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Abstract

In this paper, the possibility of application of the variational iteration method for solving the systems of linear
PDEs and nonlinear PDEs subject to the general initial conditions by using THE variational iteration method.
four illustrated examples has been introduced. The steps of the method are easy implemented and high
accuracy.
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I. INTRODUCTION

The method VIM is used to solve effectively, easily, and accurately a large class of non-linear problems
with approximations, which converge rapidly to the accurate solutions. For linear problems, its exact solution
can be obtained by only one iteration step due to the fact that the Lagrange multiplier can be exactly identified.

The variational iteration method (VIM) is relatively new approaches to provide approximate solutions to
linear and nonlinear problems. The variational iteration method, (VIM) was successfully applied to find the
solutions of several classes of variational problems.

Here we used VIM for solving systems of linear or nonlinear PDEs with initial conditions. This paper is

arranged as follows. In section 2 General Lagrange multiplier and VIM. . In section 3, Systems of Linear
PDEs by Variational Iteration Method. In section 4, Systems of Nonlinear PDEs by Variational Iteration Method
In section 5 numerical examples. The conclusions in section 6.

Il. GENERAL LAGRANGE MULTIPLIER and VIM

Lagrange multiplier is well known in optimization and calculus of variations. In order to understand the
concept of the general Lagrange multiplier, we consider the differential equation

Lu+ Nu = g(t), (D)
where L and N are linear and nonlinear operators respectively, and g(t) is the source inhomogeneous term.

The variational iteration method presents a correction functional for Eg.(1) in the form

U1 (O) = un(€) + f 2@ (Lun(®) + Nitn(©) — g(O)dE,  (2)
0

where 1 is a general Lagrange multiplier, which can be identified optimally via the variational theory, and i, is
a restricted variation which means §ii,, = 0.
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It is obvious now that the main steps of the He °s variational iteration method require first the
determination of the Lagrange multiplier A(&) that will be identified optimally. Integration by parts is usually
used for the determination of the Lagrange multiplier A(£). In other words we can use

f AEUL(E)dE = AE)un(€) - f 2 (E)un(©)de,

f AU E)E = AOULE) — X (Oun(E) + f X (©)un()dE,

and so on. The last two identities can be obtained by integrating by parts.
I1l.  SYSTEM of LINEAR PDEs by VARIATIONAL ITERATION METHOD

In this section we will apply the variational iteration method for solving systems of linear partial differential
equations. We write a system in an operator form by

Lou+ Ry (u,v) = g5,

Lev+ R,(u,v) = gy, (3)

Where u = u(x, t), with initial data
u(x,0) = f1(x),
v(x,0) = fo(x),

where L, is considered a first order partial differential operator, and R;, 1 < j < 3 are linear operators, and g,
and g, are source terms. Following the discussion presented above for variational iteration method, the
following correction functionals for the system (3) can be set in the form

t
U (6, 8) = n o ) + f A (Lun(€) + Ry (i, B) — 1(8))dé
o 4
Vni1 (X, 0) = v (x, t) + J Az(Lvn(f) + Ry (T, D) — gz(f))df
0

where 4;,j = 1,2 are general Lagrange multipliers, which can be identified optimally via the variational theory,
and i, and , as restricted variations which means &, = 0, and 87, = 0. The Lagrange multipliers 4;,j =
1,2 will be identified optimally via integration by parts as introduced before. The successive
approximationsu,, ., (x,t) and v,,.,(x,t),n = 0, of the solutions u(x,t) and v(x,t) will follow immediately
upon using the obtained Lagrange multipliers and by using selective functions u, and v,. The initial values may
be used for the selective zeroth approximations. With the Lagrange multipliers 4; determined, several
approximations w;(x, t), v;(x,t),j = 0 can be computed. Consequently, the solutions are given by

u(x, t) = lim u,(x,t)
n—-oo

)

v(x, t) = lim v, (x, t)
n—-oo

To give a clear overview of the analysis introduced above, the two examples that were studied before will be
used to explain the technique that we summarized before, therefore we will keep the same numbers.
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IV. SYSTEMS of NONLINEAR PDEs by VARIATIONAL ITERATION METHOD

Systems of nonlinear partial differential equations arise in many scientific models such as the propagation of
shallow water waves and the Brusselator model of chemical reaction-diffusion model. To use the VIM, we write
a system in an operator form by

Leu + Ry (w,v,w) + Ny (u,v,w) = gy,
Lev + Ry (w,v,w) + N, (w, v, w) = gy, (6)
Lew + Ry (u,v,w) + N3(u,v,w) = gs,

with initial data

u(x,0) = f(x),
v(x,0) = fr(x), @
w(x,0) = f3(x),

where L, is considered a first order partial differential operator, and R;,1 <j <3 and N;, 1 <j < 3 are linear

and nonlinear operators respectively, and g,,g, and g5 are source terms. The correction functionals for
equations of the system (7) can be written as

t

U (6, 6) = Uun (o, ) + f A (Ltn (6, ©) + Ry (il B W) + Ny (i, B ) — 91.(6))dE,
0
t

17n+1(x' t) = Vn(xr t) + j AZ (Lvn(xr f) + RZ (ant ﬁnx Wn) + N2 (ﬁnt ﬁn: Wn) — 92 (5))d§
0

W1 (X, t) = wy(x, t) + f A3 (LWn(x: &) + R;(ily, Dy, Wy) + N3 (T, T, W) — g3 (f))df 8)
0

where 1;,1 < j < 3 are general Lagrange ’s multipliers, which can be identified optimally via the variational
theory, and i, ¥, and W, as restricted variations which means 4§, = 0,67, = 0 and §w,, = 0. It is required
first to determine the Lagrange multipliers A; that will be identified optimally via integration by parts. The
successive approximations u,,q(x,t),v,41(x,t) and w,q(x,t),n = 0, of the solutions u(x,t),v(x,t) and
w(x, t) will follow immediately upon using the obtained Lagrange multipliers and by using selective functions
Uy, vy and wy. The initial values are usually used for the selective zeroth approximations. With the Lagrange
multipliers A; determined, then several approximations w;(x,t),v;(x,t),w;(x,t),j =0 can be computed.
Consequently, the solutions are given by

u(x, t) = lim u,(x,t)
n—oo

v(x, t) = lim v, (x,t) 9
n—oo

w(x, t) = lim w, (x,t)
n—-oo

To give a clear overview of the analysis introduced above, we will apply the VIM to the same two illustrative
systems of partial differential equations that were studied in the previous section..

V. NUMERICAL EXAMPLES
Example(1) We first consider the linear system:
uy+v,—w, =1
Ve twy,+u, =1

Wy tu, +v, =1
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with the initial data
ulx,y,0)=x+y, v(x,y,0)=x+y, w(k,y0)=x—y
Where u = u(x,y, t),v = v(x,y,t) andw = w(x, y, t)
Solution :
Wi — Uy —v,+1=0,
U+ v +w,—1=0,
vetu, +w,—1=0,
The correction functionals

)=+ [ (P 2 2
Up+1 X, Y, =Up o 1(5) af ax ay

—-1)d§,

(x,y,t) = +ft/1 (avn+6un+6wn 1)d
Un+1X, Y, =Un o 2(6) 65 ax ax f'

ow, Odu, dv,

Wit (X, ,8) = wy + fotl3(€) (y—a—g"‘ 1) dé,

This gives the stationary conditions

14+ A4le= =0,

A =1)=0,
and

1+ Ayle=r = 0,

L =1t) =0,
and

1+ A3le=r = 0,

BE=1)=0,

As a result we find

Substituting these values of the Lagrange multipliers into the above functionals gives the iteration formulas :

(x,y,t) = ft(au"+av”+awn 1>d
un+1 x'y' - un 0 af ax ay f'

(x,y,t) = ft(avn+au"+awn 1)d
UTI.+1 x'y' - Un 0 af ax ax E'
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ow, du, Jdv,

37 _W_W“)df'

t
Wy (X, 7, 8) = wy _J- <
0

We can select uy, voand w, by using the given initial values:
uy =ulx,y,0) =x+y,

vo=v(xy,0) =x+y,

wo =w(x,y,0)=x—y,

Accordingly, we obtain the following successive approximations

Ug=x+Yy,
Vo=x+Yy,
W0=x_y,
u=x+y+t,
v=x+y-—t,

wy=x—y+t,
U, =x+y+t,
v, =x+y-—t

w, =x—y+t,

U, =x+y+t,
v, =x+y-—t,
w,=x—-y+t,
When n — oo then
wv,w)=x+y+t,x+y—tx—y+t)
Example (2) We first consider the linear system:

U + v +wy, =e*
vy +wy tu, =e”
we +uy, v, = et

with the initial data :
u(x,y,0) =e*,v(x,y,0) =e¥,w(x,y,0) =1

Solution :
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ve+u,+w,—e* =0,
u +vy, tw,—e’ =0,
we +uy, + v, —et =0,

The correction functionals

s, =+ [ 2266
i) =+ [ 20

Wi (Y, 1) = wy + f:%(f)(

This gives the stationary conditions

and

and

As a result we find

du, +6vn +6Wn y)d
5 Ty Tax €)%
avn+6un aow, ")d
58 Tax T oy ¢)%
dwy, 4 du, 4 dvy, f)d
5t Ty T T ¢)%

1+ /11|§=t =0,

A =1)=0,

1+AZ|§=t = 0,

5 =1t) =0,

1+A3|f=t = 0,

5 =1t)=0,

= /12 = 13 = -1

Substituting these values of the Lagrange multipliers into the above functionals gives the iteration formulas :

un+1(x: 3z t) = Up

vn+1(x' Y, t) = Un

Wit (X, 7,1) = W,

_Jt(%ﬁm
o \0¢ dy
_ft<%+%+
o \OE  Ox

tow, du,
-~ +—"+
" Jo ( o5 9y

We can select uy, voand w, by using the given initial values:

uy, = u(x,y,0) = e*,
vy = v(x,y,0) = e?,

WO = W(x,y;o) = 1'

owy, 3 ey) i
dx ’
owy, X
_ dé,

dy ¢ ) d
dvy,
—_e8)d
ax ¢ ) g
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Accordingly, we obtain the following successive approximations
X

Uy =e
vy =e”
wy =1
u, =e*
v, =eY
w; =1+et
u, = e*
v, = eV
w, =1+et
u, =e*
v, =e¥
w,=1+et

When n — oo then
(u,v,w) = (e*,e7,1+eb)

Example (3) Consider the nonlinear system of partial differential equation

Up +UWy, — VW, = —U

Ve +weuy, +wyu, = v

W + UV + UV = W
with the initial data

u(x,y,0) =e*, v(x,y,0) =e*?Y,  w(xy0) =e**

Solution :
Firstly we write the correction functionals

d v, dw, dv, dw,

t
_ OUun , 9n _9Vn OWn
un+1—un+f0 ,11(5)(6St g +un)d<f

¢ ov, OJw, ou, Ow, Jdu,
Vn41 _Un+L 12($) (¥+ o -E'i' 3y 'E_Un>df
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ow, Odu, dv, OJdu, Jv,

t
Wn+1=Wn+LAS(f)(¥+W-E W'W_W”)df

This gives the stationary conditions

1 + /‘11|§=t = 0,

1E=t)=0,
and

1 + )'Zlf:t = O;

2E=t)=0,
and

1 + /13|f=t = 0;

136 =6)=0,

As a result we find
Al = /12 = 13 = —1

Substituting these values of the Lagrange multipliers into the above functionals gives the iteration formulas :

tou, dv, dw, O0v, dw,
—u,— | (o2t o d
Un+1 = Un J <6§ Y ox oy ay ox +””> d

t v, Oow, du, Jw, Jdu,
Un+1—Un—f0 (E-l' ax -E-i_ ay E_Un)df

Wapt = _f(awu%% Oun P,
T )o\aE o ox Tay  ay Tax ™

The zeroth approximations u,, voand w, are selected by using the given initial conditions. Therefore, we obtain
the following successive approximations

Uy = u(x,y,0) = e*t,

vy =v(x,y,0) =e* 77,

wo = w(x,y,0) = e *Y,

u = eXty — tex+y’

v, = e YV +te* Y,

wy, = e XY 4 te XY,

tZ
Uy = e —te™V + —e*,
x— x— 2 x-
v, = eV eV +—e* 7,

_ _ t2 _
w, =e ¥V +te "+y+7e xty,
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When n — oo then
(1, 0,W) = (X7, e*-¥*, g4y 4t)

Example (4) Consider the nonlinear system of partial differential equation
ut+uxvx_Wy =1
Vet Wy tuy, =1
Wt+qux_vy =1

with initial data

u(x;y:o) =X +y;17(x;y,0) =X _y,W(x,y’O) = —x _I_y

Solution :
tou, Ou, dv, 0
un+1=un_f ( = n_n——wn—l)df
0

t v, OJv, ow, OJu,
Y (N iy B _ 4
Vet = Vn fo( t Vox ax oy )ds

tow, Ow, du, OJv,
—w, — D Ty
Wnt1 = Wn fo (af T ox ox oy )df

The zeroth approximations u,, voand w, are selected by using the given initial conditions. Therefore, we obtain
the following successive approximations

up =u(x,y,0) =x+y,

vy =v(x,y,0) =x—y,

wy =w(x,y,0) =—x+y,

u =x+y+t,

vy =x—y+t¢,

w;=—x+y+t,

U, =x+y+t,

v,=x—-y+t,

w,=—x+y+t,

U, =x+y+t,
v, =x—y+t,
Wp=—x+y+¢,

when n — oo then
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wvw)=x+y+t,x—y+t,—x+y+t)

VI. CONCLUSION

The linear partial differential equations and nonlinear partial differential equations have been solved by
variational iteration method , this method is very effective and accelerate the convergent of solution ,the study
showed that this method is easy to apply and it is more accurate and effective.
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