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ABSTARCT

The main aim in estimation of parameters is to getmore précised estimators. It is also observed that with
inclusion of more information within the estimation procedure produces better estimators, provided the data
must be valid and proper. Auxiliary information has been used in the product method of estimation to
attainabetter estimator of the population mean. In product method of estimation,an auxiliary variable is used
which is linearly highly negative correlated with the variable under study and help in estimation of population
mean.

The problems of estimating the ratio and product of two population means are very common in practice in the
field of medical, engineering, socio-economic, forest surveys etc. When on performing sample surveys in
agricultural, socio-economic, and forest research, the calculation of the product of two population means may
be of significance.
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l. INTRODUCTION

The problems of estimating the ratio and product of two population means are very common in practice
like- in medical, engineering, socio-economic, forest surveys etc.

When on performing sample surveys in agricultural, socioeconomic, and forest research, the
calculation of the product of two population means may be of importance.

For instance, if we are willing to estimate the total inhabitants of people in a Block then villages can
treated as a sampling units. We can estimate the product of (i) average number of occupied houses per village
and (ii) average number of people in each house per village, and then the inhabitants of the Block can be
calculated by multiplying the estimate of product by the number of villages. The area of the village, the number
of cultivators, the number of agricultural laborers, and other auxiliary characteristics may be employed in this
context.

Singh (1965, 67) has proposed the estimators for the estimation of Rand P by using an auxiliary character x; as
(% s (X s (2\*

r=R(). r=R(5) R=R(5)
B

_p(h _p(h . _p(h
=P (3) P =P (3) Po=P(7)
wherea and S are constants.

Tripathi (1970,80) has considered a generalized estimator Ry for R defined by
Y, -t (Xl - X1)

Zy = tz(X1 - X1)

It may be noted that R,R;,R, and R; defined above may be derived as a particular member of Ry. The optimum
choices of t; and t, are shown to be the sample regression coefficients.

Singh (19824, 82b) has proposed the family of estimators for R and P which are given by

= s (X - = X

Rem(®), R-g(rd)

5 _ D X1 5 _ ) )?1

B, = Ph (E) , B=g (P,X—l)

Whereh(1) =1, g(R,1)=R, g(P,1) = P and h(-) and g(-, -) satisfy some regularity conditions. Ray and Singh
(1985) have also proposed the estimator for R and P given by

RT:
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Res = (1 +W)R—WR (%)

and Pes = (1+W)P — WP (3)

1
Rao (1957) and Rao and Pereira (1968) have suggested the estimators for R by utilizing the two auxiliary
characters x, and x, given by

n= 0

—p (%) (%
r=r()(®)
respectively. Singh (1969) considered the estimators

0( ar
and R, = [ — + W, ( ) ]
and Shah and Shah (1978) conS|dered

a
R = R[wi (52) + wa ()]

wherea,, @, and « are constants and w +w,=1
Khare (1987b) modified the estimator of Singh (1986) type for some assumptions regarding the value of
derivatives of the function where the estimator of Singh (1986) does not hold. Another estimator by Khare
(1988) is

Ryy =h (Yp%) -9 (21;_1)
This class Ry attains same minimum value of MSE as R, and it also includes more members which are neither
covered by R, nor by Singh (1986) estimators.
When the population means X;,X,, ... .... X of p-auxiliary characters x,,x,...xp are known, Singh (1965)
suggested the estimator for R and P given by

R, =RTIL () fqﬂ(m)

and P, =PI (7) Lqﬂ(ii)

Tripathi and Chaturvedl (1979) have extended the class of estimators R due to Tripathi (1970,80) which is given
as

737t D(R,-%)
751,40 (%i-%)
wheret Mand t@ are suitably chosen statistics.

Khare (1983, 91a, 92b) suggested the class of estimators for R and P by following Srivastava (1971) which are
given by

Ry =

= Rh(uy, up, Suy), R =g(Roug,upuy),

> | >

and By = Ph(uy,up, -+ u,), P =g(Poug,up, -, up), where u; =

1,g(R,1,1---1) = Rand g(P,1:--1) = P and h(*) and g(-,-)satisfy some regularity conditlons

Srivastavaetal. (1988) have given a generalized estimator for R and P by using auxiliary characters defined by
i \ 1 (% \ 22 F1m \P1 (%20 \P2

Rys* =R ( ) (,—) and Py = P( ) (X—) where a4, a, and By, 3, are constants.

F1n X2 T1in 2

Some chain-ratio-type estimatorsfor ratio of the population means using double sampling scheme have been
considered by Singh et al. (1994), Prasad et al. (1996) and Singh & Singh (1997-98). Further Khare and
Srivastava (1998) have proposed combined generalized chain (CGC) estimators for ratio and product of the
population means using two auxiliary characters and double sampling scheme which becomes unbiased for a
proper choice of weights.

In case X;,X,,--,X, are unknown, Khare (1983,92b,93a) extended the classes R,” and P," to the case of p-
auxiliary characters and the class of estimators are defined by

X1m Xpm

Rg _g(Rm) e xz; ——and

xlm Xpm

B =g(B) 2 ;;n

Khare (1990) proposed a generalized class of estimators for a combination of product and ratio of some
population means using multi-auxiliary characters. The parameter considered for estimation is given as

h(1 1.--1) =
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71,72,
Vm+1.Ym 42,V ke
usingp-auxiliary charactersx;,x,,...x, the class of estimators for 6 is given by

g = éh(ul,uz,u-,up)
Whereh(1,1,:--,1) =1 and satisfies regularity conditions. Further Khare (1993a) extended the class of
estimators 6* to the case of double sampling and determined the optimum values of first and second phase
sample which have minimum mean square error for the given cost.
Further, BahlandTuteja (1991)introduce an exponential ratio-type estimator for population mean as given by

_ [X-=
Ta=yexp [;—H—x—
and exponential product-type estimator as
_ X — X
T2 = yew m]

Now our main objective is to study and analysis the properties of above existing estimators and suggests a hew
generalized estimator for product of two population mean using auxiliary information to reduce the error
occurred in the estimation.

1. THE SUGGESTED ESTIMATOR
The proposed estimator is

T=%y+aX—-x)+ (1 — a(P-p) ..(D)
_ _ (NX-nX) _ (NX-n3)
Here X, = o , ¢ = o

i=Y(+eg), y,=N(1+g")
E:X(l‘l'gl) y ﬁ:P(1+€2)
St

E(e) = E(e) = E(e) = E(g) =0 , (>—=) =12
E(g%) = AC,,° . E(5) = 1C,,”
E(g,%) = AC,* , E(g,%) = AC,?

E(eogo) = Apy,y,Cy, Gy, ' E(eoer) = Apy,xCy, Gy
E(goer) = Apy,Cy, Gy , E(gy'e1) = Apy,xCy,Cy
E(g'ey) = Apy,,C,,C, E(&18;) = Apy, C,C,

The notations used are defined as follows:
N- Population size

n - Sample size

f=n/N (Sampling fraction)

C_yu Cy,,Cy , C,- Coefficient of Variations
X, P- Population means

V1, V2, X, p -Sample means

py,x = Correlation coef ficient between Y; and X
py,p = Correlation coefficient between Y, and P
Py,x = Correlation coef ficient between Y, and X
py,p = Correlation coefficient between Y, and P
Py,y, = Correlation coef ficient between Y, and Y,
pxp = Correlation coef ficient between X and P
Now simplify
_ x—X) n(XQ+g)—-X) nXg
X—X =n = =
N—-n _N—-—m _ N-—n
- P—-P) n(P(l+¢e)—P) nPeg
P—p.=n N = =
-n N-—-n N-—-n

Put the value in given eq.

, ¥ —X p— P
T =715.(1 + &)1 + &) +a{n§Vx—_n)}+ 1-a) {nf\/p—_n)}

T=F00+e)(1+e&) +a(t)+ (1-a) (322) @
Since we know that
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Given (% — %) = A , therefor

Then by eq. (2)

W) _ na

JR— 4 )? P
7u:nna+ewﬂ+€0+<i;j+(“_”<ﬂ%)

T=T7(1+e + e+ 20gp) + (S2) + (1 — ) (52) @3)
It is the expansion of the estimator

I1l.  THE BIAS AND MEAN SQUARE ERROR
Taking expectation on both side and ignoring terms of degree greater than two then we get

o , , aXE(g)
E (T) = Y1Y2(1 + E (80) + E(So) + +E(8080) + T
PE(e;)
1 —
+(1—-a) ( N )
Put the value of these expectation
E(T) = h%5[1+2p,,,,C,Cy, |
Therefore
Bias (T) = E(T) — ¥V,
Bias (T) = 111, ()‘pywz Cy1 Cyz) (4)
Since mean square error is given by following eq.
MSE(T3) = E(T5 — Y1,)? ®)
P 2 2 2 -
Y2Y7(eo + €2 + 26050) + a?X N2/12 +(1—a)?P? N2)12 +
ntaX :
_ 2 NI (5051"‘5051) +
[T, — 11 5,)% = _

NANCE a) (eosz + go8) +

a(l— a)XPsl &
N2p2

Taking expectation on both side, we have

Therefor by eq. (5)
2y2

a
N2/12
E(&®) + 2Y1Y2 (5(5051) + 5(5051))

2a(1 — a)XP
N2)2

MSE(T) = 17121722 (E(Eoz) + E(g%) + 2E(£0£6)) ——E(g%)
(1 — a)?P?
+ N272

P(1- .
( ) (E(eoez) + E(soel)) +

+27172T E(&€2)

Put the value of the given expectation

a?k?2c? (1 - a)?P2AC,?
NTRZ N2/12

(1
(’lpyw Cy, Cp + APy Gy, CP)

MSE(T) = ¥,"%,°(AC,,% + 2,2 +22p,,,,C,,Cy,) +

+ zyly2 (ApyGCle +2py,:C,,C) + 207,
2a(1 — a)XP

NZ)2 APy € Gy
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a Xz 2
V2 C; +

[YZvZa(ck + C2, +2py,4,Cy. Cy, ) +
(1_,\,0;);?2 Gy +2 aﬁﬂx (Py1xCyy + PyyaCyy) +
20,7~ (120 ©

(Py1pCy, + Pyap Cy,) +

C.G,

MSE(T) =

20((1 OC)NZApo

v. MINIMIZATION OF MEAN SQUARE ERROR
Minimize the M.S.E of estimator differentiate partially eq.(6) with respect to « and equal to zero then we have

[ 2aX2%C? _2(1- a)P%C,* N 1
| NZ2 NZ2 |
_ )? __P
MSE(T) |2Y Y 2y (Py1xCyy Ce + £ypxCyy o) — 2Y1Y2N(py1pcy1cp - pyzprsz)I
[ 2XP 4aXP J
+ N_zlpxp CxCp N—ZA'DXP Cy Cp
Therefore
_ — _
[ 2aX%C,*  2(1 - a)P%C, __X
NZi NZ1 +2YlY2N(py1nyle +p}’2XCY2CX) -
__P 2XP 4aXP
2 Y, N(pywcylcp = Py Gy, Gp) + N2 P C Gy N2zj P GGy
=0
Now
2X%c,* 2P%C,* 4XP
R R R
__X P 2XP
=|2nY; ch(pyzxcyz+pylx )ZYIYZ (pyw y1 pJ/zPCJ/z) o meprC
21326,,2]
NZ22

2
Above eq. multiply by NZ—A then we get the value of «
Y1 Y2 XCNA(py,x Cy, + Py,x Cy,) + Y1 Y2PC,NA
(pyw (-i + Pyzp Cyz)
—XPp,, C,C,,
P2C2 — 2XPp,, C,C,

P22
P2C2 —

(@] = T

Y1Y,XC N)‘(pmX Cy1 + Pyox Cyz) + YlYZPCpN}‘(pym Cyy + Py Yz)
—XPp,, C,C,
S ——
(x2c,? + P2c,* — 2XPp,,C,C,)

P22
P2C2 -

X2CZ — V1, XCNA(py,x Cy, + Pypx Cy,) — T1V2PC,NA
(Pyi1p C_y1 + Py Cy,)
+XPp,, C,C,
X2C2 + P2C2 — 2XPp,, C,C,

[A-a)] =
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p— SF Y7 N7 _—— 2
X2C2 — ,XC,NA(py x Cy, + py,x Cy,) — ViV,PC,NA

(py1p Cl1 + Py2p Cyz)
+XPpyy CxC,

(X2¢,2 + P2C,%> — 2XPp,,C,C,)"

(1-a)=

Substitute the value of a, a? and (1 — «)? in eq. (6) than we get the

Min[MSE(T)] =

(224 P20y % = 2R PPy CoCp ) [AT1 T2 (Cyp 24Cy 2420y 15 Cy 1 Gy )| +

- - XC
271 =5 (py1xCyq +Py2xCyy) .
[P?Cp? — XPpay Cx Cp ~V1TaNAKCy(pypxCyp+py1xCyq) +T172NAPCy (py1p Cyq +Py2p Cyy)]

PC
> 7 PCp
211y 1pCy1+Py2pCy2) "
[X2C2 = XPpap Cx Cp+ 1 TaNAKCx (Py 53 Cyy—Py12Cy1 )~V FaNAPCy (y1p Cyq —Pyap Cyy)]
7 27,2 N222(% p z
1 |1"R N (ch(Pyzxcyz+Py1ny1)_PCp(Py1pr1+Pyzprz))
NZ2 X2P2(1—p. 2)c.2¢. 2
+ (1=pxp 2)C:“Cp
(X2C 2+ P2Cy % —2XPpyy CCp)

This is the final result of minimum MSE of the suggested estimator.
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