(.}uﬁ, VHG Gy + VAG Hy + HY?log(e) (

fr.tTlT

. (5-2’? (4‘ I3G,G, + WAGT2 T log(e) (2Mlog(€) B,
- ;-IH}')

— (A, — 2Alog(e)B,) B, + AB,.)) + VAG*H ((4Hlog(e)B. + H,) G, + G.H, + 2HG,,)

+ VAGIT? (A (TG, + 3G, 11,) + 21 (— (A, — 2Alog(e) B,) Gy + AGy,)) + VAG! ((=41Tlog(e) B,
+H, ) H, — 2HH,,}) + VAG*H (3AH.H, — H (3G.G, — 2(A, — 2Alog(e)B,) H, + 2AH,.))

+vVG (—2\5 HT2ALG + AP AL (2H1og(e) By + H,) + 242072 (9og(e) (G, B, + Bo0) + ()
— A (—HLH A log(e) (2log(e) By By + By.) + 2H (log(e) H, By + 2log(e) B, H, + H.)))

— R ( — W ANVITITG, + AT T, + 21T og(e) (A, + 4Alog(e) B.) B, + 2AB,.)

+ 2V AHY? (2og(e)G. B, — 2og(e)B,G, — Gi.) + H (A, H, + 24 (3log(e) H,. B,

+2log(e) BoH: + Hiz))))),

where A is use for all coefficients of A contains in A¥Y,
hd) = h¥l =0,

1

hdl = - - .
(sh- AB2GRIZENE (G2 + AHY

) (.-1"( VA4 \.-""H) HYG?

+ 242G G, (T A, — ATT) + 2AGT 212G, (— A, + Al + 4432 G326,
+2A2GHT? ((:r (HA, — AH,) + A (\.-’.4 - \f'.rfj VHG,, ) +24G°H* ({:n (— (v"A +2VH ) HA,
A(3VA+2VH) H,) + A (3VA- VH) HG...) +2477G° (H? - 2HH...)
+ AGHIT? (.4“-’%1& + AT (5GE + 24, 1T, ) + TP (=34 + 24A,,) + A*IT (G — 24 HL,.})
+AGY?H? (A*H? + H? (—3A% + 2AA.;) + 2AH (A H, — AH,,))
GUiH (A*HZ + H® (A2 — 2AA,,) + 2AH (- A H, + AH..))
FGUH (-—1;-1&“-"%1 CHy +5APEHE - HOP (A2 —24A4,,)

—2A¥ T (G2 — AT, + 3A H,._r)j) ,
RO = BB 4 AA,

where A is use for all coefficients of A contains in ¥4,

I11. Discussion

The solution of the problem of energy-momentum [39] localization is a great challenge for many
researchers but still unsolved. A number of scientist in GR and TG interested in the solution of
localization of energy-momentum problem and try to provide a unique way out which gives same result
for all space time, but they could not provide a distinctive solution. Now in this paper inquire into the work
of ali et al [31],they showed energy-momentum equivalent prescriptions of Einstein as well as Tolman in
GR. They established that energy and momen-tum complexes formulated by Einstein and Tolman in
GR are similar provided any space-time within the framework of GR that extend all space-time config-
urations, show equality. Additionally, they proved that the general properties of Einstein and Tolman
super-potentials vary. Therefore keeping in views these points we will show that Einstein and Moller
energy-momentum complexes and super-potentials gives similar results for different space-times in TG.
For this specifically we shall take different metrics and verify that these results will be also gives same
results of the energy-momentum distributions for both Einstein and Moller energy-momentum
distributions in the context of TG, which foundin the previous work of ali et al in GR. In example 1 to
10 we consider differ- ent types metrics which gives same prescriptions for both Einstein and Moller
energy-momentum distributions. In example 11 we considered a non-diagonal space-time, which also
gives the same energy-momentum distributions for both Einstein and Moller complexes by taking the
tensor A" = 0. From the above work we have concluded that Einstein and Moller energy-momentum
complexesare same for any space-time in teleparallel gravity theory.

WWW.ijres.org 417 | Page



Equivalence Relation of Einstein and MollerEnergy-Momentum Complexes in Teleparallel ..

[1].
[2].
3.

[4].
[5].

[6].
[7].
9.

[10].
[11].
[12].
[13].

[14].
[15].

[16].

[17].
[18].

[19].
[20].
[21].
[22].
[23].

[24].
[25].

[26].
[27].

[28].
[29].

[30].
[31].
[32].
[33].
[34].
[35].
[36].
[37].
[38].
[39].

[40].

References
J. Aguirregabiria, A. Chamorro, K. Virbhadra, Energy and angular mo- mentum of charged rotating black holes,
General Relativity and Gravita- tion 28 (1996) 1393-1400.
C. Mgller, On the localization of the energy of a physical system in the general theory of relativity, Annals of Physics 4 (4)
(1958) 347-371.
L. Butcher, Localizing the energy and momentum of linear gravity, in: Journal of Physics: Conference Series, Vol. 484,
IOP Publishing, 2014, p. 012011.
Einstein, The field equations of gravitation, Sitzungsber. Preuss. Akad. Wiss. Berlin (Math. Phys.) 1915 (1915) 844-847.
Mgller, Further remarks on the localization of the energy in the general theory of relativity, Annals of Physics 12 (1)
(1961) 118-133.
P. G. Bergmann, R. Thomson, Spin and angular momentum in general relativity, Phys. Rev. 89 (1953) 400-407.
doi:10.1103/PhysRev.89.400.
URL https://link.aps.org/doi/10.1103/PhysRev.89.400
R. C. Tolman, On the use of the energy-momentum principle in general relativity, Physical Review 35 (8) (1930) 875.
S. V. Babak, L. P. Grishchuk, Energy-momentum tensor for the gravita- tional field, Physical Review D 61 (2) (1999)
024038.
M. Sharif, T. Fatima, Energy—momentum distribution: A crucial problem in general relativity, International Journal of
Modern Physics A 20 (18) (2005) 4309-4330.
L. D. Landau, The classical theory of fields, VVol. 2, Elsevier, 2013.
R. C. Tolman, Relativity, thermodynamics, and cosmology (1934).
Papapetrou, Non-existence of periodically varying non-singular gravita- tional fields, Les théories relativistes de la
gravitation (Royaumont, 1959) (1962) 193-198.
S. Weinberg, Gravitation and cosmology: principles and applications of the general theory of relativity (1972).

S. Aygin, H. Baysal, C. Aktas, I. Yilmaz, P. Sahoo, |. Tarhan, Teleparallel energy—momentum distribution of various
black hole and wormhole metrics,International Journal of Modern Physics A 33 (30) (2018) 1850184.

S. Chandrasekhar, V. Ferrari, The einstein pseudo-tensor and the flux in- tegral for perturbed static space-times,
Proceedings of the Royal Society of London. Series A: Mathematical and Physical Sciences 435 (1895) (1991)645-657.
G. Bergqvist, Quasilocal mass for event horizons, Classical and Quantum Gravity 9 (7) (1992) 1753.

G. Bergqvist, Positivity and definitions of mass (general relativity), Clas- sical and Quantum Gravity 9 (8) (1992)
1917.

C.-M. Chen, J. M. Nester, Quasilocal quantities for general relativity and other gravity theories, Classical and Quantum
Gravity 16 (4) (1999) 1279.

K. Tod, Some examples of penrose’s quasi-local mass construction, Pro- ceedings of the Royal Society of London. A.
Mathematical and Physical Sciences 388 (1795) (1983) 457—477.

J. D. Brown, J. W. York Jr, Quasilocal energy and conserved charges de- rived from the gravitational action, Physical
Review D 47 (4) (1993) 1407.

C.-C. Chang, J. M. Nester, C.-M. Chen, Pseudotensors and quasilocal energy-momentum, Physical Review Letters
83 (10) (1999) 1897.

F. Mikhail, M. Wanas, A. Hindawi, E. Lashin, Energy-momentum complex in meller’s tetrad theory of gravitation,
International Journal of Theoretical Physics 32 (1993) 1627-1642.

G. G. Nashed, Vacuum non singular black hole in tetrad theory of gravita-tion, arXiv preprint gr-qc/0109017 (2001).

C. MOLLER, Tetrad fields and conservation laws in general relativity, Pro- ceedings of the International School of Physics”
Enrico Fermi”, 1962 (1962).

T. Vargas, The energy of the universe in teleparallel gravity, General Rel- ativity and Gravitation 36 (2004) 1255-1264.

F. Cooperstock, Does a dynamical system lose energy by emitting gravita- tional waves?, Modern Physics Letters A 14
(23) (1999) 1531-1537.

N. Rosen, The energy of the universe, General Relativity and Gravitation26 (1994) 319-321.

L. L. So, T. Vargas, The energy of bianchi type i and ii universes in telepar-allel gravity, arXiv preprint gr-qc/0611012
(2006).

M. Sharif, M. Jamil Amir, Teleparallel energy—momentum distribution of lewis—papapetrou spacetimes, Modern
Physics Letters A 22 (06) (2007) 425-433.

M. Sharif, M. Azam, Energy—momentum distribution: some examples, In- ternational Journal of Modern Physics A 22 (10)
(2007) 1935-1951.

T. Ali, S. Khan, A. A. Gouda, A note on einstein and tolman energy- momentum complexes in general relativity,
International Journal of Geo- metric Methods in Modern Physics 19 (09) (2022) 2250134.

A. Einstein, Riemann-geometrie mit aufrechterhaltung des begriffes desfernparallelismus, Albert Einstein: Akademie-
Vortrage: Sitzungsberichte der Preuischen Akademie der Wissenschaften 1914-1932 (2005) 316-321.

F. C. Whitmore Jr, R. H. Stewart, Miocene mammals and central american seaways: Fauna of the canal zone indicates
separation of central and south america during most of the tertiary., Science 148 (3667) (1965) 180-185.

C. Aktas, Energy—-momentum distributions of ruban universe in general relativity and teleparallel gravity, International
Journal of Modern PhysicsA 34 (03n04) (2019) 1950011.

P. Bell, P. Szekeres, Interacting electromagnetic shock waves in general relativity, General Relativity and Gravitation 5
(1974) 275-286.

A. Einstein, Wber Gravitationswellen, \ol. 1, 2006, pp. 135 — 149.

doi:10.1002/3527608958.ch12.

L. Bianchi, On the spaces of three dimensions that admit a continuousgroup of movements, Soc. Ita. Mem. di Mat 11
(1898) 268.

V. Ferrari, J. Ibatez, On the collision of gravitational plane waves: a class of soliton solutions, General relativity and
gravitation 19 (1987) 405-425.

V. De Andrade, L. Guillen, J. Pereira, Gravitational energy-momentum density in teleparallel gravity, Physical
Review Letters 84 (20) (2000) 4533.

WWW.ijres.org 418 | Page



