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Abstract  
In this paper, we introduce the solution of systems of linear PDEs and nonlinear PDEs subject to the general 

initial conditions by using THE variational iteration method. Six illustrated examples has been introduced. The 

steps of the method are easy implemented and high accuracy. 
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I. INTRODUCTION  

           Systems of partial differential equations, linear or nonlinear, have attracted much concern in studying 

evolution equations that describe wave propagation, in investigating shallow water waves, and in examining the 

chemical reaction-diffusion model of Brusselator.  

          The Variational Iteration Method (VIM) was first developed by Chinese mathematician Ji-Huan He, 

professor at Donghua University. The VIM was initially proposed toward the end of the most recent century and 

completely grew in 2006 and 2007. 

          The method VIM is used to solve effectively, easily, and accurately a large class of non-linear problems 

with approximations, which converge rapidly to the accurate solutions. For linear problems, its exact solution 

can be obtained by only one iteration step due to the fact that the Lagrange multiplier can be exactly identified. 

          The variational iteration method (VIM) is relatively new approaches to provide approximate solutions to 

linear and nonlinear problems. The variational iteration method, (VIM) was successfully applied to find the 

solutions of several classes of variational problems. 

          Here we used VIM for solving systems of linear or nonlinear PDEs with initial conditions. This paper is 

arranged as follows. In section 2, Variational Iteration Method (VIM) 'S form. In section 3 Variational Iteration 

Algorithm for PDEs. In section 4, numerical examples. The conclusions in section 5. 

 

II.    VIM 'S FORM : 

𝑢𝑛+1(𝑥) = 𝑢𝑛(𝑥) + ∫𝜆(𝜉)[𝑢𝑛
′ (𝜉) + ⋯+ 𝑓(𝑢𝑛, 𝑢𝑛

′ , … )]𝑑𝜉

𝑥

0

 

Firstly we find 𝜆(𝜉): 𝜆 is a general Lagrange multiplier: 

If ℒ =
𝑑

𝑑𝑥
⇒ 𝜆(𝜉) = (−1)1(1) = −1 

If ℒ =
𝑑2

𝑑𝑥2
⇒ 𝜆(𝜉) = (−1)2(𝜉 − 𝑥) = 𝜉 − 𝑥 
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If ℒ =
𝑑3

𝑑𝑥3
⇒ 𝜆(𝜉) =

(−1)3(𝜉−𝑥)2

2!
 

⋮ 

Etc 

secondly we use initial condition to chose 𝑢0(𝑥) 

𝑢0(𝑥) =

{
  
 

  
 𝑢(0)                                              𝑓𝑜𝑟 𝐿 =

𝑑

𝑑𝑥

𝑢(0) + 𝑥𝑢′(0)                              𝑓𝑜𝑟 𝐿 =
𝑑2

𝑑𝑥2

𝑢(0) + 𝑥𝑢′(0) +
1

2!
𝑥2𝑢′′          𝑓𝑜𝑟 𝐿 =

𝑑3

𝑑𝑥3

 

and so on . 

III.   VARIATIONAL ITERATION ALGORITHM for PARTIAL DIFFERENTIAL EQUATIONS: 

Consider the following partial differential equation  

𝜕2𝑢(𝑥, 𝑦)

𝜕𝑥2
+
𝜕2𝑢(𝑥, 𝑦)

𝜕𝑦2
− 𝑢3(𝑥, 𝑦) = 0. 

Now we begin with  

𝑢0(𝑥, 𝑦) = 𝑢(0,0) + 𝑥𝑢𝑥(0, 𝑦) + 𝑦𝑢𝑦(0, 𝑦) + 𝑦𝑢𝑦(𝑥, 0). 

Then the variational iteration algorithm can obtained as follows  

{
 
 
 

 
 
 𝑢𝑛+1(𝑥, 𝑦) = 𝑢𝑛(𝑥, 𝑦) + ∫ (𝜉 − 𝑥) {

𝜕2𝑢𝑛(𝜉, 𝑦)

𝜕𝜉2
+
𝜕2𝑢𝑛(𝜉, 𝑦)

𝜕𝑦2
− 𝑢𝑛

3(𝜉, 𝑦)} 𝑑𝜉,
𝑥

0

                              

𝑢𝑛+1(𝑥, 𝑦) = 𝑢0(𝑥, 𝑦) + ∫ (𝜉 − 𝑥) {
𝜕2𝑢𝑛(𝜉, 𝑦)

𝜕𝑦2
− 𝑢𝑛

3(𝜉, 𝑦)} 𝑑𝜉,
𝑥

0

                                                        

𝑢𝑛+1(𝑥, 𝑦) = 𝑢𝑛(𝑥, 𝑦) + ∫ (𝜉 − 𝑥) {
𝜕2𝑢𝑛(𝜉, 𝑦)

𝜕𝑦2
− 𝑢𝑛

3(𝜉, 𝑦) −
𝜕2𝑢𝑛−1(𝜉, 𝑦)

𝜕𝑦2
+ 𝑢𝑛−1

3 (𝜉, 𝑦)} 𝑑𝜉,
𝑥

0

 

IV.      NUMERICAL EXAMPLES : 

In this section , we apply the variational iteration method (VIM) to solve systems of partial differential 

equations . Numerical results are very encouraging. 

Example (1). Consider the following linear system: 

𝑢𝑡 + 𝑣𝑥 − (𝑢 + 𝑣) = 0,  

𝑣𝑡 + 𝑢𝑥 − (𝑢 + 𝑣) = 0,  

𝑢(𝑥, 0) = sinh 𝑥 , 𝑣(𝑥, 0) = cosh 𝑥,   

Solution : 

Let’s consider the linear equations: 

𝑢𝑡 + 𝑣𝑥 − (𝑢 + 𝑣) = 0,   𝑢(𝑥, 0) = sinh 𝑥  



Solutions of Couples of linear partial differential equations  and nonlinear partial .. 

www.ijres.org                                                                                                                                             247 | Page 

𝑣𝑡 + 𝑢𝑥 − (𝑢 + 𝑣) = 0,    𝑣(𝑥, 0) = cosh 𝑥   

Then the correction functional is given by 

𝑢𝑛+1(𝑥, 𝑡) = 𝑢𝑛(𝑥, 𝑡) − ∫ (
𝜕𝑢𝑛(𝑥,𝜉)

𝜕𝜉
+

𝜕𝑣𝑛(𝑥,𝜉)

𝜕𝑥
− 𝑢𝑛(𝑥, 𝜉) − 𝑣𝑛(𝑥, 𝜉)) 𝑑𝜉

𝑡

0
,  

𝑣𝑛+1(𝑥, 𝑡) = 𝑣𝑛(𝑥, 𝑡) − ∫ (
𝜕𝑣𝑛(𝑥,𝜉)

𝜕𝜉
+

𝜕𝑢𝑛(𝑥,𝜉)

𝜕𝑥
− 𝑢𝑛(𝑥, 𝜉) − 𝑣𝑛(𝑥, 𝜉)) 𝑑𝜉

𝑡

0
,  

Now we can start with initial approximation 𝑢0(𝑥, 0) = sinh 𝑥 , 𝑣0(𝑥, 0) = cosh 𝑥  and using the iteration 

formula ( ), we obtained following successive approximation 

𝑢0 = 𝑢(𝑥, 0) = sinh 𝑥,            𝑣0 =  𝑣(𝑥, 0) = cosh 𝑥,  

𝑢1 = sinh 𝑥 + 𝑡 cosh 𝑥,  

𝑣1 = cosh 𝑥 + 𝑡 sinh 𝑥,  

𝑢2 = sinh 𝑥 + 𝑡 cosh 𝑥 +
𝑡2

2
sinh 𝑥,  

𝑣2 = cosh 𝑥 + 𝑡 sinh 𝑥 +
𝑡2

2
cosh 𝑥,  

⋮  

𝑢𝑛 = sinh 𝑥 (1 +
𝑡2

2!
+⋯) + cosh 𝑥 (𝑡 +

𝑡3

3!
+⋯),  

𝑣𝑛 = cosh 𝑥 (1 +
𝑡2

2!
+⋯) + sinh 𝑥 (𝑡 +

𝑡3

3!
+⋯),  

When 𝑛 → ∞ then 

(𝑢, 𝑣) = lim
𝑛→∞

(𝑢𝑛, 𝑣𝑛) 

(𝑢, 𝑣) = (sinh 𝑥 cosh 𝑡 + cosh 𝑥 sinh 𝑡 , cosh 𝑥 cosh 𝑡 + sinh 𝑥 sinh 𝑡)  

(𝑢, 𝑣) = (sinh(𝑥 + 𝑡) , cosh(𝑥 + 𝑡)) 

 

Example (2).  Consider the following linear system: 

𝑢𝑡 + 𝑢𝑥 − 2𝑣 = 0  

𝑣𝑡 + 𝑣𝑥 + 2𝑢 = 0  

𝑢(𝑥, 0) = sin 𝑥 ,           𝑣(𝑥, 0) = cos 𝑥   

Solution : Let’s consider the linear equations : 

𝑢𝑡 + 𝑢𝑥 − 2𝑣 = 0,   𝑢(𝑥, 0) = sin 𝑥   

𝑣𝑡 + 𝑣𝑥 + 2𝑢 = 0,   𝑣(𝑥, 0) = cos 𝑥  

 



Solutions of Couples of linear partial differential equations  and nonlinear partial .. 

www.ijres.org                                                                                                                                             248 | Page 

Then the correction functional is given by 

𝑢𝑛+1(𝑥, 𝑡) = 𝑢𝑛(𝑥, 𝑡) − ∫ (
𝜕𝑢𝑛(𝑥,𝜉)

𝜕𝜉
+

𝜕𝑢𝑛(𝑥,𝜉)

𝜕𝑥
− 2𝑣𝑛(𝑥, 𝜉)) 𝑑𝜉

𝑡

0
,  

𝑣𝑛+1(𝑥, 𝑡) = 𝑣𝑛(𝑥, 𝑡) − ∫ (
𝜕𝑣𝑛(𝑥,𝜉)

𝜕𝜉
+

𝜕𝑣𝑛(𝑥,𝜉)

𝜕𝑥
+ 2𝑢𝑛(𝑥, 𝜉)) 𝑑𝜉

𝑡

0
,  

We can select 𝑢0(𝑥, 0) = sin 𝑥 , 𝑣0(𝑥, 0) = cos 𝑥 by using the given initial values. Accordingly, we obtain the 

following successive approximations 

𝑢0 = 𝑢(𝑥, 0) = sin 𝑥 ,            𝑣0 =  𝑣(𝑥, 0) = cos 𝑥,  

𝑢1 = sin 𝑥 + 𝑡 cos 𝑥,  

𝑣1 = cos 𝑥 − 𝑡 sin 𝑥,  

𝑢2 = sin 𝑥 + 𝑡 cos 𝑥 −
𝑡2

2
sin 𝑥,   

𝑣2 = cos 𝑥 − 𝑡 sin 𝑥 −
𝑡2

2
cos 𝑥,  

⋮  

𝑢𝑛 = sin 𝑥 + 𝑡 cos 𝑥 −
𝑡2

2!
sin 𝑥 + ⋯  

𝑣𝑛 = cos 𝑥 − 𝑡 sin 𝑥 −
𝑡2

2
cos 𝑥 +⋯  

When 𝑛 → ∞ then 

(𝑢, 𝑣) = (sin 𝑥 cos 𝑡 + cos 𝑥 sin 𝑡 , cos 𝑥 cos 𝑡 − sin 𝑥 sin 𝑡) 

(𝑢, 𝑣) = (sin(𝑥 + 𝑡) , cos(𝑥 + 𝑡)) 

 

 

Example (3).   Consider the linear system: 

𝑢𝑡 + 𝑢𝑥 − 2𝑣𝑥 = 0  

𝑣𝑡 + 𝑣𝑥 − 2𝑢𝑥 = 0  

𝑢(𝑥, 0) = cos 𝑥 ,           𝑣(𝑥, 0) = cos 𝑥   

Solution : the correction functional is given by 

𝑢𝑛+1(𝑥, 𝑡) = 𝑢𝑛(𝑥, 𝑡) − ∫ (
𝜕𝑢𝑛(𝑥, 𝜉)

𝜕𝜉
+
𝜕𝑢𝑛(𝑥, 𝜉)

𝜕𝑥
− 2

𝜕𝑣𝑛(𝑥, 𝜉)

𝜕𝑥
)𝑑𝜉

𝑡

0

, 

𝑣𝑛+1(𝑥, 𝑡) = 𝑣𝑛(𝑥, 𝑡) − ∫ (
𝜕𝑣𝑛(𝑥, 𝜉)

𝜕𝜉
+
𝜕𝑣𝑛(𝑥, 𝜉)

𝜕𝑥
− 2

𝜕𝑢𝑛(𝑥, 𝜉)

𝜕𝑥
) 𝑑𝜉

𝑡

0

, 
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We can select 𝑢0(𝑥, 0) = cos 𝑥 , 𝑣0(𝑥, 0) = cos 𝑥 by using the given initial values. Accordingly, we obtain the 

following successive approximations 

𝑢0 = 𝑢(𝑥, 0) = cos 𝑥 ,            𝑣0 =  𝑣(𝑥, 0) = cos 𝑥,  

𝑢1 = cos 𝑥 − 𝑡 sin 𝑥,  

𝑣1 = cos 𝑥 − 𝑡 sin 𝑥,  

𝑢2 = cos 𝑥 − 𝑡 sin 𝑥 −
𝑡2

2
cos 𝑥,  

𝑣2 = 𝑢2,  

𝑢3 = cos 𝑥 − 𝑡 sin 𝑥 −
𝑡2

2
cos 𝑥 +

𝑡3

6
sin 𝑥,  

𝑣3 = 𝑢3,  

⋮  

𝑢𝑛 = 𝑣𝑛 = cos 𝑥 (1 −
𝑡2

2!
+⋯) − sin 𝑥 (𝑡 −

𝑡3

3!
+⋯),  

When 𝑛 → ∞ then 

(𝑢, 𝑣) = (cos 𝑥 cos 𝑡 − sin 𝑥 sin 𝑡 , cos 𝑥 cos 𝑡 − sin 𝑥 sin 𝑡)  

(𝑢, 𝑣) = (cos(𝑥 + 𝑡) , cos(𝑥 + 𝑡)) 

 

Example (4).  Consider the following system  

𝑢𝑡 − 𝑣𝑥 + (𝑢 + 𝑣) = 0 

𝑣𝑡 − 𝑢𝑥 + (𝑢 + 𝑣) = 0 

𝑢(𝑥, 0) = sinh 𝑥 ,   𝑣(𝑥, 0) = cosh 𝑥,  

Solution : 

the correction functional is given by 

𝑢𝑛+1(𝑥, 𝑡) = 𝑢𝑛(𝑥, 𝑡) − ∫ (
𝜕𝑢𝑛(𝑥,𝜉)

𝜕𝜉
−

𝜕𝑣𝑛(𝑥,𝜉)

𝜕𝑥
+ 𝑢𝑛(𝑥, 𝜉) + 𝑣𝑛(𝑥, 𝜉)) 𝑑𝜉

𝑡

0
,  

𝑣𝑛+1(𝑥, 𝑡) = 𝑣𝑛(𝑥, 𝑡) − ∫ (
𝜕𝑣𝑛(𝑥,𝜉)

𝜕𝜉
−

𝜕𝑢𝑛(𝑥,𝜉)

𝜕𝑥
+ 𝑢𝑛(𝑥, 𝜉) + 𝑣𝑛(𝑥, 𝜉)) 𝑑𝜉

𝑡

0
,  

We can select 𝑢0(𝑥, 0) = sinh 𝑥 , 𝑣0(𝑥, 0) = cosh 𝑥, by using the given initial values. Accordingly, we obtain 

the following successive approximations 

𝑢0 = 𝑢(𝑥, 0) = sinh 𝑥 , 𝑣0 = 𝑣(𝑥, 0) = cosh 𝑥,  

𝑢1 = sinh 𝑥 − 𝑡 cosh 𝑥,  

𝑣1 = cosh 𝑥 − 𝑡 sinh 𝑥,  
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𝑢2 = sinh 𝑥 − 𝑡 cosh 𝑥 +
𝑡2

2
sinh 𝑥,  

𝑣2 = cosh 𝑥 − 𝑡 sinh 𝑥 +
𝑡2

2
cosh 𝑥,  

⋮  

𝑢𝑛 = sinh 𝑥 (1 +
𝑡2

2!
+⋯) − cosh 𝑥 (𝑡 +

𝑡3

3!
+⋯),  

𝑣𝑛 = cosh 𝑥 (1 +
𝑡2

2!
+⋯) − sinh 𝑥 (𝑡 +

𝑡3

3!
+⋯),  

When 𝑛 → ∞ then 

 

(𝑢, 𝑣) = (sinh 𝑥 cosh 𝑡 − cosh 𝑥 sinh 𝑡 , cosh 𝑥 cosh 𝑡 − sinh 𝑥 sinh 𝑡) 

(𝑢, 𝑣) = (sinh(𝑥 − 𝑡) , cosh(𝑥 − 𝑡)) 

 

Example (5).  Consider the Nonlinear system 

𝑢𝑡 + 𝑢𝑥𝑣𝑥 = 2  

𝑣𝑡 + 𝑢𝑥𝑣𝑥 = 0  

𝑢(𝑥, 0) = 𝑥,    𝑣(𝑥, 0) = 𝑥  

Solution : 

the correction functional is given by 

𝑢𝑛+1(𝑥, 𝑡) = 𝑢𝑛(𝑥, 𝑡) − ∫ (
𝜕𝑢𝑛(𝑥,𝜉)

𝜕𝜉
+

𝜕𝑢𝑛(𝑥,𝜉)

𝜕𝑥
.
𝜕𝑣𝑛(𝑥,𝜉)

𝜕𝑥
− 2) 𝑑𝜉

𝑡

0
,  

𝑣𝑛+1(𝑥, 𝑡) = 𝑣𝑛(𝑥, 𝑡) − ∫ (
𝜕𝑣𝑛(𝑥,𝜉)

𝜕𝜉
+

𝜕𝑢𝑛(𝑥,𝜉)

𝜕𝑥
.
𝜕𝑣𝑛(𝑥,𝜉)

𝜕𝑥
) 𝑑𝜉

𝑡

0
,  

We can select 𝑢0(𝑥, 0) = 𝑥, 𝑣0(𝑥, 0) = 𝑥, by using the given initial values. Accordingly, we obtain the 

following successive approximations 

𝑢0 = 𝑢(𝑥, 0) = 𝑥, 𝑣0 = 𝑣(𝑥, 0) = 𝑥,  

𝑢1 = 𝑥 + 𝑡,  

𝑣1 = 𝑥 − 𝑡,  

𝑢2 = 𝑥 + 𝑡,  

𝑣2 = 𝑥 − 𝑡,  

⋮  

𝑢𝑛 = 𝑥 + 𝑡,  

𝑣𝑛 = 𝑥 − 𝑡,  
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When 𝑛 → ∞ then  

(𝑢, 𝑣) = (𝑥 + 𝑡, 𝑥 − 𝑡) 

 

Example (6): Consider the following Nonlinear system 

𝑢𝑡 + 2𝑣𝑢𝑥 − 𝑢 = 2  

𝑣𝑡 − 3𝑢𝑣𝑥 + 𝑣 = 3  

𝑢(𝑥, 0) = 𝑒𝑥,   𝑣(𝑥, 0) = 𝑒−𝑥  

Solution : the correction functional is given by 

𝑢𝑛+1(𝑥, 𝑡) = 𝑢𝑛(𝑥, 𝑡) − ∫ (
𝜕𝑢𝑛(𝑥,𝜉)

𝜕𝜉
+ 2𝑣𝑛(𝑥, 𝜉)

𝜕𝑢𝑛(𝑥,𝜉)

𝜕𝑥
− 𝑢𝑛(𝑥, 𝜉) − 2) 𝑑𝜉

𝑡

0
,  

𝑣𝑛+1(𝑥, 𝑡) = 𝑣𝑛(𝑥, 𝑡) − ∫ (
𝜕𝑣𝑛(𝑥,𝜉)

𝜕𝜉
− 3𝑢𝑛(𝑥, 𝜉)

𝜕𝑣𝑛(𝑥,𝜉)

𝜕𝑥
− 3) 𝑑𝜉

𝑡

0
,  

We can select 𝑢0(𝑥, 0) = 𝑒
𝑥, 𝑣0(𝑥, 0) = 𝑒−𝑥, by using the given initial values. Accordingly, we obtain the 

following successive approximations 

𝑢0 = 𝑢(𝑥, 0) = 𝑒𝑥,      𝑣0 = 𝑣(𝑥, 0) = 𝑒−𝑥,  

𝑢1 = 𝑒𝑥 + 𝑡𝑒𝑥,  

𝑣1 = 𝑒
−𝑥 − 𝑡𝑒−𝑥,  

𝑢2 = 𝑒𝑥 + 𝑡𝑒𝑥 +
𝑡2

2
𝑒𝑥 +

2

3
𝑡3,  

𝑣2 = 𝑒
−𝑥 − 𝑡𝑒−𝑥 +

𝑡2

2
𝑒−𝑥 + 𝑡3,  

⋮  

𝑢𝑛 = 𝑒𝑥 (`1 + 𝑡 +
𝑡2

2
+⋯),  

𝑣𝑛 = 𝑒
−𝑥 (1 − 𝑡 +

𝑡2

2
+⋯),  

When 𝑛 → ∞ then  

(𝑢, 𝑣) = (𝑒𝑥+𝑡 , 𝑒𝑥−𝑡) 

 

V. CONCLUSION 

The linear partial differential equations and nonlinear partial differential equations have been solved by 

variational iteration method , this method is very effective and accelerate the convergent of solution ,the study 

showed that this method is easy to apply and it is more accurate and effective. 
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