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Abstract :-

This paper contains ten integrals involving H-function of one variable with proper conditions of validity. The
special cases for G-functions have also been obtained.
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1.1 Introduction & Preliminaries
Euler’s gamma function (1729), is denoted and defined as follows :
r(x)= Ie"t“dt, provided Re(x) > 0 (11D
0

The Contour integral form of »F; [2] is as follows :

2F{a,b z} :L_J-F(a+s)l"(b+s)r(—s)(—z)s s
c 2mi} I'(c+s) ..(1.1.2)
The path L is a contour runs from —ico to + icc. [1, p.49]. The contour integral form of yFq is as follows:
p s q
- {al ...... 2 }:i 1T (a; +s)T(-s)(-2) jr}lr(bj)ds
Pralp, ... b 2mi | f[l“(bj+s)1£[1"(aj)
= = ...(1.1.3)

L is a contour runs from — ico to + i, N0 @ (j = 1,...., p) is zero or a negative integer.

If p=q+ 1, RHS of above equation is an analytic function of z in the cut plane |arg (-z)| <m.

If p = g, RHS of above equation is an analytic function of z in the open half plane |arg (-z)| <1/2 wi.e. in Re(z) <
0

The contour integral form of Wright’s generalized hyper geometric function is defined as follows:-

y (3 +o8)T(-s)(-2)

W, (z):z—mj' ds ..(1.1.4),

q
T (b, +Bys)

where D is a contour in the complex s-plane which runs from s = — ico to s =6+ i (o is an arbitrary real number)

so that the points s = 0,1,2, ... resp. lie to the right of D.

WWW.ijres.org 844 | Page



Some Integrals Involving H-function Of One — Variable

pWq makes sense and defines an analytic function of z if

(Hu>0andz=0

(i) p=0,0<z <&

If u =0, then pyq4(z) can be continued analytically into the sector |arg (—z)| <r by means of (1.1.4). ...(1.1.5)
The E-function was further generalized by C.S. Meijer (1941, 46) [7,8] which became popular as G-function. It

is defined in the following manner :

anIF b.—s ﬁl‘ 1-a +s
GB‘,A{X - Z}% prl i), 118)
S L I T(1-b;+s) IT T(a;—s)
j=m+1 j=n+1

where an empty product is interpreted as unity; 0 <m < q, 0 <n < p and parameters are so chosen that no pole of

I'(bj—s),j=1,2, ...., m coincides with any pole of I'(1 — g;+5s),j=1,2, ...., n.

There are three different paths ‘L’ of integration in (1.1.6) ;

1) the contour ‘L’ runs from — ico t0 + ioo so that all the poles of T'(bj —s); j =1 (1) m are to the right and
all the poles of T'(1 —aj+s);j =1 (1) nto the left of ‘L’. The integral converges if p + q <2 (m + n) and
larg (X)| < (m + n—p/2 —q/2)n.

)] the contour ‘L’ is a loop starting and ending at +oo and encircling all the poles of I'(bj —s); j = 1(1) m
once in the negative direction but none of the poles of I'(1 — a;+ s); j = 1(1) n. The integral converges if
g>1andeitherp<qorp=q&|[x/<1.

3 the contour ‘L’ is a loop starting and ending at —o and encircling all the poles of I'(1 —g;+s; j=1(1) n
once in the positive direction but none of the poles of ) I'(b; —s); j = 1(1) m. The integral converges if p
>1andeitherp>qorp=qand |x| > 1.

The G-function is an analytic function of X, it is symmetric in the parameters a; ...., an likewise in an+1 .... ap, in

bi...., bm and bms, ..., bg.

The H-function is defined and represented by means of the following Mellin-Barnes type of contour integrals:

o X(aj,aJ)Lp 1 Jw(s)xsds (1.1.7)
p.q ~a_: (L),
(bj’Bj>|,q 27“ L
where
ﬁl‘ b.—-Bs InTl" l1-a. +as
@) y(s)=—2 R (p o) ..(1.1.8),
j}}ﬂr(l— b, +[3js)j:rn[+lr(aj —a3)
(b) m, n, p and g are non negative integers satisfying0 <n<p,0<m<q
(© i =+v-1, x=0isacomplex variable.
(d) L isastraight line parallel to the imaginary axis which runs from — ico + ico with indentations, if necessary,

to ensure that the points

aj—k—l .
S= ;G=1,..,n;A=0,1,2,...)

Q;

which are the poles of I'(1 — g + o;S)V j = 1, ..., n lie to the left of L and the points
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b, +v
S=

(h=1...mv=012..)

h

which are the poles of of I'( bj - Bjs)V j =1, ..., m lie to the right of L. Therefore aj(bn + v) #Bn (8 — 2 -1);j =1,
Lomh=1,...,mA,v=0,12.... ...(1.1.9)
The contour ‘L’ exists on account of (1.1.9).

(e) 8(G=1,...,p)and bj(j=1, ..., q) are complex numbers and the parameters

oj(=1,...,p)and Bj(j=1, ..., q) are positive real numbers.
(f) ((aplap))E(allal)i(a21a2)v ----- ’(ap’ap)z(ai’ai)m
(9) The H-function is an analytic function of x if the following conditions are true :
(i) x=#0,&>0argx|<¥ 7 |
q p
where £ =", -
j=1 j=1

...(1.1.10)
(i) &=0and0<|x|<p™

where 1= 11 (o) ﬁ(sj)*‘*_

j=1

Due to the occurrence of the factor x® in the integrand of (1.1.7) it is, in general, multiple-valued, but it
is one-valued on the Riemann surface of log x.

The H-function of one variable defined by (1.1.7) will be denoted by symbol H(x) finally, for the sake
of brevity, the H-function of the form

o |02 (@A) : v | [A(C )
Hpﬂ'qﬂl:z ((bq,Bq)),(y,B)_ will be abbreviated as H; ", {z (« )%(%5)}
H-function of the form H"™ _ze‘M (@A) will be abbreviated as H [ze‘“} )

P ((by.B))

Gottlieb [6] introduced a function called Gottlieb polynomial which is defined & denoted in the
following manner:

-n,—X
—ni A
e",RE|l 1 |1-e

@, (X; 1)

1.2 Some Known Results

The following known results will be required in the proof of the integrals (involving H-function of one
variable) to be evaluated.

. © g . _ T(s—nI'(s+x+1)
® IO e (-t = [C(s+)Ir(s+x—n+1)

provided Re(s) > 0. [9, p.303] ...(1.2.1)

2 [rT’

(i) [ @ex"tp, (x)dx = T(h+0+)r(h—v)

provided Re(2) > 0. [3, p.316(15)] ...(1.2.2)
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rd+a)
[1+G+Bj [1+ B)
2 2
nl(1+a)

2°*+1r(1+ O‘J’Bjr(u“_ﬁj
2 2

1.3 Single Integral Involving H-function Of One Variable

e’ provided Re(o) > - 1. [1, p12(29)]  ...(1.2.3)

T o ity T
(iii) .[O (sint)“e dt_2

(iv) JOH (cost)“ cos(Bt)dt = provided Re(a) > -1.[1, p.12(30)] ...(1.2.4)

The integrals to be evaluated here are expressed in the form of the following theorems :

Theorem (1.3.1)

If the following sets of conditions are satisfied:

(i) %> 0,Re(c) + A1, Re[ bj ] > 0and
Bj
(i) The H-function of one variable occurring in (1.3.1) satisfies the conditions of analyticity similar to
(1.1.10) then,

(L+n=o1),(-x=0,2),(( ))
(( )),(_c,k),(n—x—c,k)

Proof : Expressing H-function in the left hand side, of (1.3.1) in contour integral form by (1.1.7);
changing the order of t-integral and contour integral,

I: e, (x;—t)H[ ze™ Jdt =H; 7, {z ..(1.3.1)

‘s

(b Bs

i ]

1 F(l—aj+Ajs)

2mi

i

z° -jo @, (x;—t)e " dt ds

1
F(l b. +Bs) I F(aj—Ajs

j=m+l

|
Inr
j=1
q
IT

~——

j=1+1

‘s

(b Bs

i ]

F(l—aj+Ajs)

~— |~

i

|
H o0
2mi It qJ: P ZS'{J‘O ei(c%)t@”(x;_t)dt} os
™ 1 I'(a,-As)

j=m+l

I(1-b;+Bs

j=1+1 J

on integrating the inner t-integral with the help of (1.2.1) we get

|
1. Or(e- BS), T(1-a;+As) _T(c-n+2s)[(c+Xx+1+2s)

F(l b, +Bs)J +11"( ) F(1+c+As)T(1-n+X+0+As)

=—[ = z°ds (1311
2mit ( )

j=1+1 J

Now on interpreting (1.3.1.1) with the help of (1.1.7) the right hand side of (1.3.1) follows immediately.

Theorem (1.3.2)

If the following sets of conditions are satisfied :
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. a, -1
0] n>0,Re(c)—p:, Re >0.and
A,
the H-function occurring in (1.3.2) satisfies the conditions of analyticity similar to (1.1.10) then

(( )),(1+0',u),(1—n+x+0,u)
(o-np).(Lexcram) ()

(i)
..(1.3.2)

ootz )l -

Proof :To prove (1.3.2), expressing H-function of the one variable in the left hand side, of (1.3.2) in

contour integral form by (1.1.7);

HF b,—B;s 1-a;+As
=I:e_°[(pn (X;—t)-i_ ( ) -1 ( ) z°e*®ds dt
2mt 11 p(1-b, +Bjs)113+1r(a ~AS)

j=1+1

changing the order of t-integral and contour integral

| m
IIT'(b—Bs)IIT 1—a.+As
=i. j=1 ( J j=1 ( J |:J' e c pS X t)dt:|d
2t I(1-b;+Bs) I r(a,-Ap)
j J j=m+l

on integrating the inner t-integral with the help of (3.2.1) we get

|
1 1:1 (b Bs) 1 (1_aj+AjS) I'(c—n—ps)I'(c+x+1-ps) s 132.1)
2 151 r(1-b, +Bs)1‘leF(aj—Ajs) (o+1-ps)I(oc+x—n+1-ps)

Now on interpreting (1.3.2.1) with the help of (1.1.7) the right hand side of (1.3.2) is obtained

Theorem (1.3.3)

If the following sets of conditions are satisfied:

(i) h>0,Re(%)>0,Re(1)+hI7, Re( ;J ] >0and
]
(i) the H-function of one variable occurring in (1.3.3) satisfies the conditions of analyticity similar to
(1.1.10) then,
—A,h), (=&, h),
(=2 h).(=2.h).(( ))] (133)

" (( ))}dx — o HIpT;?uz |:Z

! 7-1 iml| o 1+X
R MTJ )
Proof: To prove (1.3.3), expressing H-function of one variable in the left hand side of (1.3.3) in contour integral
form by (1.1.7);
1 a1 1 s (l+ )
=I_1(1+X) pu(x).z—mjLw(s)z o ds dx.

Where () is given by (1.1.8). Changing the order of x-integral and s-integral

= LLMS J:ll(1+ x)""p, (x)dx ds

2mi 2"
848 | Page
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On integrating the inner integral with the help of (1.2.2) we get

I1T(b-Bs 1-a;+A;s)2""™ | (A+hs
1 i1 ( ) -1 ( ) |: )] z°ds ...(1.3.3.1)

2ri ‘1 r(1-b, Bs) I'(a;—A3)2°C (A +hs+v+1)T (A +hs—v)

j=m+1
Now on interpreting (1.3.3.1) with the help of (1.1.7) the right hand side of (1.3.3) follows immediately.

Theorem (1.3.4)

If the following conditions are satisfied:

(i) k >0,Re(1)>0,Re(R)—k"™ (ajo\_lJ>Oand

(i) the H-function of one variable occurring in (1.3.4) satisfies the conditions of analyticity similar to
(1.1.10) then,

onp s [ M- [ o
Lo oz -zl f LIRS

...(1.3.9)

Proof : The proof is similar to that of theorem (1.3.3).

Theorem (1.3.5)

If the following conditions are satisfied:
. b
0] n>0,Re(o)+ul, Re| =+ B >—1and
]

(i) the H-function occurring in (1.3.5) satisfies the conditions of analyticity similar to (1.1.10) then,

(e ()
(( ))’(_1_5—U,u),(0—0, p)

[, @+ x)7p, () H[2(1+x)" [dx _2°*1HLT;2+{2“2 ..(1.3.5)

Proof : Proof of this theorem is similar to that of (1.3.4).

Theorem (1.3.6)

If the following conditions are satisfied:
. b,
(i) Re(a)>—-1u>0,Re(a)+ul, Re| =+ ik —land
J

(i) the H-function of one variable occurring in (1.3.6) satisfies the conditions of analyticity similar to
(1.1.10) then,
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((

))}dt 2 e P HLm | Cauhl( ) (1.3.6)
) - P+, q+2 (( ))l(_qz_ﬁ’%j’([;;a,%) ..(1.3.

Proof : To prove (1.3.6) expressing H-function of one variable in L.H.S of (1.3.6) in contour integral form by
(1.1.7) and changing the order of t-integral and contour integral and then on integrating the inner t-integral with
the help of (1.2.3), we get

_[ (sint)"e™H" {x(Zsint)“
0

| m
Comide e

q p —
I1 T(1-b,+Bg) II r(a.—A.s)r(uO”rﬁ“L'“er(uOL ﬁ“‘s)
j=1+1 j=m+l 2 2

S

...(1.36.1)

on interpreting the contour integral in (1.3.6.1) with the help of (1.1.7),the right hand side of (1.3.6) follows
immediately.

Theorem (1.3.7)

If the following conditions are satisfied :

(i) ¢>0,Re(c) > -1 Re(c)- L%, Re[ak

i

J> -land

(i) the H-function of one variable occurring in (1.3.7) satisfies the conditions of analyticity similar to

(1.1.10) then,
( ))]dt

I(smt) e®H" ”[ (%sint) ()

s+p & sB¢C
=2nexp(i HnP)H S x(( ))’(“ 2 ’2)’(“ 2 ’2) ..(1.3.7)

p+2,q+1

Proof : Expressing H-function in the L.H.S of (1.3.7) in contour integral form ; changing the order of t-integral
and contour integral and then evaluating the inner integral by using (1.2.3) we obtain,

| m .
(b, -Bs) I (1-a,+As)I(1+c-Ls)x’ne/™
ZL-IL ] AT pj)” o) ds .(13.7.1)
M5 1 r(1-b, +Bs) 11 T(a,~As)T [1+‘erB 5 jr(uc_B—Cst‘f
j=1+1 j=m+l 2 2 2

on interpreting the contour integral (1.3.7.1) into H-function by using (1.1.7), we get the RHS of (1.3.7).

Theorem (1.3.8) (A)

If the following conditions are satisfied :
. b
(i) n>0,Re(d) >-1,Re(B)+ny, Re| =+ 5 > 0
J

(i) the H-function occurring in (1.3.8)(A) satisfies the conditions of analyticity similar to (1.1.10) then,
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e )42 en)

.fon(sin t)'e™H," {xe"‘t

( ))}dt =27l (1+2)e™ HL T

(( )) p+1, g+l

...(1.3.8)(A)
Theorem (1.3.8) (B)
If the following conditions are satisfied :
(i) n>0,Re(d) > -1, Re(B) -, Re(aA 1} >0
j
(i) the H-function of one variable occurring in (1.3.8)(B) satisfies the conditions of analyticity similar to

(1.1.10) then,

()42 n)

4

...(1.3.8)(B)

( ;;]dtznzkr(ux) e HLT L | xe

J:(Si” t)e™HL" {xe‘”t P gL
( (e

Proof: The proof is similar to that of (1.3.7).

Theorem (1.3.9)

If the following conditions are satisfied :

b
(i) v >0,Re(c) +(v) M, Re[B j> ~land A>0,
J

i b.
Re(n)+(1).., Re[B J>O v>Xand
j

(i) the H-function of one variable occurring in (1.3.9) satisfies the conditions of analyticity similar to

(1.1.10) then,
.[on(sint)”e‘“tH'p'y';‘ [x(Zsint)" e EE ;ﬂdt

(= 0)(( )

:%exp(i}énp)HLﬂtz xe' - (( ))’(_G_u u+k]’(u—6 U_kj ...(1.3.9)

2 2

2 2

Proof : To prove (1.3.9), expressing H-function of one variable in L.H.S of (1.3.9) in contour integral form by
(1.1.7) and changing the order of t-integral and contour integral,

I
Inr I'(l-a, +As
=i. j=1 ( )J ( ] J) XSZUSJ*TE(Sint)cﬂ)Sei(p+ks)tdt ds
2M° 11 r(a,-As) I T(1-b,+Bs)
j=m+ ! Fizim j j
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on evaluating the inner t-integral by using (1.2.3), we get

F(bj - Bjs)jlil“(l—aj +A.s) (1+o+ us)xzvsne 2

1 I1

:—J‘ i=1
1 p q

2mi G F(a —As)l'llll“(l—bj+Bjs)1“(1+6+“+us+}“s) ( o— p+us ksjzms

j=m+l

1 N 1“(bj - Bjs) 1 1"(1—{:1j +A].s)1“(1+c+ os)(xe‘%“x )S ds

- g i=1 i1

- 5. 1L q — —
27 2m H F(a —As) 11 F(l—bj+Bjs) 1+6+“+ L+ s|T'|1- n=c + L2 S
j=m+1 j=1+1 2 2 2 2

..(1.3.9.1)

Now on interpreting (1.3.9.1) into H-function with the help of (1.1.7) the RHS of (1.3.9) follows
immediately.

Note : If A > v, then (1.3.9.1) can also be written as

1 '%"“.[ J_1:[11"(bj—Bj.s)jljll“(l—aj+AJ.s)1"(1+c5+os) | (Xei%ﬂ)s X
iz TIE(1-b,+B) 1T (2~ AR)T {1+G+“+(°+7‘j3} r[1+c’_“—(x_°js}
1+1 m+1 2 2 2 2
...(1.3.9.2)
Now on interpreting (1.3.9.2) with the help of (1.1.7), we get
j"(sint)”e‘“tHL'y';‘ x(2sint)”"e™ () dt
° (())
(o) (( il KZUJ
_ T - 1, m+1 iy
=—exp(i H; xe ...(1.3.9)(B
20 p( }/ZTCIJ) p+2,q+1 (( ))( —o—p U+}\aj ( )( )
2 T2
This completes the proof.
Theorem (1.3.10)
If the following conditions are satisfied :
. b
(i) A >0,Re(c)+A -, Re( ]> —land
J
(i) the H-function of one variable occurring in (1.3.10) satisfies the conditions of analyticity similar to
(1.1.10) then,
. L Con) ()
J.o (cost)” (cosut)Hy 71 z(2cost) (( )) dt = ot i1 g2 Z(( )) (—G—H &) [P‘ &j
2 "2)0 2 "2
...(1.3.10)
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Proof : To prove (1.3.10), expressing H-function in the L.H.S of (1.3.10) in contour integral form by (1.1.7);
changing the order of integrals and on integrating the inner integral with the help of (1.2.4), we get

(b~ Bs) [T (-3, + Ag)T (L+ o+ 2s)

1 Y j=1 s
T 2mi\ 2o I‘- d P C+pU+AS G—u+AS zas
11 F(l—bj+BjS)‘ 11 F(aj—AjS)F(l-kjF(lﬁ-J
j=1+1 j=m+l 2 2

...(1.3.10.1)

Now on interpreting (1.3.10.1) into H-function by (1.1.7) the RHS of (1.3.10) follows immediately.
1.4. Special cases of (1.3) for G-functions

Taking Aj, Bj each equal to unity in (1.3.1) to (1.3.10), we get the corresponding integrals for Meijer’s
G-function. These are given below :

Q) Taking A =1in (1.3.1), we get

((a,1) g Z(1+n—c,l),(—x—c,l),((ap,l))

((by.1)) ] ((001)) (~o2) (n-x~0,1)

.[:e’“(pn (%-t)G, | ze

2 Taking p=1in (1.3.2), we get

()

((b,.2)

((2,,1)).(1+0.)(1-n+x+01)

dt =g2m
(o-n,1),(1+x+0,1)((b,.1))

T S p+2,9+2

j:e“"cpn (n;—t)G, 7 | ze'
(3) If we take h = 1 in (1.3.3), we get

! 71 Lm| (14X
[ @+ PU(X)GM[Z( > j

((ap)) _ A I,m+2 (_7\‘)’(_7\‘)’((&9))
((bq))}OIX -2 GH (b)) (+v-2)

(@) If we put k =1in (1.3.4), we get

Ij1(1+ X)' 1P, () G4 ™ {z (HTXJ

al.".,ap}dx =2K GI+2,m |:Z

p+2,q+2
by.e., b

al....,ap,(1+k+u),(k—u)
%2.b,...b,

(5) If we put u=11in(1.3.5), we get

.‘-_11(1+ X)°P, (%) G|:Z(1+ X):Idx =0t ghm+2 |:2Z

p+2,0q+2

(=0).(-0).(@,) }
((b)).(-1-0-v),(v-0)

(6) Taking n = 2in (1.3.8), we get

(@)
((by))

in

«ap){uﬂj
}dt =27l (1+1)e#PGIn | xe

n ' i 2
@ [ intye™ Gh {e
«bq)),(ﬂ]

2
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[1.
[2].
[3].
[4].

[5].
[6].

[7].
8.

9.
[10].

[11].
[12].

((a,,»,(u%j
:Idt =2 " T (1+1)e#™GLT [ xe™ N
((bq»,[B . j

((a,))

(b) _[o (sint)*e™ G, {xe‘2it (©)

2
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