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Abstract

Designing control policies for autonomous systems such as self-driving cars is complex.

To this end, researchers are increasingly using reinforcement learning (RL) to design

a policy. However, guaranteeing safe operation during real-world training and deploy-

ment is currently an unsolved issue, which is of vital importance for safety-critical

systems. In addition, current RL approaches require accurate simulators (models) to

learn policies, which is rarely the case in real-world applications. The thesis intro-

duces a safe RL framework that provides safety guarantees and develops a constrained

learning approach that learns system dynamics. We develop a safe RL algorithm that

optimizes task rewards while satisfying safety constraints. We then consider a variant

of safe RL problems when provided with a baseline policy. The baseline policy can

arise from demonstration data and may provide useful cues for learning, but it is

not guaranteed to satisfy the safety constraints. We propose a policy optimization

algorithm to solve this problem. In addition, we apply a safe RL algorithm in the

legged locomotion to show its real-world applicability. We propose an algorithm that

switches between a safe recovery policy that keeps the robot away from unsafe states,

and a learner policy that is optimized to complete the task. We further exploit the

knowledge about the system dynamics to determine the switch of the policies. The

results suggest that we can learn legged locomotion skills without falling in the real

world. We then revisit the assumption of knowing system dynamics and develop a

method that performs system identification from observations. Knowing the parame-

ters of the system improves the quality of simulation and hence minimize unexpected

behavior of the policy. Finally, while safe RL holds great promise for many applica-

tions, current approaches require domain expertise to specify constraints. We thus

introduce a new benchmark with constraints specified in free-form text. We develop

a model that can interpret and adhere to such textual constraints. We show that the

method achieves higher rewards and fewer constraint violations than baselines.
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Chapter 1

Introduction

1.1 Safe Reinforcement Learning and Constrained

Learning for Dynamical Systems

Designing control policies for many autonomous systems such as self-driving cars,

unmanned aerial vehicles, and personalized robotic assistants is inherently complex.

For instance, to design a walking gait for quadruped robots, designers need to hand-

tune the timing of the stance and swing phases of the gaits. During the stance phase,

a model predicted control (MPC) is used to generate the desired torque commands

for the legs. This requires approximating the system dynamics of the robot via

a centroidal dynamics model. During the swing phase, swing trajectories and the

corresponding landing positions of legs are generated based on the target walking

speed and the current position of the legs. Such an approach requires knowledge

about the complex system dynamics, which leads to a significant amount of time to

design a control policy.

To deal with this challenge, practitioners are increasingly turning towards data-

driven learning techniques such as reinforcement learning (RL) for designing sophisti-

cated control policies. Reinforcement learning is concerned with how learning agents
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ought to take actions in an environment to maximize the cumulative task reward.

Recent advances in deep RL have demonstrated excellent performance on several do-

mains ranging from games like Go [136] and StarCraft [9] to robotic control [101]. In

these settings, agents are allowed to explore the entire state space and experiment

with all possible actions during training to optimize the task reward. However, in

many real-world applications such as self-driving cars and unmanned aerial vehicles,

considerations of safety, fairness, and other costs prevent the agent from having com-

plete freedom to explore when learning or fine-tuning a control policy in the real

world. For instance, an autonomous car, while optimizing its driving policies, must

not take any actions that could cause harm to pedestrians or property (including

itself). Hence, it is prudent to critically examine the potential consequences and pro-

vide a safety guarantee. In particular, (1) when the RL algorithm is deployed in the

real world on a physical robotic system, how do we ensure that the system will act as

it did in the laboratory? (2) In addition, when the RL algorithm is used to learn a

control policy, how do we streamline the learning process so that do not need to train

the policy from scratch? (3) Furthermore, when the system dynamics that are used

to train control policies do not faithfully reflect what happened in the real world, how

do we improve the quality of the simulator (model)? (4) Finally, when provided with

information about the task at hand or non-reward feedback to the system, how do

we effectively exploit the information to improve reward performance while ensuring

safety?

In this thesis, we take a step toward answering these questions by formulating the

problem of safe reinforcement learning, in which we aim to learn control policies that

maximize a reward function while satisfying predefined constraints in the form of the

constrained optimization problem. One unique aspect of safe RL is that we would like

the learning agent do not violate the safety constraints during the entire learning pro-

cess, not just at the end of training. This is because when applying RL algorithms in
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the real world to learn a control policy from scratch or fine-tune a control policy, the

actions taken by the agent may cause damage to itself or humans. Specifically, we will

study four aspects of safe RL: (1) safety: learning policy without violating the safety

constraints, (2) supervision of demonstration data: exploiting the demonstration

data or teacher agent into the learning process to improve learning efficiency while

ensuring safety, (3) constrained learning for system dynamics: using knowledge

about the physics to inform the learning system parameters of dynamics from ob-

servations when the unknown system parameters are essential for conducting safety

analysis or synthesis of control policies, and (4) multi-modal: providing non-reward

safety feedback (e.g., text) to the system to correct its unsafe action while improv-

ing the task reward. In addition, we will test the proposed algorithms in a wide

range of simulated and real-world applications to show their applicability, including

(1) simulated robots manipulation tasks with safety constraints, (2) simulated traffic

management tasks with fairness constraints of drivers, (3) simulated self-driving car

policies with human supervision data, and (4) real quadruped robots with the safety

constraints of falls. We hope these algorithms and applications will shed light on how

to design control policies for robots to safely and efficiently learn tasks.

1.2 Related Work

In this thesis, we first focus on safe reinforcement learning in which we assume the

system dynamics and their relevant system parameters are given to learn a control

policy in the simulator. Then, in some applications, the system parameters that

are useful for verifying the safety of the agent and simulating the environment are

unknown due to partial knowledge about the system dynamics. We thus relax the

assumption of knowing the system dynamics, and propose an approach of learning

those dynamics for learning control policies in simulation or tracking the evolution of
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the system parameters. Finally, current robotics systems are incapable of receiving

feedback from humans for correcting their unsafe behaviors after the control policy is

programmed or tuned in the factory. Even though they are able to accept feedback

from humans, this is often achieved by directly typing the commands or using physical

buttons, which is time-consuming and not easy for humans to use. We thus propose

a method to use natural language to specify the safety constraints for the agents

to correct their dangerous behavior for the ease of safe human-robot interactions.

We now review the works in the field of (1) safe reinforcement learning, (2) physics-

informed deep learning, and (3) RL for natural language processing.

1.2.1 Policy Learning with Constraints

The problem of policy learning with constraints is more challenging since directly

optimizing for the reward, as in Q-Learning [112] or policy gradient [143], will usu-

ally violate the constraints. One approach is to incorporate constraints into the

learning process by forming a constrained optimization problem. This approach has

been explored in the context of safe RL [57]. The agent learns policies either by

(1) exploration of the environment [6, 148, 37] or (2) through expert demonstra-

tions [129, 126, 55]. For example, [149] use the sub-optimal demonstration to guide the

learning. They obtain the safe policy by iteratively solving model predictive control.

In addition, [180, 139, 150] pre-train a safe policy to guide the learning process. How-

ever, using expert demonstrations requires humans to label the constraint-satisfying

behavior for every possible situation. The scalability of these rule-based approaches is

an issue since many real autonomous systems such as self-driving cars and industrial

robots are inherently complex. As a result, we design a safe reinforcement learning

algorithm that does not rely on the pre-specified demonstration data. We show the

learning agent is able to achieve better reward performance while satisfying the safety

constraints compared to the prior works.
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1.2.2 Leveraging Baseline Policies and Demonstration Data

Prior work has used baseline policies to provide initial information to RL algorithms

to reduce or avoid undesirable situations. This is done by either: initializing the policy

with the baseline policy [45, 138, 92, 3, 55, 95, 159, 83], or providing a teacher’s advice

to the agent [56, 124, 4, 181]. However, such works often assume that the baseline

policy is constraint-satisfying [142, 15]. In many real-world applications, the baseline

policy may not satisfy the constraints at hand. Hence we would like to propose an

approach to safely learn from those constraint-violating policies.

1.2.3 Policy Optimization with the Initial Safe Set

[163, 141, 155] assume that the initial safe set is given, and the agent explores the

environment and verifies the safety function from this initial safe set. However, such

a safe set may not be known in advance in some applications, which limits their

applicability. In this thesis, we focus on the assumption of given baseline policies

that need not be safe, which is more practical in real world applications.

1.2.4 Reinforcement Learning for Quadrupedal Locomotion

Several recent works have applied RL in quadrupedal locomotion to acquire complex

locomotion skills [119, 91, 145, 49, 64, 177, 63, 179]. The reason for using RL is

that designing those control policies for robots usually requires explicit knowledge

about the system dynamics, which are hard to obtain in practice. These approaches

often directly learn the policy or fine-tune the learned policy in the real world without

considering safety and thus require humans to recover robots when falling. In contrast,

we focus on how to learn control policies safely for robots.
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1.2.5 Physics-informed Learning and Differential Simulators

In the first three chapters of the thesis, we assume that the system dynamics are

given to learn the control policy in simulation, or the system parameters that drive

the system dynamics are known. However, for some applications, the knowledge of

the system dynamics is not always known. Hence we would like to learn the system

dynamics from the data. We now review this line of work. The approaches that

learn system dynamics (i.e., given the current state and the control input, we want

to predict the next state) can be grouped into three categories: black-box methods,

grey-box methods, and white-box methods. First, black-box methods [80, 171] do not

get access to the system dynamics. This approach usually trains a neural network

that directly predicts the states given the input of observations and actions. However,

this method lacks interpretability due to the absence of constraints on the latent

representations. Second, grey-box methods [41] exploit partial knowledge about the

system dynamics and assume some parameters inside the system are unknown. This

approach offers great flexibility in predicting system parameters and improves the

interpretability of the model. Third, white box methods [122, 102] impose prior

knowledge by using explicit dynamics models. Such an approach reduces the search

space of neural networks but requires more knowledge about the system dynamics.

In this thesis, we focus on the grey-box method since it balances interpretability and

prior assumptions, and has many real-world applications.

Recent work on physics-based deep learning regularizes the latent representation

by using Lagrangian and Hamiltonian dynamics [185, 50, 107]. This physics-informed

deep learning framework is also being extended into autodifferentiation frameworks.

This has enabled differentiation through system dynamics such as contact and fric-

tion models [185] and latent state models [82, 132, 60, 69]. These approaches lead

to applications such as robot motion planning through differentiable models [7, 85],

fluid simulation rendering [151, 76, 128], and system identification [96, 69]. However,
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prior works assume that the data are from the same system parameters. This implies

that neural networks do not learn to generalize to the new set of system parameters.

In this thesis, we aim to design a model that is capable of identifying system param-

eters from multiple observations without re-training. This approach streamlines the

identification process during testing or deployment.

1.2.6 Reinforcement Learning with Natural Language Pro-

cessing

Several recent works have applied RL in the domain of natural language processing

such as dialogue systems [182], instruction following [53], and human-robot inter-

actions [118]. In this thesis, our work closely relates to the paradigm of instruction

following in RL, which has previously been explored in several environments [108, 162,

28, 147, 13, 88, 12, 153, 106, 146, 165]. Prior work has also focused on creating real-

istic vision-language navigation datasets with visual urban or household environment

[21, 31, 11, 42] and proposed computational models to learn multi-modal representa-

tions that fuse images with goal instructions [81, 22, 52, 105, 78, 54, 75, 53, 160]. In

this thesis, we focus on using natural language to specify the safety constraints for

correcting the unsafe behavior of the robot.

1.3 Organization and Contribution of the Thesis

The work in this thesis presents a framework for learning a control policy safely with

testing on physical robotic platforms. The organization and contributions are sum-

marized here, and can be visualized in Fig. 1.1. In Chapter 2, we formally introduce

the problem of safe RL. We take a perspective from optimization theory and pro-

pose a constrained optimization algorithm. We provide a theoretical analysis of the

learning performance for each policy update in terms of safety violations and reward
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Figure 1.1: An overview of the thesis with an example of learning a control policy for
quadruped in the real world.

improvement. Finally, we draw connections with related methods and conduct ex-

periments with simulation tasks (robot manipulation and traffic management tasks)

at the end of the chapter. Our contribution is a new safe reinforcement learning

algorithm that improves safety constraint satisfaction using a projections approach

over a prior state-of-the-art algorithm.

In Chapter 3, we aim to improve the learning efficiency of the algorithm proposed

in Chapter 2. We assume that the baseline policy (demonstration data or teacher

agent) is provided to the learning agent. The baseline policy contains a useful signal

for learning, but it may not satisfy the safety constraints of the task at hand. We

thus propose an algorithm that can safely exploit the baseline policy to improve the

task reward performance. We provide theoretical analysis on the convergence of the

algorithm, i.e., how many policy updates are needed to achieve an optimal solution.

Finally, we conduct experiments with simulation tasks (robot manipulation and traffic

management tasks) and one human demonstration task for car simulation at the end

of the chapter. The contribution is a new safe reinforcement learning algorithm that
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is able to learn from constraint-violating baseline policies without violating the safety

constraints.

In Chapter 4, we shift the focus from simulated applications to real-world appli-

cations and push the limit of the safe RL algorithm by applying it to real quadruped

robots. Our goal is to understand the resilience of the algorithm in the more complex

task due to the under-actuated and non-continuous robot dynamics. These complex

dynamics make the robot fall easily. Our learning framework adopts a two-policy

structure: a safe recovery policy that recovers robots from near-unsafe states, and a

learner policy that is optimized to perform the desired control task. We exploit the

knowledge about the system dynamics to determine the switch timing between these

two policies. Finally, we experiment with the proposed framework in the real hard-

ware and show that the robot never falls during the entire learning process. This is

the first work to demonstrate that it is able to learn a locomotion skill autonomously

and safely in the real world without manually resetting (e.g., position the robot to a

safe pose after falling).

In Chapter 5, we revisit the assumption of knowing system dynamics (i.e., simu-

lators or models) that are used to train control policies in simulation (Chapter 2, 3),

and known system parameters of the system dynamics (Chapter 4). Many RL algo-

rithms require simulators or models to faithfully simulate the true system dynamics

in the real world. Without an accurate simulator, the policy trained in simulation

could have low reward task performance in the real world due to environment dis-

tribution shift. This can cause the policy to have unseen or undesirable behaviors,

leading to unsafe events. In addition, in many applications system designers do know

the dynamic equations of the system (i.e., physics) but do not know its state and the

system parameters. Knowing the state and parameters of the system aids in learning

a control policy safely and tracking parameter evolution over time. Hence, in this

chapter, we relax the assumption of knowing the full system dynamics and assume
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that the system equation is known but the system parameters are unknown. This

setting is useful such as the system parameters (e.g., friction coefficient) we used in

Chapter 4 may change over time due to motor deterioration or even unknown to sys-

tem designers. We thus propose and explore a model that integrates physics into an

autoencoder to perform unsupervised state and physical parameter predictions from a

sequence of observations. The networks that predict the states and system parameters

from observations are constrained to follow the dynamics of the system (i.e., physics)

through a differentiable simulator. Finally, we evaluate the proposed model in three

visual and one sensor measurement tasks. The contribution is that the proposed

model imposes interpretability on latent states and achieves improved generalization

performance for the long-term prediction of system dynamics over state-of-the-art

baselines.

In Chapter 6, while safe RL holds great promise for many practical applications

like robotics or autonomous cars, current approaches require specifying constraints

in mathematical form. Such specifications demand domain expertise, limiting the

adoption of safe RL. In addition, current autonomous systems are unable to receive

feedback from humans after being programmed or designed in the factory. This

prevents the agent from adapting to the changing environments. Even if the agent

can understand the feedback from humans, this is often achieved by inputting the

commands manually to the robot or pressing buttons on the robot, which is time-

consuming. Such an approach prevents the autonomous agent to correct its unsafe

behavior during deployment. To this end, we extend the algorithm in Chapter 2 and

propose learning to interpret natural language constraints (i.e., non-reward feedback)

for safe RL. Natural language provides a flexible way for humans to specify the safety

constraints of robots. In addition, we humans learn to be safe by receiving verbal

feedback from parents without really trying unsafe behavior during our childhood.

A robot with such a capability can greatly improve safety. We first introduce a new
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multi-task benchmark that requires an agent to optimize reward while not violating

constraints specified in free-form text. We then develop an agent with a modular

architecture that can interpret and adhere to such textual constraints while learning

new tasks. We show that our method achieves higher rewards (up to 11x) and fewer

constraint violations (by 1.8x) compared to existing approaches. However, in terms

of absolute performance, the dataset still poses significant challenges for agents to

learn efficiently, motivating the need for future work.

In Chapter 7, we draw conclusions and review the contribution of the thesis.

In addition, we discuss several possible research directions. Besides the theoretical

analysis and empirical evaluation of methods and algorithms in the thesis, we also

release the code to public.

In summary, the goal of the thesis is to enable safe learning for autonomous sys-

tems with a safety guarantee while demonstrating RL algorithms can be safely used

in real-world applications. Chapter 2 introduces the framework of safe reinforce-

ment learning (safety); Chapter 3 adds an expert policy to improve learning speed

(supervision of demonstration data); Chapter 4 applies safe RL in the real hard-

ware (safety); Chapter 5 relaxes the assumption of the knowing system dynamics and

conducts system identification to learn the dynamics through a differential simulator

(constrained learning for system dynamics), and finally, Chapter 6 considers

the multi-modal scenario for optimizing the task reward under the textual constraints

in safe RL (multi-modal).

Safely applying RL to autonomous systems (e.g., self-driving cars, household

robots) can have the enormous potential to streamline the deployment of systems

and hence improve the quality of human life. To achieve this, this thesis develops a

series of approaches to enable safe learning of control policies and demonstrate their

applicability both in simulation and in the real world. Our safe learning approach

allows the robot to accurately reason about its own safety and its impact on surround-
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ing environments including humans. However, to achieve fully autonomous and safe

robotic technologies, our understanding of safe autonomous systems needs to push

further. We hope that this thesis could inspire researchers and practitioners in the

field of reinforcement learning to develop next-generation safe autonomous systems.

Prior Publications. Parts of this thesis have been published in [173, 175, 176,

174].
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Chapter 2

Projection-Based Constrained

Policy Optimization

2.1 Introduction

Reinforcement learning (RL) has achieved impressive performance in the past decade

on a wide variety of tasks across different domains such as video games [9], Go [136],

and robotic control [101]. However, in many real-world applications such as self-

driving cars and unmanned aerial vehicles, considerations of safety, fairness, and

other costs prevent the agent from having complete freedom to explore. The agent is

constrained to take actions that do not violate a specified set of constraints on state-

action pairs. In this chapter, we formally address the problem of learning control

policies that optimize a reward function while satisfying predefined constraints during

the learning process.

The problem of policy learning with constraints is more challenging since directly

optimizing for the reward, as in Q-Learning [112] or policy gradient [143], will usually

violate the constraints. One approach is to incorporate constraints into the learning

process by forming a constrained optimization problem. Then perform policy updates
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using conditional gradient descent with line search to ensure constraint satisfaction [6].

However, the base optimization problem can become infeasible if the current policy

violates the constraints. Another approach is to add a hyperparameter weighted copy

of the constraints to the objective function [148]. However, this incurs the cost of

extensive hyperparameter tuning.

To address the above issues, we propose projection-based constrained policy opti-

mization (PCPO). This is an iterative algorithm that performs policy updates in two

stages. The first stage maximizes reward using a trust region optimization method

(e.g., TRPO [133]) without constraints. This might result in a new intermediate pol-

icy that does not satisfy the constraints. The second stage reconciles the constraint

violation (if any) by projecting the policy back onto the constraint set, i.e., choosing

the policy in the constraint set that is closest to the selected intermediate policy.

This allows efficient updates to ensure constraint satisfaction without requiring a line

search [6] or adjusting a weight [148]. Further, due to the projection step, PCPO

offers efficient recovery from infeasible (i.e., constraint-violating) states (e.g., due to

approximation errors), which existing methods do not handle well.

We analyze PCPO theoretically and derive performance bounds for the algorithm.

Specifically, based on information geometry and policy optimization theory, we con-

struct a lower bound on reward improvement, and an upper bound on constraint

violations for each policy update. We find that with a relatively small step size for

each policy update, the worst-case constraint violation and reward degradation are

tolerable. We further analyze two distance measures for the projection step onto the

constraint set. We find that the convergence of PCPO is affected by the smallest

and largest singular values of the Fisher information matrix used during training. By

observing these singular values, we can choose the appropriate projection best suited

to the problem.

Empirically, we compare PCPO with state-of-the-art algorithms on four different
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control tasks, including two Mujoco environments with safety constraints introduced

by [6] and two traffic management tasks with fairness constraints introduced by [161].

In all cases, the proposed algorithm achieves comparable or superior performance to

prior approaches, averaging more rewards with fewer cumulative constraint viola-

tions. For instance, across the above tasks, PCPO achieves 3.5 times fewer constraint

violations and around 15% more reward. This demonstrates the ability of PCPO

robustly learn constraint-satisfying policies and represents a step toward the reliable

deployment of RL in real problems.

Prior Publications. Parts of this chapter have been published in [173].

Code. https://sites.google.com/view/iclr2020-pcpo

2.2 Problem Setup for Safe Reinforcement Learn-

ing

We frame our policy learning as a constrained Markov Decision Process (CMDP) [10],

where policies will direct the agent to maximize the reward while minimizing the cost.

We define CMDP as the tuple < S,A, T, R, C >, where S is the set of states, A is

the set of actions that the agent can take, T : S × A × S → [0, 1] is the transition

probability of the CMDP, R : S ×A → R is the reward function, and C : S ×A → R

is the cost function. Given the agent’s current state s, the policy π(a|s) : S → A

selects an action a for the agent to take. Based on s and a, the agent transits to

the next state (denoted by s′) according to the state transition model T (s′|s, a), and

receives the reward and pays the cost, denoted by R(s, a) and C(s, a), respectively.

We aim to learn a policy π that maximizes a cumulative discounted reward, de-
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noted by

JR(π)
.
= Eτ∼π

[
∞∑

t=0

γtR(st, at)
]
, (2.1)

while satisfying constraints, i.e., making a cumulative discounted cost constraint1

below a desired threshold h, denoted by

JC(π)
.
= Eτ∼π

[
∞∑

t=0

γtC(st, at)
]
≤ h, (2.2)

where γ is the discount factor, τ is the trajectory (τ = (s0, a0, s1, · · · )), and τ ∼ π is

shorthand for showing that the distribution over the trajectory depends on π : s0 ∼

µ, at ∼ π(at|st), st+1 ∼ T (st+1|st, at), where µ is the initial state distribution. The

formulation of the cost constraint in Eq. (2.2) can be used for many applications.

For instance, in the stock market, we would like to learn a policy that trades stock

within the budget of the cost (i.e., we want the total cost to be smaller than the

budget). Another example would be the case with self-driving cars. We would like to

learn a policy that improves driving skills without hitting other vehicles. In this case,

the threshold h for counting the number of collisions would be zero. Note that we

want to develop an algorithm that ensures constraint satisfaction during the entire

learning process, not just at the end of the training.

[86] give an identity to express the performance of policy π′ in terms of the ad-

vantage function over another policy π :

JR(π′)− JR(π) =
1

1− γ
E

s∼dπ
′

a∼π′

[Aπ
R(s, a)], (2.3)

1In this thesis, we use the term “cost constraint” and “safety constraint” interchangeably.
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Figure 2.1: Update procedures for PCPO. In step one (red arrow), PCPO follows
the reward improvement direction in the trust region (light green). In step two (blue
arrow), PCPO projects the policy onto the constraint set (light orange).

where dπ is the discounted future state distribution, denoted by

dπ(s)
.
= (1− γ)

∞∑

t=0

γtP (st = s|π), (2.4)

and Aπ
R(s, a) is the reward advantage function, denoted by

Aπ
R(s, a)

.
= Qπ

R(s, a)− V π
R (s). (2.5)

Here Qπ
R(s, a)

.
= Eτ∼π

[∑∞
t=0 γ

tR(st, at)|s0 = s, a0 = a
]
is the discounted cumulative

reward obtained by the policy π given the initial state s and action a, and V π
R (s)

.
=

Eτ∼π

[∑∞
t=0 γ

tR(st, at)|s0 = s
]
is the discounted cumulative reward obtained by the

policy π given the initial state s. Similarly, we have the cost advantage function

Aπ
C(s, a) = Qπ

C(s, a)−V π
C (s), where Q

π
C(s, a)

.
= Eτ∼π

[∑∞
t=0 γ

tC(st, at)|s0 = s, a0 = a
]
,

and V π
C (s)

.
= Eτ∼π

[∑∞
t=0 γ

tC(st, at)|s0 = s
]
.

2.3 Projection-Based Constrained Policy Optimiza-

tion (PCPO)

To robustly learn constraint-satisfying policies, we develop PCPO–a trust region

method that performs policy updates corresponding to reward improvement, followed

by projections onto the constraint set. PCPO, inspired by projected gradient descent,
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is composed of two steps for each update, a reward improvement step and a projection

step (This is illustrated in Fig. 2.1).

Reward Improvement Step. First, we optimize the reward function by max-

imizing the reward advantage function Aπ
R(s, a) subject to a Kullback-Leibler (KL)

divergence constraint. This constraints the intermediate policy πk+ 1

2 to be within a

δ-neighbourhood of πk:

πk+ 1

2 = argmax
π

E
s∼dπ

k

a∼π

[Aπk

R (s, a)]

s.t. E
s∼dπ

k

[
DKL(π||πk)[s]

]
≤ δ. (2.6)

This update rule with the trust region, {π : E
s∼dπ

k

[
DKL(π||πk)[s]

]
≤ δ}, is called

Trust Region Policy Optimization (TRPO) [133]. It constrains the policy changes to

a divergence neighborhood and guarantees reward improvement.

Projection Step. Second, we project the intermediate policy πk+ 1

2 onto the

constraint set by minimizing a distance measure D between πk+ 1

2 and π:

πk+1 = argmin
π

D(π, πk+ 1

2 )

s.t. JC(πk) + E
s∼dπ

k

a∼π

[Aπk

C (s, a)] ≤ h. (2.7)

The projection step ensures that the constraint-satisfying policy πk+1 is close to πk+ 1

2 .

We consider two distance measures D: L2 norm and KL divergence. Importantly,

using KL divergence projection in the probability distribution space allows us to

provide provable guarantees for PCPO.
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2.4 Theoretical Analysis

Performance Bound for PCPO with KL Divergence Projection. In safety-

critical applications such as autonomous cars, one cares about how worse the per-

formance of a system evolves when applying a learning algorithm. To this end, for

PCPO with KL divergence projection, we analyze the worst-case performance degra-

dation for each policy update when the current policy πk satisfies the constraint.

The following theorem provides a lower bound on reward improvement, and an upper

bound on constraint violation for each policy update.

Theorem 2.4.1 (Worst-case Bound on Updating Constraint-satisfying Poli-

cies). Define ϵπ
k+1

R

.
= max

s

∣
∣Ea∼πk+1 [Aπk

R (s, a)]
∣
∣, and ϵπ

k+1

C

.
= max

s

∣
∣Ea∼πk+1 [Aπk

C (s, a)]
∣
∣.

If the current policy πk satisfies the constraint, then under KL divergence projection,

the lower bound on reward improvement, and upper bound on constraint violation for

each policy update are

JR(πk+1)− JR(πk) ≥ −
√
2δγϵπ

k+1

R

(1− γ)2
, and JC(πk+1) ≤ h+

√
2δγϵπ

k+1

C

(1− γ)2
,

where δ is the step size in the reward improvement step.

Proof. To prove the policy performance bound when the current policy is feasible

(i.e., constraint-satisfying), we prove the KL divergence between πk and πk+1 for

the KL divergence projection. We then prove our main theorem for the worst-case

performance degradation.

Lemma 2.4.2. If the current policy πk satisfies the constraint, the constraint set is

closed and convex, the KL divergence constraint for the first step is

E
s∼dπ

k

[
DKL(π

k+ 1

2 ||πk)[s]
]
≤ δ,

where δ is the step size in the reward improvement step, then under KL divergence
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projection, we have

E
s∼dπ

k

[
DKL(π

k+1||πk)[s]
]
≤ δ.

Proof. By the Bregman divergence projection inequality, πk being in the constraint

set, and πk+1 being the projection of the πk+ 1

2 onto the constraint set, we have

E
s∼dπ

k

[
DKL(π

k||πk+ 1

2 )[s]
]
≥ E

s∼dπ
k

[
DKL(π

k||πk+1)[s]
]
+ E

s∼dπ
k

[
DKL(π

k+1||πk+ 1

2 )[s]
]

⇒ δ ≥E
s∼dπ

k

[
DKL(π

k||πk+ 1

2 )[s]
]
≥ E

s∼dπ
k

[
DKL(π

k||πk+1)[s]
]
.

The derivation uses the fact that KL divergence is always greater than zero. We know

that KL divergence is asymptotically symmetric when updating the policy within a

local neighborhood. Thus, we have

δ ≥ E
s∼dπ

k

[
DKL(π

k+ 1

2 ||πk)[s]
]
≥ E

s∼dπ
k

[
DKL(π

k+1||πk)[s]
]
.

Now we use Lemma 2.4.2 to prove our main theorem. By the theorem in [6] and

Lemma 2.4.2, we have the following reward degradation bound for each policy update:

JR(πk+1)− JR(πk) ≥ 1

1− γ
E

s∼dπ
k

a∼πk+1

[

Aπk

R (s, a)− 2γϵπ
k+1

R

1− γ

√

1

2
DKL(πk+1||πk)[s]

]

≥ 1

1− γ
E

s∼dπ
k

a∼πk+1

[

− 2γϵπ
k+1

R

1− γ

√

1

2
DKL(πk+1||πk)[s]

]

≥ −
√
2δγϵπ

k+1

R

(1− γ)2
.

Again, we have the following constraint violation bound for each policy update:

JC(πk) +
1

1− γ
E

s∼dπ
k

a∼πk+1

[

Aπk

R (s, a)
]

≤ h, (2.8)
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and

JC(πk+1)− JC(πk) ≤ 1

1− γ
E

s∼dπ
k

a∼πk+1

[

Aπk

C (s, a) +
2γϵπ

k+1

C

1− γ

√

1

2
DKL(πk+1||πk)[s]

]

.

(2.9)

Combining Eq. (2.8) and Eq. (2.9), we have

JC(πk+1) ≤ h+
1

1− γ
E

s∼dπ
k

a∼πk+1

[2γϵπ
k+1

C

1− γ

√

1

2
DKL(πk+1||πk)[s]

]

≤ h+

√
2δγϵπ

k+1

C

(1− γ)2
.

Theorem 2.4.1 indicates that if the step size δ is small, the worst-case performance

degradation is tolerable.

Due to approximation errors or the random initialization of policies, PCPO may

have a constraint-violating update. Theorem 2.4.1 does not give the guarantee on

updating a constraint-violating policy. Hence we analyze worst-case performance

degradation for each policy update when the current policy πk violates the constraint.

The following theorem provides a lower bound on reward improvement, and an upper

bound on constraint violation for each policy update.

Theorem 2.4.3 (Worst-case Bound on Updating Constraint-violating Poli-

cies). Define ϵπ
k+1

R

.
= max

s

∣
∣Ea∼πk+1 [Aπk

R (s, a)]
∣
∣, ϵπ

k+1

C

.
= max

s

∣
∣Ea∼πk+1 [Aπk

C (s, a)]
∣
∣, b+

.
=

max(0, JC(πk)−h), and αKL
.
= 1

2aTH−1a
, where a is the gradient of the cost advantage

function and H is the Hessian of the KL divergence constraint. If the current pol-

icy πk violates the constraint, then under KL divergence projection, the lower bound

on reward improvement and the upper bound on constraint violation for each policy
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update are

JR(πk+1)− JR(πk) ≥−

√

2(δ + b+2αKL)γϵ
πk+1

R

(1− γ)2
,

and JC(πk+1) ≤ h+

√

2(δ + b+2αKL)γϵ
πk+1

C

(1− γ)2
,

where δ is the step size in the reward improvement step.

Proof. To prove the policy performance bound when the current policy is infeasible

(i.e., constraint-violating), we prove the KL divergence between πk and πk+1 for

the KL divergence projection. We then prove our main theorem for the worst-case

performance degradation.

Lemma 2.4.4. If the current policy πk violates the constraint, the constraint set is

closed and convex, the KL divergence constraint for the first step is E
s∼dπ

k

[
DKL(π

k+ 1

2 ||πk)[s]
]
≤

δ, where δ is the step size in the reward improvement step, then under the KL diver-

gence projection, we have

E
s∼dπ

k

[
DKL(π

k+1||πk)[s]
]
≤ δ + b+

2
αKL,

where αKL
.
= 1

2aTH−1a
, a is the gradient of the cost advantage function, H is the

Hessian of the KL divergence constraint, and b+
.
= max(0, JC(πk)− h).

Proof. We define the sublevel set of cost constraint functions for the current infeasible

policy πk:

Lπk

= {π | JC(πk) + E
s∼dπ

k

a∼π

[Aπk

C (s, a)] ≤ JC(πk)}.

This implies that the current policy πk lies in Lπk

, and πk+ 1

2 is projected onto the

constraint set: {π | JC(πk) + E
s∼dπ

k

a∼π

[Aπk

C (s, a)] ≤ h}. Next, we define the policy πk+1
l

as the projection of πk+ 1

2 onto Lπk

.
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Figure 2.2: Update procedures for PCPO when the current policy πk is infeasible.
πk+1
l is the projection of πk+ 1

2 onto the sublevel set of the constraint set. We find the
KL divergence between πk and πk+1.

By the Three-point Lemma, for these three polices πk, πk+1, and πk+1
l , with φ(x)

.
=

∑

i xi log xi (this is illustrated in Fig. 2.2), we have

δ ≥ E
s∼dπ

k

[
DKL(π

k+1
l ||πk)[s]

]
= E

s∼dπ
k

[
DKL(π

k+1||πk)[s]
]

− E
s∼dπ

k

[
DKL(π

k+1||πk+1
l )[s]

]

+ E
s∼dπ

k

[
(∇φ(πk)−∇φ(πk+1

l ))T (πk+1 − πk+1
l )[s]

]

⇒ E
s∼dπ

k

[
DKL(π

k+1||πk)[s]
]
≤ δ + E

s∼dπ
k

[
DKL(π

k+1||πk+1
l )[s]

]

− E
s∼dπ

k

[
(∇φ(πk)−∇φ(πk+1

l ))T (πk+1 − πk+1
l )[s]

]
.

(2.10)

The inequality E
s∼dπ

k

[
DKL(π

k+1
l ||πk)[s]

]
≤ δ comes from that πk and πk+1

l are in Lπk

,

and Lemma 2.4.2.

If the constraint violation of the current policy πk is small, i.e., b+ is small,

E
s∼dπ

k

[
DKL(π

k+1||πk+1
l )[s]

]
can be approximated by the second order expansion. By
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the update rule in Eq. (2.14), we have

E
s∼dπ

k

[
DKL(π

k+1||πk+1
l )[s]

]
≈ 1

2
(θk+1 − θk+1

l )TH(θk+1 − θk+1
l )

=
1

2

( b+

aTH−1a
H−1a

)T

H
( b+

aTH−1a
H−1a

)

=
b+

2

2aTH−1a

= b+
2
αKL, (2.11)

where αKL
.
= 1

2aTH−1a
.

And since δ is small, we have ∇φ(πk) − ∇φ(πk+1
l ) ≈ 0 given s. Thus, the third

term in Eq. (2.10) can be eliminated.

Combining Eq. (2.10) and Eq. (2.11), we have

E
s∼dπ

k

[
DKL(π

k+1||πk)[s]
]
≤ δ + b+

2
αKL.

Now we use Lemma 2.4.4 to prove our main theorem. Following the same proof

in Theorem 2.4.1, we complete the proof.

Theorem 2.4.3 indicates that when the policy has greater constraint violation (b+

increases), its worst-case performance degradation increases. Note that Theorem 2.4.3

reduces to Theorem 2.4.1 if the current policy πk satisfies the constraint (b+ = 0).

2.5 PCPO Updates

For a large neural network policy with many parameters, it is impractical to directly

solve for the PCPO update in Problem 2.6 and Problem 2.7 due to the computational

cost. However, with a small step size δ, we can approximate the reward function

and constraints with a first order expansion, and approximate the KL divergence
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constraint in the reward improvement step, and the KL divergence measure in the

projection step with a second order expansion. We now make several definitions:

g
.
= ∇θEs∼dπ

k
a∼π

[Aπk

R (s, a)] is the gradient of the reward advantage function,

a
.
= ∇θEs∼dπ

k
a∼π

[Aπk

C (s, a)] is the gradient of the cost advantage function,

Hi,j
.
=

∂2E
s∼dπ

k

[
DKL(π||πk)[s]

]

∂θj∂θj
is the Hessian of the KL divergence constraint (H is

also called the Fisher information matrix. It is symmetric positive semi-definite),

b
.
= JC(πk)− h is the constraint violation of the policy πk, and θ is the parameter of

the policy.

2.5.1 Update Procedure

Reward Improvement Step. We linearize the objective function at πk subject to

second order approximation of the KL divergence constraint in order to obtain the

following updates:

θk+ 1

2 = argmax
θ

gT (θ − θk)

s.t.
1

2
(θ − θk)TH(θ − θk) ≤ δ. (2.12)

Projection Step. If the projection is defined in the parameter space, we can

directly use L2 norm projection. On the other hand, if the projection is defined in

the probability space, we can use KL divergence projection. This can be approximated

through the second order expansion. Again, we linearize the cost constraint at πk.

This gives the following update for the projection step:

θk+1 = argmin
θ

1

2
(θ − θk+ 1

2 )TL(θ − θk+ 1

2 )

s.t. aT (θ − θk) + b ≤ 0, (2.13)

where L = I for L2 norm projection, and L = H for KL divergence projection.

25



Algorithm 1 Projection-Based Constrained Policy Optimization (PCPO)

Initialize policy π0 = π(θ0)
for k = 0, 1, 2, · · · do

Run πk = π(θk) and store trajectories in D
Compute g,a,H , and b using D
Obtain θk+1 using update in Eq. (2.14)
Empty D

One may argue that using a linear approximation to the constraint set is not enough

to ensure constraint satisfaction since the real constraint set is maybe non-convex.

However, if the step size δ is small, then the linearization of the constraint set is

accurate enough to locally approximate it.

Final PCPO Step. We solve Problem (2.12) and Problem (2.13) using convex

programming. For each policy update, we have

θk+1 = θk+

√

2δ

gTH−1g
H−1g −max



0,

√
2δ

gTH−1g
aTH−1g + b

aTL−1a



L−1a. (2.14)

We assume that H does not have 0 as an eigenvalue and hence it is invertible. PCPO

requires to invert H , which is impractical for huge neural network policies. Hence we

use the conjugate gradient method [133]. Algorithm 1 shows the pseudocode.

The derivation of the PCPO update in Eq. (2.14) is shown as follows.

Proof. For the first problem in Eq. (2.12), since H is the Fisher Information matrix,

which automatically guarantees it is positive semi-definite. Hence it is a convex

program with quadratic inequality constraints. Hence if the primal problem has a

feasible point, then Slater’s condition is satisfied and strong duality holds. Let θ∗ and

λ∗ denote the solutions to the primal and dual problems, respectively. In addition,

the primal objective function is continuously differentiable. Hence the Karush-Kuhn-

Tucker (KKT) conditions are necessary and sufficient for the optimality of θ∗ and λ∗.
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We now form the Lagrangian:

L(θ, λ) = −gT (θ − θk) + λ
(1

2
(θ − θk)TH(θ − θk)− δ

)

.

And we have the following KKT conditions:

−g + λ∗Hθ∗ − λ∗Hθk = 0 ∇θL(θ∗, λ∗) = 0 (2.15)

1

2
(θ∗ − θk)TH(θ∗ − θk)− δ = 0 ∇λL(θ∗, λ∗) = 0 (2.16)

1

2
(θ∗ − θk)TH(θ∗ − θk)− δ ≤ 0 primal constraints (2.17)

λ∗ ≥ 0 dual constraints (2.18)

λ∗
(1

2
(θ∗ − θk)TH(θ∗ − θk)− δ

)

= 0 complementary slackness (2.19)

By Eq. (2.15), we have θ∗ = θk+ 1
λ∗
H−1g. And by plugging Eq. (2.15) into Eq. (2.16),

we have λ∗ =
√

gTH−1g

2δ
. Hence we have our optimal solution:

θk+ 1

2 = θ∗ = θk +

√

2δ

gTH−1g
H−1g, (2.20)

which also satisfies Eq. (2.17), Eq. (2.18), and Eq. (2.19).

Following the same reasoning, we now form the Lagrangian of the second problem

in Eq. (2.13):

L(θ, λ) = 1

2
(θ − θk+ 1

2 )TL(θ − θk+ 1

2 ) + λ(aT (θ − θk) + b).
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And we have the following KKT conditions:

Lθ∗ −Lθk+ 1

2 + λ∗a = 0 ∇θL(θ∗, λ∗) = 0 (2.21)

aT (θ∗ − θk) + b = 0 ∇λL(θ∗, λ∗) = 0 (2.22)

aT (θ∗ − θk) + b ≤ 0 primal constraints (2.23)

λ∗ ≥ 0 dual constraints (2.24)

λ∗(aT (θ∗ − θk) + b) = 0 complementary slackness (2.25)

By Eq. (2.21), we have θ∗ = θk+1+λ∗L−1a. And by plugging Eq. (2.21) into Eq. (2.22)

and Eq. (2.24), we have λ∗ = max(0, a
T (θk+1

2−θk)+b

aL−1a
). Hence we have our optimal

solution:

θk+1 = θ∗ = θk+ 1

2 −max(0,
aT (θk+ 1

2 − θk) + b

aTL−1aT
)L−1a, (2.26)

which also satisfies Eq. (2.23) and Eq. (2.25). Hence by Eq. (2.20) and Eq. (2.26), we

have

θk+1 = θk +

√

2δ

gTH−1g
H−1g −max(0,

√
2δ

gTH−1g
aTH−1g + b

aTL−1a
)L−1a.

2.5.2 Analysis of PCPO Update Rule

For a problem including multiple constraints, we can extend the update in Eq. (2.14)

by using alternating projections. This approach finds a solution in the intersection of

multiple constraint sets by sequentially projecting onto each of the sets. The update

rule in Eq. (2.14) shows that the difference between PCPO with KL divergence and

L2 norm projections is the cost update direction, leading to a difference in reward

28



Figure 2.3: The projection onto the convex set with θ′ ∈ C and θ∗ = ProjLC (θ).

improvement. These two projections converge to different stationary points with

different convergence rates related to the smallest and largest singular values of the

Fisher information matrix shown in Theorem 2.5.1. For our analysis, we make the

following assumptions: we minimize the negative reward objective function f : Rn →

R (We follow the convention of the literature that authors typically minimize the

objective function). The function f is L-smooth and twice continuously differentiable

over the closed and convex constraint set C.

Theorem 2.5.1 (Reward Improvement Under L2 Norm and KL Divergence

Projections). Let η
.
=
√

2δ
gTH−1g

in Eq. (2.14), where δ is the step size for reward

improvement, g is the gradient of f, and H is the Fisher information matrix. Let

σmax(H) be the largest singular value of H , and a be the gradient of cost advantage

function in Eq. (2.14). Then PCPO with KL divergence projection converges to a

stationary point either inside the constraint set or in the boundary of the constraint

set. In the latter case, the Lagrangian constraint g = −αa, α ≥ 0 holds. Moreover,

at step k + 1 the objective value satisfies

f(θk+1) ≤ f(θk) + ||θk+1 − θk||2− 1

η
H+L

2
I
.

PCPO with L2 norm projection converges to a stationary point either inside the con-

straint set or in the boundary of the constraint set. In the latter case, the Lagrangian

constraint H−1g = −αa, α ≥ 0 holds. If σmax(H) ≤ 1, then a step k + 1 objective
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value satisfies

f(θk+1) ≤ f(θk) + (
L

2
− 1

η
)||θk+1 − θk||22.

Proof. We have the following lemma to characterize the projection and for the proof

of Theorem 2.5.1. (See Fig. 2.3 for semantic illustration.)

Lemma 2.5.2. For any θ, θ∗ = ProjLC (θ) if and only if (θ−θ∗)TL(θ′−θ∗) ≤ 0, ∀θ′ ∈

C, where ProjLC (θ)
.
= argmin

θ′∈C
||θ − θ′||2L, and L = H if using the KL divergence

projection, and L = I if using the L2 norm projection.

Proof. (⇒) Let θ∗ = ProjLC (θ) for a given θ ̸∈ C, θ′ ∈ C be such that θ′ ̸= θ∗, and

α ∈ (0, 1). Then we have

||θ − θ∗||2L ≤ ||θ −
(
θ∗ + α(θ′ − θ∗)

)
||2L

= ||θ − θ∗||2L + α2||θ′ − θ∗||2L − 2α(θ − θ∗)TL(θ′ − θ∗)

⇒ (θ − θ∗)TL(θ′ − θ∗) ≤ α

2
||θ′ − θ∗||2L. (2.27)

Since the right hand side of Eq. (2.27) can be made arbitrarily small for a given α,

and hence we have:

(θ − θ∗)TL(θ′ − θ∗) ≤ 0, ∀θ′ ∈ C.

(⇐) Let θ∗ ∈ C be such that (θ−θ∗)TL(θ′−θ∗) ≤ 0, ∀θ′ ∈ C. We show that θ∗ must

be the optimal solution. Let θ′ ∈ C and θ′ ̸= θ∗. Then we have

||θ − θ′||2L − ||θ − θ∗||2L = ||θ − θ∗ + θ∗ − θ′||2L − ||θ − θ∗||2L

= ||θ − θ∗||2L + ||θ′ − θ∗||2L − 2(θ − θ∗)TL(θ′ − θ∗)− ||θ − θ∗||2L

> 0

⇒ ||θ − θ′||2L > ||θ − θ∗||2L.

Hence, θ∗ is the optimal solution to the optimization problem, and θ∗ = ProjLC (θ).
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The proof of Theorem 2.5.1 is based on working in a Hilbert space and the non-

expansive property of the projection. We first prove stationary points for PCPO

with the KL divergence and L2 norm projections, and then prove the change of the

objective value.

When in stationary points θ∗, we have

aθ∗ = θ∗ −
√

2δ

gTH−1g
H−1g −max(0,

√
2δ

gTH−1g
aTH−1g + b

aTL−1a
)L−1a.

⇔
√

2δ

gTH−1g
H−1g = −max(0,

√
2δ

gTH−1g
aTH−1g + b

aTL−1a
)L−1a

⇔H−1g ∈ −L−1a. (2.28)

For the KL divergence projection (L = H), Eq. (2.28) boils down to g ∈ −a, and

for the L2 norm projection (L = I), Eq. (2.28) is equivalent to H−1g ∈ −a.

Now we prove the second part of the theorem. Based on Lemma 2.5.2, for the KL

divergence projection, we have

(θk − θk+1)TH(θk − ηH−1g − θk+1) ≤ 0

⇒ gT (θk+1 − θk) ≤ −1

η
||θk+1 − θk||2H . (2.29)

By Eq. (2.29), and L-smooth continuous function f, we have

f(θk+1) ≤ f(θk) + gT (θk+1 − θk) +
L

2
||θk+1 − θk||22

≤ f(θk)− 1

η
||θk+1 − θk||2H +

L

2
||θk+1 − θk||22

= f(θk) + (θk+1 − θk)T (−1

η
H +

L

2
I)(θk+1 − θk)

= f(θk) + ||θk+1 − θk||2− 1

η
H+L

2
I
.
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For the L2 norm projection, we have

(θk − θk+1)T (θk − ηH−1g − θk+1) ≤ 0

⇒ gTH−1(θk+1 − θk) ≤ −1

η
||θk+1 − θk||22. (2.30)

By Eq. (2.30), L-smooth continuous function f, and if σmax(H) ≤ 1, we have

f(θk+1) ≤ f(θk) + gT (θk+1 − θk) +
L

2
||θk+1 − θk||22

≤ f(θk) + (
L

2
− 1

η
)||θk+1 − θk||22.

To see why we need the assumption of σmax(H) ≤ 1, we define H = UΣUT as

the singular value decomposition of H with ui being the column vector of U . Then

we have

gTH−1(θk+1 − θk) = gTUΣ−1UT (θk+1 − θk)

= gT (
∑

i

1

σi(H)
uiu

T
i )(θ

k+1 − θk)

=
∑

i

1

σi(H)
gT (θk+1 − θk).

If we want to have

gT (θk+1 − θk) ≤ gTH−1(θk+1 − θk) ≤ −1

η
||θk+1 − θk||22,

then every singular value σi(H) ofH needs to be smaller than 1, and hence σmax(H) ≤

1, which justifies the assumption we use to prove the bound.

Theorem 2.5.1 shows that in the stationary point g is a line that points to the

opposite direction of a. Further, the improvement of the objective value is affected by

the singular value of the Fisher information matrix. Specifically, the objective of KL
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divergence projection decreases when Lη

2
I ≺ H , implying that σmin(H) > Lη

2
. And

the objective of L2 norm projection decreases when η < 2
L
, implying that condition

number of H is upper bounded: σmax(H)
σmin(H)

<
2||g||22
L2δ

. This is because that

η =

√

2δ

gTH−1g
<

2

L

⇒ 2δ

gTH−1g
<

4

L2

⇒gTH−1g

2δ
>
L2

4

⇒L2δ

2
< gTH−1g

≤ ||g||2||H−1g||2

≤ ||g||2||H−1||2||g||2

= σmax(H
−1)||g||22

= σmin(H)||g||22

⇒σmin(H) >
L2δ

2||g||22
. (2.31)

By the definition of the condition number and Eq. (2.31), we have

1

σmin(H)
<

2||g||22
L2δ

⇒ σmax(H)

σmin(H)
<

2||g||22σmax(H)

L2δ

≤ 2||g||22
L2δ

,

which justifies what we discuss. In summary, observing the singular values of the

Fisher information matrix allows us to adaptively choose the appropriate projection

and hence achieve objective improvement.
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Figure 2.4: Update procedures for CPO [6]. CPO computes the update by simultane-
ously considering the trust region (light green) and the constraint set (light orange).
CPO becomes infeasible when these two sets do not intersect.

2.5.3 Comparison to Constrained Policy Optimization (CPO)

Perhaps the closest work to ours is the approach of [6], which proposes the constrained

policy optimization (CPO) algorithm to solve the following:

θk+1 = argmax
θ

gT (θ − θk) s.t.
1

2
(θ − θk)TH(θ − θk) ≤ δ, aT (θ − θk) + b ≤ 0.

(2.32)

CPO simultaneously considers the trust region and the constraint, and uses the line

search to select a step size (This is illustrated in Fig. 2.4). The update rule of CPO

becomes infeasible when the current policy violates the constraint (b > 0). CPO re-

covers by replacing Problem (2.32) with an update to purely decrease the constraint

value: θk+1 = θk −
√

2δ
aTH−1a

H−1a. This update rule may lead to slow progress in

learning constraint-satisfying policies. In contrast, PCPO first optimizes the reward

and uses the projection to satisfy the constraint. This ensures a feasible solution,

allowing the agent to improve the reward while ensuring constraint satisfaction si-

multaneously.
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(a) Gather (b) Circle (c) Grid (d) Bottleneck

Figure 2.5: The gather, circle, grid and bottleneck tasks. (a) Gather task: the agent
is rewarded for gathering green apples but is constrained to collect a limited number
of red fruit [6]. (b) Circle task: the agent is rewarded for moving in a specified
wide circle, but is constrained to stay within a safe region smaller than the radius
of the circle [6]. (c) Grid task: the agent controls the traffic lights in a grid road
network and is rewarded for high throughput but constrained to let lights stay red
for at most 7 consecutive seconds [161]. (d) Bottleneck task: the agent controls a set
of autonomous vehicles (shown in red) in a traffic merge situation and is rewarded
for achieving high throughput but constrained to ensure that human-driven vehicles
(shown in white) have a low speed for no more than 10 seconds [161].

2.6 Experiments

2.6.1 Setup

Tasks. We compare the proposed algorithm with existing approaches on four control

tasks in total: two tasks with safety constraints ((a) and (b) in Fig. 2.5), and two

tasks with fairness constraints ((c) and (d) in Fig. 2.5). These tasks are briefly

described in the caption of Fig. 2.5. The first two tasks–Gather and Circle–are

Mujoco environments with state space constraints introduced by [6]. The other two

tasks–Grid and Bottleneck–are traffic management problems where the agent controls

either a traffic light or a fleet of autonomous vehicles. This is especially challenging

since the dimensions of state and action spaces are larger, and the dynamics of the

environment are inherently complex.

Baselines. We compare PCPO with four baselines outlined below.

(1) Constrained Policy Optimization (CPO) [6].

(2) Primal-dual Optimization (PDO) [37]. In PDO, the weight (dual variables)

is learned based on the current constraint satisfaction. A PDO policy update
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solves:

θk+1 = argmax
θ

gT (θ − θk) + λkaT (θ − θk), (2.33)

where λk is updated using λk+1 = λk+β(JC(πk)−h). Here β is a fixed learning

rate.

(3) Fixed-point Policy Optimization (FPO). A variant of PDO that solves Eq.

(2.33) using a constant λ.

(4) Trust Region Policy Optimization (TRPO) [133]. The TRPO policy update is

an unconstrained one:

θk+1 = θk +
√

2δ
gTH−1g

H−1g.

Note that TRPO ignores any constraints. We include it to serve as an upper bound

baseline on the reward performance. Since the main focus is to compare PCPO with

the state-of-the-art algorithm (CPO), PDO and FPO are not shown in the ant circle,

ant gather, grid, and bottleneck tasks for clarity.

Experimental Details. For the gather and circle tasks we test two distinct

agents: a point-mass (S ⊆ R9, A ⊆ R2), and an ant robot (S ⊆ R32, A ⊆ R8). The

agent in the grid task is S ⊆ R156, A ⊆ R4, and the agent in bottleneck task is

S ⊆ R141, A ⊆ R20. For the simulations in the gather and circle tasks, we use a neural

network with two hidden layers of size (64, 32) to represent Gaussian policies. For

the simulations in the grid and bottleneck tasks, we use a neural network with two

hidden layers of size (16, 16) and (50,25) to represent Gaussian policies, respectively.

In addition, we use GAE-λ approach [134] to estimate Aπ
R(s, a) and A

π
C(s, a). For the

simulations in the gather and circle tasks, we use neural network baselines with the

same architecture and activation functions as the policy networks. For the simulations
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Parameter PC PG AC AG Gr BN
discount factor γ 0.995 0.995 0.995 0.995 0.999 0.999

step size δ 10−4 10−4 10−4 10−4 10−4 10−4

λGAE
R 0.95 0.95 0.95 0.95 0.97 0.97
λGAE
C 1.0 1.0 0.5 0.5 0.5 1.0

Batch size 50,000 50,000 100,000 100,000 10,000 25,000
Rollout length 50 15 500 500 400 500

Cost constraint threshold h 5 0.1 10 0.2 0 0

Table 2.1: The hyperparameters used in the experiments.

in the grid and bottleneck tasks, we use linear baselines. In the experiments, since the

step size is small, we reuse the Fisher information matrix of the reward improvement

step in the KL projection step to reduce the computational cost. The step size δ is

set to 10−4 for all tasks and all tested algorithms. For each task, we conduct 5 runs

to get the mean and standard deviation for both the reward and the constraint value

over the policy updates. The experiments are implemented in rllab [46], a tool for

developing and evaluating RL algorithms. Table 2.1 shows the hyperparameters of

each task for all algorithms are as follows (PC: point circle, PG: point gather, AC:

ant circle, AG: ant gather, Gr: grid, and BN: bottleneck tasks): note that we do not

use a learned model to predict the probability of entering an undesirable state within

a fixed time horizon as CPO did for cost shaping.

2.6.2 Experiment Results

Overall Performance. The learning curves of the discounted reward and the

undiscounted constraint value (the total number of constraint violations) over policy

updates are shown for all tested algorithms and tasks in Fig. 2.6. The dashed line in

the constraint figure is the cost constraint threshold h. The curves for baseline oracle,

TRPO, indicate the reward and constraint value when the constraint is ignored.

Overall, we find that PCPO is able to improve the reward while having the fastest

constraint satisfaction in all tasks. In particular, PCPO is the only algorithm that
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(a) Point circle (b) Point gather (c) Ant circle

(d) Ant gather (e) Grid (f) Bottleneck

Figure 2.6: The values of the discounted reward and the undiscounted constraint
value (the total number of constraint violations) along with policy updates for the
tested algorithms and task pairs. The solid line is the mean and the shaded area is
the standard deviation, over five runs. The dashed line in the cost constraint plot is
the cost constraint threshold h. The curves for baseline oracle, TRPO, indicate the
reward and constraint violation values when the constraint is ignored. (Best viewed
in color, and the legend is shared across all the figures.)
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(a) Point circle (b) Point gather (c) Ant circle

(d) Ant gather (e) Grid (f) Bottleneck

Figure 2.7: The values of the cumulative constraint value over policy update, and
the reward versus the cumulative constraint value for the tested algorithms and task
pairs. The solid line is the mean and the shaded area is the standard deviation, over
five runs. The curves for baseline oracle, TRPO, indicate the performance when the
constraint is ignored. (Best viewed in color, and the legend is shared across all the
figures.)
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learns constraint-satisfying policies across all the tasks. Moreover, we observe that

(1) CPO has more constraint violations than PCPO, (2) PDO is too conservative in

optimizing the reward, and (3) FPO requires a significant effort to select a good value

of λ.

We also observe that in the Grid and Bottleneck task, there is slightly more

constraint violation than the easier task such as point circle and point gather. This is

due to the complexity of the policy behavior and the non-convexity of the constraint

set. However, even with a linear approximation of the constraint set, PCPO still

outperforms CPO with 85.15% and 5.42 times less constraint violation in Grid and

Bottleneck tasks, respectively.

These observations suggest that the projection step in PCPO drives the agent to

learn the constraint-satisfying policy within a few policy updates, giving PCPO an

advantage in applications.

To show that PCPO achieves the same reward with less constraint violation, we

examine the reward versus the cumulative constraint value and the learning curves

of the cumulative constraint value over policy update for the tested algorithms in

Fig. 2.7. We observe that PCPO outperforms CPO significantly with 66 times and

15 times less constraint violation under the same reward improvement in point circle

and point gather tasks, respectively. Overall, we find that, (1) CPO has more cumu-

lative constraint violations than PCPO; (2) PCPO with L2 norm projection has less

cumulative constraint violation than KL divergence projection except for the point

circle and point gather tasks. This observation suggests that the Fisher information

matrix is not well-estimated in the high dimensional policy space, leading to hav-

ing more constraint violations; (3) PCPO has more reward improvement compared

to CPO under the same number of cumulative constraint violations in point circle,

point gather, ant circle, ant gather, and bottleneck task. This observation suggests

that PCPO enables the agent to cautiously explore the environment under the con-
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straints.

Comparison of PCPO with KL Divergence vs. L2 Norm Projections. In

Fig. 2.6 and 2.7, we observe that PCPO with L2 norm projection is more constraint-

satisfying than PCPO with KL divergence projection. In addition, PCPO with L2

norm projection tends to have reward fluctuation (point circle, ant circle, and ant

gather tasks), while PCPO with KL divergence projection tends to have more stable

reward improvement (all the tasks).

The above observations indicate that since the gradient of constraint is not mul-

tiplied by the Fisher information matrix, the gradient of the constraint is not aligned

with the gradient of the reward. This reduces the reward improvement. However,

when the Fisher information matrix is ill-conditioned or not well-estimated, especially

in high dimensional policy space, a bad constraint update direction may hinder con-

straint satisfaction (ant circle, ant gather, grid, and bottleneck tasks). In addition,

since the stationary points of KL divergence and L2 norm projections are different,

they converge to policies with different rewards (observe that PCPO with L2 norm

projection has a higher reward than the one with KL divergence projection around

2250 iterations in ant circle task, and has less reward in point gather task).

Discussion of Primal-dual Optimization (PDO) and Fixed Point Opti-

mization (FPO). For the PDO baseline, we see that its constraint values fluctuate

especially in the point circle task. This phenomena suggests that PDO is not able to

adjust the weight λk quickly enough to meet the constraint threshold, which hinders

the efficiency of learning constraint-satisfying policies. If the learning rate β is too big,

the agent will be too conservative in improving the reward. For FPO, we also see that

it learns near constraint-satisfying policies with slightly larger reward improvement

compared to PDO. However, in practice, FPO requires a lot of engineering effort to

select a good value of λ. Since PCPO requires no hyperparameter tuning, it has the

advantage of robustly learning constraint-satisfying policies over PDO and FPO.
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(a) Point circle (b) Point gather

Figure 2.8: The values of the reward and the constraint value for the tested algorithms
and task pairs. The solid line is the mean and the shaded area is the standard
deviation, over five runs. The dashed line in the cost constraint plot is the cost
constraint threshold h. Line search helps to stabilize the training. (Best viewed in
color)

2.6.3 Sensitivity Analysis

In this section, we examine various training aspects of the algorithms.

CPO without Line Search. Due to approximation errors, CPO performs a

line search to check whether the updated policy satisfies the trust region and cost

constraints. To understand the necessity of line search in CPO, we conducted the

experiment with and without line search shown in Fig. 2.8. The step size δ is set to

0.01. We find that CPO without line search tends to (1) have large reward variance,

especially in the point circle task, and (2) learn constraint-satisfying policies slightly

faster. These observations suggest that line search is more conservative in optimizing

the policies since it usually takes smaller steps. However, we conjecture that if using
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(a) Point circle (b) Point gather

Figure 2.9: The values of the reward and the constraint value for the tested algorithms
and task pairs. The solid line is the mean and the shaded area is the standard
deviation, over five runs. The dashed line in the cost constraint plot is the cost
constraint threshold h. PCPO with KL divergence projection is the only one that
can satisfy the constraint with the highest reward. (Best viewed in color)

smaller δ, the effect of line search is not significant.

Harder Constraints. To understand the stability of PCPO and CPO when

deployed in more constraint-critical tasks, we increase the difficulty of the task by

setting the constraint threshold to zero and reducing the safe area. The learning

curve of discounted reward and constraint value over policy updates are shown in

Fig. 2.9.

We observe that even with more difficult constraints, PCPO still has more reward

improvement and constraint satisfaction than CPO, whereas CPO needs more feasible

recovery steps to satisfy the constraint. In addition, we observe that PCPO with L2

norm projection has high constraint variance in the point circle task, suggesting that
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(a) Point circle (b) Point gather

Figure 2.10: The values of the reward and the constraint value for the tested algo-
rithms and task pairs. The solid line is the mean and the shaded area is the standard
deviation, over five runs. The dashed line in the cost constraint plot is the cost con-
straint threshold h. The curves for baseline oracle, TRPO, indicate the reward and
constraint violation values when the constraint is ignored. We only use 1% of samples
compared to the previous simulations for each policy update. PCPO still satisfies the
constraints quickly even when the constraint set is not well-estimated. (Best viewed
in color)

the reward update direction is not well aligned with the cost update direction. We

also observe that PCPO with L2 norm projection converges to a bad local optimum in

terms of reward in point gather task, suggesting that in order to satisfy the constraint,

the cost update direction destroys the reward update direction.

Smaller Batch Samples. To learn policies under constraints, PCPO and CPO

require to have a good estimation of the constraint set. However, PCPO may project

the policy onto the space that violates the constraint due to the assumption of ap-

proximating the constraint set by the linear half-space constraint. To understand
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whether the estimation accuracy of the constraint set affects the performance, we

conducted the experiments with a batch sample size reduced to 1% of the previous

experiments (only 500 samples for each policy update) shown in Fig. 2.10.

We find that smaller training samples affect the performance of the algorithm,

creating more reward and cost fluctuation. However, we observe that even with

smaller training samples, PCPO still has more reward improvement and constraint

satisfaction than CPO.

Analysis of the Approximation Error and the Computational Cost of

the Conjugate Gradient Method. In the Grid task, we observe that PCPO with

KL divergence projection does worse in reward than TRPO, which is expected since

TRPO ignores constraints. However, TRPO actually outperforms PCPO with KL

divergence projection in terms of constraint, which is unexpected since by trying to

consider the constraint, PCPO with KL divergence projection has made constraint

satisfaction worse.

The reason for this observation is that the Fisher information matrix is ill-conditioned,

i.e., the condition number λmax(H)/λmin(H) (λmax is the largest eigenvalue of the

matrix) of the Fisher information matrix is large, causing conjugate gradient method

that computes constraint update direction H−1a with small number of iteration out-

put the inaccurate approximation. Hence the inaccurate approximation of H−1a

causes PCPO with KL divergence projection to have more constraint violations than

TRPO.

To solve this issue, one can have more epochs of the conjugate gradient method.

This is because the convergence of the conjugate gradient method is controlled by

the condition number [135]; the larger the condition number is, the more epochs the

algorithm needs to get an accurate approximation. In our experiments, we set the

number of iterations of the conjugate gradient method to be 10 to tradeoff between

the computational efficiency and the accuracy across all tested algorithms and task
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Figure 2.11: (1) The values of the reward and the constraint, (2) the condition number
of the Fisher information matrix, and (3) the approximation error of the constraint
update direction over training epochs with the conjugate gradient method’s iteration
of 10 and 20, respectively. The one with larger number of iteration has more constraint
satisfaction since it has more accurate approximation. (Best viewed in color)
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Figure 2.12: The semantic overview of stationery points of PCPO. The red dashed
lines are negative directions of normal cones, and the green dashed lines are objective
update directions. The objective update direction in a stationary point belongs to
the negative normal cone.

pairs.

To verify our observation, we compare the condition number of the Fisher infor-

mation matrix and the approximation error of the constraint update direction over

training epochs with a different number of iterations of the conjugate gradient method

shown in Fig. 2.11.

We observe that the Fisher information matrix is ill-conditioned, and the one

with a larger number of iterations has less error and more constraint satisfaction.

This observation confirms our discussion.

Comparison of Optimization Paths of PCPO with KL Divergence and

L2 Norm Projections. Theorem 2.5.1 states that a stationary point of PCPO with

KL divergence projection is different from the one of PCPO with L2 norm projec-

tion. See Fig. 2.12 for illustration. To compare both stationary points, we consider

the following example shown in Fig. 2.13. We maximize a non-convex function

f(x) = xTdiag(y)x subject to the constraint xT1 ≤ −1, where y = [5,−1]T , and 1

is an all-one vector. An optimal solution to this constrained optimization problem

is infinity. Fig. 2.13(a) shows the update direction that combines the objective and

the cost constraint update directions for both projections. It shows that PCPO with

KL divergence projection has stationary points with g ∈ −a in the boundary of the
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(a) Update direction

(b) Optimization path

Figure 2.13: The policy update direction that combines the objective and the con-
straint update directions of each point (top), and the optimization path of PCPO
with KL divergence and L2 norm projections with the initial point [0.5,−2.0]T (be-
low). The red star is the initial point, the red arrows are the optimization paths,
and the region that is below the black line is the constraint set. We see that both
projections converge to different solutions.
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constraint set (observe that the update direction is zero for PCPO with KL diver-

gence projection at x = [0.75,−1.75]T , [0.25,−1.25]T , and [−0.25,−0.75]T ), whereas

PCPO with L2 norm projection does not have stationary points in the boundary

of the constraint set. Furthermore, Fig. 2.13(b) shows the optimization paths for

both projections with one initial starting point. It shows that starting at the ini-

tial point [0.5,−2.0]T , PCPO with KL divergence projection with the initial point

[0.5,−2.0]T converges to a local optimum, whereas L2 norm projection converges to

infinity. However, the above example does not necessarily mean that PCPO with L2

norm projection always finds a better optimum. For example, if the gradient direction

of the objective is zero in the constraint set or the boundary, then both projections

may converge to the same stationary point.

2.7 Discussion and Conclusion

We address the problem of finding constraint-satisfying policies. The proposed algorithm–

projection-based constrained policy optimization (PCPO)–optimizes for the reward

function while using the projections to ensure constraint satisfaction. This update

rule allows PCPO to maintain the feasibility of the optimization problem of each

update, addressing the issue of state-of-the-art approaches. The algorithm achieves

comparable or superior performance to state-of-the-art approaches in terms of re-

ward improvement and constraint satisfaction in all cases. We further analyze the

convergence of PCPO, and find that certain tasks may prefer either KL divergence

projection or L2 norm projection. Future work will consider the following: (1) exam-

ining the Fisher information matrix to iteratively prescribe the choice of projection

for policy update, and hence robustly learn constraint-satisfying policies with more

reward improvement, and (2) using expert demonstration or other domain knowledge

to reduce the sample complexity.
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Chapter 3

Improving Constraint-mismatched

Baseline Policies with Safety

Constraints

3.1 Introduction

In Chapter 2, we discussed a safe reinforcement learning (RL) algorithm that is trained

without knowing the system dynamics of the task or prior baseline policies. However,

in many real-world applications, system designers do have some knowledge about

the task at hand. For instance, the designers of self-driving cars know the system

dynamics of the car (e.g., Newton’s second law). Another case would be we have

some demonstration data or teacher agents that are collected from the task that is

similar to the task at hand. For example, while learning the control policy for a self-

driving car is hard, we do collect a lot of human driving log data. If we can exploit

this information, then we can streamline the learning process of the agent without

learning from scratch. In this chapter, we focus on developing a safe reinforcement

learning algorithm that can exploit the baseline policy to improve learning efficiency
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without violating the safety constraints.

To this end, one would like to leverage a baseline policy available from demonstra-

tions, a teacher, or a previous task. However, the baseline policy may be sub-optimal

for the new application and may not be guaranteed to produce actions that satisfy

desired constraints on safety, fairness, or other costs. For instance, when you drive an

unfamiliar vehicle, you do so cautiously to ensure safety, while adapting your driving

technique to the vehicle characteristics to improve your ‘driving reward’. In effect,

you (as the agent) gradually adopt a baseline policy (i.e., prior driving skill) to avoid

violating the constraints (e.g., safety) while improving your driving reward (e.g.,

travel time, fuel efficiency). The problem of safely learning from baseline policies is

challenging because directly leveraging the baseline policy, as in DAGGER [129] or

GAIL [73], may result in policies that violate the constraints since the baseline is

not guaranteed to satisfy them. To ensure constraint satisfaction, prior work either

adds a hyper-parameter weighted copy of the imitation learning (IL) objective (i.e.,

imitating the baseline policy) to the RL objective [126, 55, 71], or pre-trains a policy

with the baseline policy (e.g., use a baseline policy as an initial policy) and then fine-

tunes it through RL [116, 34]. However, both approaches do not ensure constraint

satisfaction on every learning episode, which is an important feature of safe RL. In

addition, the policy initialized by a low entropy baseline policy may never explore.

In this chapter, to learn from the baseline policy while satisfying constraints, we

extend PCPO in Chapter 2 and propose an iterative algorithm that performs policy

updates in three stages. The first step updates the policy to maximize expected

reward using trust region policy optimization (e.g., TRPO [133]). This can, however,

result in a new intermediate policy that is too far from the baseline policy and may

not satisfy the constraints. The second step performs a projection in policy space to

control the distance between the current policy and the baseline policy. In contrast to

the approach that regularizes the standard RL objective with the distance w.r.t. the
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Figure 3.1: (a) Update procedures for SPACE. Step 1 (green) improves the reward
in the trust region. Step 2 (blue) projects the policy onto an adaptable region around
the baseline policy πB. Step 3 (red) projects the policy onto the constraint set. (b)
Illustrating when πB is outside the constraint set. (c) Illustrating when πB is inside
the constraint set. The highest reward is achieved at the yellow star. hkD (the dis-
tance between πk and πB) is updated to hk+1

D to ensure constraint satisfaction and
exploration of the agent.

baseline policy and makes the regularization parameter fade over time, our approach

allows the learning agent to update the distance when needed. In addition, this

step allows the agent to explore without being overly restricted by the potentially

constraint-violating baseline policy. This also enables the baseline policy to influence

the learning even at later iterations without the computational burden of learning a

cost function for the baseline policy [94]. The third step ensures constraint satisfaction

at every iteration by performing a projection onto the set of policies that satisfy the

given constraints. We call our algorithm Safe Policy Adaptation with Constrained

Exploration (SPACE).

This paper’s contributions are two-fold. (1) We explicitly examine how the base-

line policy affects the cost violations of the agent and hence provide a method to safely

learn from the baseline policy. This is done by controlling the distance between the

learned policy at iteration k and the baseline policy to ensure both feasibility of the

optimization problem and safe exploration by the learning agent (Fig. 3.1(b) and (c)).

Such an approach, in contrast to non-adaptable constraint sets and learning a policy

from scratch [173], leads to better sample efficiency and hence is more favorable in

real applications. To our knowledge, prior work does not carry out such an analysis.

We further provide a finite-time guarantee for the convergence of SPACE. (2) Sec-

ond, we empirically show that SPACE can robustly learn from sub-optimal baseline
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policies in a diverse set of tasks. These include two Mujoco tasks with safety con-

straints, and two real-world traffic management tasks with fairness constraints. We

further show that our algorithm can safely learn from a human demonstration driving

policy with safety constraints. In all cases, SPACE outperforms state-of-the-art safe

RL algorithms, averaging 40% more reward with 10 times fewer cost violations. This

shows that SPACE safely and efficiently leverages the baseline policy, and represents

a step towards the safe deployment of RL in real applications.

Prior Publications. Parts of this thesis have been published in [175]Code. https://sites.google.com/view/s

3.2 Problem Setup for Safe Reinforcement Learn-

ing with Baseline Policies

We follow a similar setup as stated in Chapter 2. For completeness, we briefly restate

the setup here. We frame our problem as a constrained Markov Decision Process

(CMDP) [10], defined as a tuple < S,A, T, R, C > . Here S is the set of states, A

is the set of actions, and T specifies the conditional probability T (s′|s, a) that the

next state is s′ given the current state s and action a. In addition, R : S × A → R

is a reward function, and C : S × A → R is a constraint cost function. The reward

function encodes the benefit of using action a in state s, while the cost function

encodes the corresponding constraint violation penalty.

A policy is a map from states to probability distributions on A. It specifies that

in state s the selected action is drawn from the distribution π(s). The state then

transits from s to s′ according to the state transition distribution T (s′|s, a). In doing

so, a reward R(s, a) is received and a constraint cost C(s, a) is incurred, as outlined

above.

Let γ ∈ (0, 1) denote a discount factor, and τ denote the trajectory τ = (s0, a0, s1, · · · )

induced by a policy π. Normally, we seek a policy π that maximizes a cumulative dis-
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counted reward:

JR(π)
.
= Eτ∼π

[ ∞∑

t=0

γtR(st, at)

]

, (3.1)

while keeping the cumulative discounted cost below hC

JC(π)
.
= Eτ∼π

[ ∞∑

t=0

γtC(st, at)

]

≤ hC . (3.2)

Here we consider an additional objective. We are provided with a baseline policy πB

and at each state s we measure the divergence between π(s) and πB(s). For example,

this could be the KL-divergence D(s)
.
= DKL(π(s)∥πB(s)). We then seek a policy

that maximizes Eq. (3.1), satisfies Eq. (3.2), and ensures the discounted divergence

between the learned and baseline policies is below hD:

JD(π)
.
= Eτ∼π

[ ∞∑

t=0

γtD(st)

]

≤ hD. (3.3)

We do not assume that the baseline policy satisfies the cost constraint. Hence we

allow hD to be adjusted during the learning of π to allow for reward improvement

and constraint satisfaction.

Let µt(·|π) denote the state distribution at time t under policy π. The discounted

state distribution induced by π is defined to be dπ(s)
.
= (1− γ)

∑∞
t=0 γ

tµt(s|π). Now

bring in the reward advantage function [86] defined by

Aπ
R(s, a)

.
= Qπ

R(s, a)− V π
R (s),

where V π
R (s)

.
= Eτ∼π [

∑∞
t=0 γ

tR(st, at)|s0 = s] is the expected reward from state s

under policy π, and Qπ
R(s, a)

.
= Eτ∼π [

∑∞
t=0 γ

tR(st, at)|s0 = s, a0 = a] is the expected

reward from state s and initial action a, and thereafter following policy π. These
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definitions allow us to express the reward performance of one policy π′ in terms of

another π:

JR(π
′)− JR(π) =

1

1− γ
E

s∼dπ
′

,a∼π′
[Aπ

R(s, a)].

Similarly, we can define Aπ
D(s, a), Q

π
D(s, a) and V π

D(s) for the divergence cost, and

Aπ
C(s, a), Q

π
C(s, a) and V

π
C (s) for the constraint cost.

3.3 Safe Policy Adaptation with Constrained Ex-

ploration (SPACE)

We now describe the proposed iterative algorithm illustrated in Fig. 3.1. In what

follows, πk denotes the learned policy after iteration k, and M denotes a distance

measure between policies. For example, M may be the 2-norm of the difference of

policy parameters or some average over the states of the KL-divergence of the action

policy distributions.

Step 1. We perform one step of trust region policy optimization [133]. This max-

imizes the reward advantage function Aπ
R(s, a) over a KL-divergence neighborhood of

πk:

πk+ 1

3 = argmax
π

E
s∼dπ

k
, a∼π

[Aπk

R (s, a)]

s.t. E
s∼dπ

k

[
DKL(π(s)∥πk(s))

]
≤ δ.

(3.4)

Step 2. We project πk+ 1

3 onto a region around πB controlled by hkD to minimize
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M :

πk+ 2

3 = argmin
π

M(π, πk+ 1

3 )

s.t. JD(π
k) +

1

1− γ
E
s∼dπ

k
, a∼π

[Aπk

D (s)] ≤ hkD.

(3.5)

Step 3. We project πk+ 2

3 onto the set of policies satisfying the cost constraint to

minimize M :

πk+1 = argmin
π

M(π, πk+ 2

3 )

s.t. JC(π
k) +

1

1− γ
E
s∼dπ

k
, a∼π

[Aπk

C (s, a)] ≤ hC .

(3.6)

Remarks. Since we use a small step size δ, we can replace the state distribution

dπ with dπ
k

in Eq. (3.5) and (3.6) and hence compute Aπk

D and Aπk

C .

3.3.1 Control the Distance Between the Agent and the Base-

line Policy

We select h0D to be small and gradually increase hkD at each iteration to expand the

region around πB. Specifically, we make hk+1
D > hkD if:

(a) JC(π
k) > JC(π

k−1): this increase is to ensure a nonempty intersection between

the region around πB and the cost constraint set (feasibility). See Fig. 3.1(b).

(b) JR(π
k) < JR(π

k−1): this increase gives the next policy more freedom to improve

the reward and the cost constraint performance (exploration). See Fig. 3.1(c).

It remains to determine how to set the new value of hk+1
D . Let U1 denote the set of

policies satisfying the cost constraint, and Uk
2 denote the set of policies in the region

around πB controlled by hkD. Then we have the following Lemma.

Lemma 3.3.1 (Updating hD). If at step k + 1: hk+1
D ≥ O

(
(JC(π

k) − hC)
2
)
+ hkD,

then U1 ∩ Uk+1
2 ̸= ∅ (feasibility) and Uk+1

2 ∩ ∂U1 ̸= ∅ (exploration).
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Figure 3.2: (a) Illustrating when πB is outside the cost constraint set. (b) Illustrating
when πB is inside the cost constraint set. πboundary is the policy with JC(πboundary) =
hC . We aim to bound hk+1

D (i.e., the KL-divergence between πboundary and πB) by
using hkD.

Proof. Based on Theorem 1 in [6], for any two policies π and π′ we have

JC(π
′)− JC(π) ≥

1

1− γ
Es∼dπ

a∼π′

[

Aπ
C(s, a)−

2γϵπ
′

C

1− γ

√

1

2
DKL(π′(s)||π(s))

]

⇒ 2γϵπ
′

C

(1− γ)2
Es∼dπ

[
√

1

2
DKL(π′(s)||π(s))

]

≥ −JC(π′) + JC(π) +
1

1− γ
Es∼dπ

a∼π′

[

Aπ
C(s, a)

]

⇒ 2γϵπ
′

C

(1− γ)2
Es∼dπ

[
√

1

2
DKL(π′(s)||π(s))

]

≥ −JC(π′) + JC(π)

⇒
√
2γϵπ

′

C

(1− γ)2

√

Es∼dπ

[

DKL(π′(s)||π(s))
]

≥ −JC(π′) + JC(π)

⇒ Es∼dπ

[

DKL(π
′(s)||π(s))

]

≥ (1− γ)4(−JC(π′) + JC(π))
2

2γ2ϵπ
′

C

2 . (3.7)

The fourth inequality follows from Jensen’s inequality. We then define φ(π(s))
.
=

∑

i π(a(i)|s) log π(a(i)|s). By Three-point Lemma [29], for any three policies π, π′,

and π̂ we have

Es∼dπ

[

DKL(π
′(s)||π̂(s))

]

= Es∼dπ

[

DKL(π
′(s)||π(s))

]

+ Es∼dπ

[

DKL(π(s)||π̂(s))
]

−Es∼dπ

[

(∇φ(π̂(s))−∇φ(π(s)))T (π′(s)− π(s))
]

.

(3.8)

Let πboundary denote a policy satisfying JC(πboundary) = hC (i.e., πboundary is in the

boundary of the set of the policies which satisfy the cost constraint JC(π) ≤ hC). Let
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π′ = πboundary, π̂ = πB and π = πk in Eq. (3.7) and Eq. (3.8) (this is illustrated in

Fig. 3.2). Then we have

E
s∼dπ

k

[

DKL(πboundary(s)||πB(s))
]

− E
s∼dπ

k

[

DKL(π
k(s)||πB(s))

]

= E
s∼dπ

k

[

DKL(πboundary(s)||πk(s))
]

− E
s∼dπ

k

[

(∇φ(πB(s))−∇φ(πk(s)))T (πboundary(s)− πk(s))
]

≥ (1− γ)4(−JC(πboundary) + JC(π
k))2

2γ2ϵπ
′

C

2

− E
s∼dπ

k

[

(∇φ(πB(s))−∇φ(πk(s)))T (πboundary(s)− πk(s))
]

=
(1− γ)4(−hC + JC(π

k))2

2γ2ϵπ
′

C

2

− E
s∼dπ

k

[

(∇φ(πB(s))−∇φ(πk(s)))T (πboundary(s)− πk(s))
]

= O
((

− hC + JC(π
k)
)2
)

, (3.9)

where JC(πboundary) = hC .

For the first case in Fig. 3.2(a), we would like to have U1 ∩Uk+1
2 ̸= ∅ (feasibility).

For the second case in Fig. 3.2(b), we would like to have Uk+1
2 ∩∂U1 ̸= ∅ (exploration).

These implies that the policy in step k + 1 is πboundary which satisfies U1 ∩ Uk+1
2 ̸= ∅

and Uk+1
2 ∩ ∂U1 ̸= ∅.

Now let hk+1
D

.
= E

s∼dπ
k

[

DKL(πboundary(s)||πB(s))
]

and hkD
.
= E

s∼dπ
k [DKL(π

k(s)||πB(s))].

Then Eq. 3.9 implies

hk+1
D ≥ O

((
− hC + JC(π

k)
)2
)

+ hkD.

Remarks. Two values are in the big O. The first value depends on the discounted

factor γ, and the second value depends on relative distances between πk, πB, and the

policy in ∂U1. The intuition is that the smaller the distances are, the smaller the
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update of hkD is.

Importantly, Lemma 3.3.1 ensures that the boundaries of the region around πB

determined by hD and the set of policies satisfying the cost constraint intersect.

Note that hD will become large enough to guarantee feasibility during training. This

adaptable constraint set, in contrast to the fixed constraint set in PCPO, allows the

learning algorithm to explore policies within the cost constraint set while still learning

from the baseline policy. Compared to other CMDP approaches, the step of projecting

close to πB allows the policy to quickly improve. Compared to behavior cloning, the

steps of reward optimization and constraint projection allow the policy to achieve

good final performance. We examine the importance of updating hD in the following

section.

3.4 SPACE Updates

We will implement a policy as a neural network with fixed architecture parameterized

by θ ∈ Rn. We then learn a policy from the achievable set {π(·|θ) : θ ∈ Rn} by

iteratively learning θ. Let θk and πk .
= π(·|θk) denote the parameter value and the

corresponding policy at step k. In this setting, it is impractical to solve for the policy

updates in Eq. (3.4), (3.5) and (3.6). Hence we approximate the reward function and

constraints with first order Taylor expansions, and KL-divergence with a second order

Taylor expansion. We will need the following derivatives:

(1) gk .
= ∇θEs∼dπ

k
, a∼π

[Aπk

R (s, a)],

(2) ak .
= ∇θEs∼dπ

k
, a∼π

[Aπk

D (s)],

(3) ck
.
= ∇θEs∼dπ

k
, a∼π

[Aπk

C (s, a)], and

(4) F k .
= ∇2

θEs∼dπ
k

[
DKL(π(s)∥πk(s))

]
.

Each of these derivatives are taken w.r.t. the neural network parameter and

evaluated at θk. We also define bk
.
= JD(π

k) − hkD, and dk
.
= JC(π

k) − hC . Let
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Algorithm 2 Safe Policy Adaptation with Constrained Exploration

Initialize a policy π0 = π(·|θ0) and a trajectory buffer B
for k = 0, 1, 2, · · · do

Run πk = π(·|θk) and store trajectories in B
Obtain θk+1 using the update in Eq. (3.13)
If JC(π

k) > JC(π
k−1) or JR(π

k) < JR(π
k−1)

Update hk+1
D using Lemma 3.3.1

Empty B

uk
.
=
√

2δ

gkT
F k−1

gk
, and L = I for the 2-norm projection and L = F k for the KL-

divergence projection.

3.4.1 Update Procedure

Step 1. Approximating Eq. (3.4) yields

θk+ 1

3 = argmax
θ

gkT (θ − θk)

s.t.
1

2
(θ − θk)TF k(θ − θk) ≤ δ.

(3.10)

Step 2 & 3. Approximating Eq. (3.5) and (3.6), similarly yields

θk+ 2

3 = argmin
θ

1

2
(θ − θk+ 1

3 )TL(θ − θk+ 1

3 )

s.t. akT (θ − θk) + bk ≤ 0,

(3.11)

θk+1 = argmin
θ

1

2
(θ − θk+ 2

3 )TL(θ − θk+ 2

3 )

s.t. ck
T
(θ − θk) + dk ≤ 0,

(3.12)

61



where L = I for the 2-norm projection and L = F k for the KL-divergence projection.

We solve these problems using convex programming, then we have ((·)+ is max(0, ·))

θk+1 = θk + ukF k−1
gk

− (
ukakTF k−1

gk + bk

akTL−1ak
)+L−1ak

− (
ukck

T
F k−1

gk + dk

ck
T
L−1ck

)+L−1ck.

(3.13)

We now prove the update rule in Eq. (3.13).

Proof. For the first problem in Eq. (3.10), since F k is the Fisher Information matrix,

it is positive semi-definite. Hence it is a convex program with quadratic inequality

constraints. If the primal problem has a feasible point, then Slater’s condition is

satisfied and strong duality holds. Let θ∗ and λ∗ denote the solutions to the primal and

dual problems, respectively. In addition, the primal objective function is continuously

differentiable. Hence the Karush-Kuhn-Tucker (KKT) conditions are necessary and

sufficient for the optimality of θ∗ and λ∗. We now form the Lagrangian:

L(θ, λ) = −gkT (θ − θk) + λ
(1

2
(θ − θk)TF k(θ − θk)− δ

)

.

And we have the following KKT conditions:

−gk + λ∗F kθ∗ − λ∗F kθk = 0 ∇θL(θ∗, λ∗) = 0 (3.14)

1

2
(θ∗ − θk)TF k(θ∗ − θk)− δ = 0 ∇λL(θ∗, λ∗) = 0 (3.15)

1

2
(θ∗ − θk)TF k(θ∗ − θk)− δ ≤ 0 primal constraints (3.16)

λ∗ ≥ 0 dual constraints (3.17)

λ∗
(1

2
(θ∗ − θk)TF k(θ∗ − θk)− δ

)

= 0 complementary slackness (3.18)

By Eq. (3.14), we have θ∗ = θk + 1
λ∗
F k−1

gk. And by plugging Eq. (3.14) into
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Eq. (3.15), we have λ∗ =
√

gkT
F k−1

gk

2δ
. Hence we have a solution

θk+ 1

3 = θ∗ = θk +

√

2δ

gkTF k−1
gk

F k−1
gk, (3.19)

which also satisfies Eq. (3.16), Eq. (3.17), and Eq. (3.18).

For the second problem in Eq. (3.11), we follow the same procedure for the first

problem to form the Lagrangian:

L(θ, λ) = 1

2
(θ − θk+ 1

3 )TL(θ − θk+ 1

3 ) + λ(akT (θ − θk) + bk).

And we have the following KKT conditions:

Lθ∗ −Lθk+ 1

3 + λ∗ak = 0 ∇θL(θ∗, λ∗) = 0 (3.20)

akT (θ∗ − θk) + bk = 0 ∇λL(θ∗, λ∗) = 0 (3.21)

akT (θ∗ − θk) + bk ≤ 0 primal constraints (3.22)

λ∗ ≥ 0 dual constraints (3.23)

λ∗(akT (θ∗ − θk) + bk) = 0 complementary slackness (3.24)

By Eq. (3.20), we have θ∗ = θk+λ∗L−1ak. And by plugging Eq. (3.20) into Eq. (3.21)

and Eq. (3.23), we have λ∗ = max(0, a
kT

(θk+1
3−θk)+bk

akL−1ak ). Hence we have a solution

θk+ 2

3 = θ∗ = θk+ 1

3 −max(0,
akT (θk+ 1

3 − θk) + bk

akTL−1akT
)L−1ak, (3.25)

which also satisfies Eq. (3.22) and Eq. (3.24).

For the third problem in Eq. (3.12), instead of doing the projection on πk+ 2

3

which is the intermediate policy obtained in the second step, we project the policy

πk+ 1

3 onto the cost constraint. This allows us to compute the projection without too

much computational cost. We follow the same procedure for the first and second
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problems to form the Lagrangian:

L(θ, λ) = 1

2
(θ − θk+ 1

3 )TL(θ − θk+ 1

3 ) + λ(ck
T
(θ − θk) + dk).

And we have the following KKT conditions:

Lθ∗ −Lθk+ 1

3 + λ∗ck = 0 ∇θL(θ∗, λ∗) = 0 (3.26)

ck
T
(θ∗ − θk) + dk = 0 ∇λL(θ∗, λ∗) = 0 (3.27)

ck
T
(θ∗ − θk) + dk ≤ 0 primal constraints (3.28)

λ∗ ≥ 0 dual constraints (3.29)

λ∗(ck
T
(θ∗ − θk) + dk) = 0 complementary slackness (3.30)

By Eq. (3.26), we have θ∗ = θk+λ∗L−1ck. And by plugging Eq. (3.26) into Eq. (3.27)

and Eq. (3.29), we have λ∗ = max(0, c
kT

(θk+1
3−θk)+dk

ckL−1ck
). Hence we have a solution

θk+1 = θ∗ = θk+ 1

3 −max(0,
ck

T
(θk+ 1

3 − θk) + dk

ck
T
L−1ck

T
)L−1ck. (3.31)

Hence by combining Eq. (3.19), Eq. (3.25) and Eq. (3.31), we have

θk+1 = θk +

√

2δ

gkTF k−1
gk

F k−1
gk−max(0,

√
2δ

gkT
F k−1

gk
akTF k−1

gk + bk

akTL−1ak
)L−1ak

−max(0,

√
2δ

gkT
F k−1

gk
ck

T
F k−1

gk + dk

ck
T
L−1ck

)L−1ck.

Algorithm 2 shows the corresponding pseudocode.
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3.4.2 Convergence Analysis of SPACE Update Rule

We consider the following simplified problem to provide a convergence guarantee of

SPACE:

min
θ∈C1∩C2

f(θ), (3.32)

where f : Rn → R is a twice continuously differentiable function at every point in a

open set X ⊆ Rn, and C1 ⊆ X and C2 ⊆ X are compact convex sets with C1 ∩C2 ̸= ∅.

The function f is the negative reward function of our CMDP, and the two constraint

sets represent the cost constraint set and the region around the baseline policy πB.

For a vector x, let ∥x∥ denote the Euclidean norm. For a matrix M let ∥M∥

denote the induced matrix 2-norm, and σi(M ) denote the i-th largest singular value

of M .

Assumption 1. We assume:

(1.1) The gradient ∇f is L-Lipschitz continuous over a open set X .

(1.2) For some constant G, ∥∇f(θ)∥ ≤ G.

(1.3) For a constant H, diam(C1) ≤ H and diam(C2) ≤ H.

Assumptions (1.1) and (1.2) ensure that the gradient can not change too rapidly

and the norm of the gradient can not be too large. (1.3) implies that for every

iteration, the diameter of the region around πB is bounded above by H.

We will need a concept of an ϵ-first order stationary point [115]. For ϵ > 0, we say

that θ∗ ∈ C1 ∩ C2 an ϵ-first order stationary point (ϵ-FOSP) of Problem (3.32) under

KL-divergence projection if

∇f(θ∗)T (θ − θ∗) ≥ −ϵ, ∀θ ∈ C1 ∩ C2. (3.33)
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Similarly, under the 2-norm projection, θ∗ ∈ C1 ∩ C2 an ϵ-FOSP of (3.32) if

∇f(θ∗)TF ∗(θ − θ∗) ≥ −ϵ, ∀θ ∈ C1 ∩ C2, (3.34)

where F ∗ .
= ∇2

θEs∼dπ
∗ [DKL(π(s)∥π∗(s))] . Notice that SPACE converges to distinct

stationary points under the two possible projections We now describe the reason for

choosing two variants of ϵ-FOSP under two possible projections. Let ηkR denote the

step size for the reward, ηkD denote the step size for the divergence cost, and ηkC

denote the step size for the constraint cost. Without loss of generality, under the

KL-divergence projection, at step k + 1 SPACE does

θk+1 = θk + ηkRF
k−1

gk − ηkDF
k−1

ak − ηkCF
k−1

ck.

Similarly, under the 2-norm projection, at step k + 1 SPACE does

θk+1 = θk + ηkRF
kgk − ηkDa

k − ηkCc
k.

With this definition, we have the following Lemma.

Lemma 3.4.1 (Stationary Points for SPACE). Under the KL-divergence projec-

tion, SPACE converges to a stationary point θ∗ satisfying

η∗Rg
∗ = η∗Da

∗ + η∗Cc
∗.

Under the 2-norm projection, SPACE converges to a stationary point θ∗ satisfying

η∗Rg
∗ = F ∗(η∗Da

∗ + η∗Cc
∗).

Proof. Under the KL-divergence projection, by using the definition of a stationary
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point we have

θ∗ = θ∗ + η∗RF
∗−1g∗ − η∗DF

∗−1a∗ − η∗CF
∗−1c∗

⇒ η∗RF
∗−1g∗ = η∗DF

∗−1a∗ + η∗CF
∗−1c∗

⇒ η∗Rg
∗ = η∗Da

∗ + η∗Cc
∗.

Under the 2-norm projection, by using the definition of a stationary point we have

θ∗ = θ∗ + η∗RF
∗−1g∗ − η∗Da

∗ − η∗Cc
∗

⇒ η∗RF
∗−1g∗ = η∗Da

∗ + η∗Cc
∗

⇒ η∗Rg
∗ = F ∗(η∗Da

∗ + η∗Cc
∗).

Hence Lemma 3.4.1 motivates the need for defining two variants of FOSP. With

these assumptions, we have the following Theorem.

Theorem 3.4.2 (Finite-Time Convergence Guarantee of SPACE). Under the

KL-divergence projection, there exists a sequence {ηk} such that SPACE converges to

an ϵ-FOSP in at most O(ϵ−2) iterations. Moreover, at step k + 1

f(θk+1) ≤ f(θk)− Lϵ2

2(G+ Hσ1(F k)
ηk

)2
. (3.35)

Similarly, under the 2-norm projection, there exists a sequence {ηk} such that SPACE

converges to an ϵ-FOSP in at most O(ϵ−2) iterations. Moreover, at step k + 1

f(θk+1) ≤ f(θk)− Lϵ2

2(Gσ1(F k−1) + H
ηk
)2
. (3.36)

Proof. SPACE under the KL-divergence projection converges to an ϵ-FOSP.
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Based on Lemma 2.5.2 under the KL-divergence projection, and setting θ = θk −

ηkF k−1∇f(θk), θ∗ = θk+ 2

3 and θ′ = θk, we have

(θk − θk+ 2

3 )TF k(θk − ηkF k−1∇f(θk)− θk+ 2

3 ) ≤ 0

⇒ ∇f(θk)T (θk+ 2

3 − θk) ≤ − 1

ηk
(θk+ 2

3 − θk)TF k(θk+ 2

3 − θk). (3.37)

Based on the L-Lipschitz continuity of gradients and Eq. (3.37), we have

f(θk+ 2

3 ) ≤ f(θk) +∇f(θk)T (θk+ 2

3 − θk) +
L

2
∥θk+ 2

3 − θk∥2

≤ f(θk)− 1

ηk
(θk+ 2

3 − θk)TF k(θk+ 2

3 − θk) +
L

2
∥θk+ 2

3 − θk∥2

= f(θk)− L

2
∥θk+ 2

3 − θk∥2 −∇f(θk+ 2

3 )T (θk+1 − θk+ 2

3 )− L

2
∥θk+1 − θk+ 2

3∥2,

(3.38)

where the equality follows by setting δ (i.e., the size of the trust region) such that

ηk =
(θk+ 2

3 − θk)TF k(θk+ 2

3 − θk)

L∥θk+ 2

3 − θk∥2 +∇f(θk+ 2

3 )T (θk+1 − θk+ 2

3 ) + L
2
∥θk+1 − θk+ 2

3∥2
.

Again, based on Lemma 2.5.2, for θ ∈ C2 we have

(θk − ηkF k−1∇f(θk)− θk+ 2

3 )F k(θ − θk+ 2

3 ) ≤ 0

⇒ (−ηkF k−1∇f(θk))TF k(θ − θk+ 2

3 ) ≤ −(θk − θk+ 2

3 )TF k(θ − θk+ 2

3 )

⇒ ∇f(θk)T (θ − θk+ 2

3 ) ≥ 1

ηk
(θk − θk+ 2

3 )TF k(θ − θk+ 2

3 )

⇒ ∇f(θk)Tθ ≥ ∇f(θk)Tθk+ 2

3 +
1

ηk
(θk − θk+ 2

3 )TF k(θ − θk+ 2

3 )

⇒ f(θk)T (θ − θk) ≥ ∇f(θk)T (θk+ 2

3 − θk) +
1

ηk
(θk − θk+ 2

3 )TF k(θ − θk+ 2

3 )

≥ −∥∇f(θk)∥∥θk+ 2

3 − θk∥ − 1

ηk
∥θk+ 2

3 − θk∥∥F k∥∥θ − θk+ 2

3∥

≥ −
(
G+

Dσ1(F
k)

ηk
)
∥θk+ 2

3 − θk∥, (3.39)
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where in the last two inequalities we use the property of the norm. Before reaching

an ϵ-FOSP, Eq. (3.39) implies that

− ϵ ≥ min
θ∈C2

∇f(θk)T (θ − θk) ≥ −
(
G+

Dσ1(F
k)

ηk
)
∥θk+ 2

3 − θk∥

⇒ ∥θk+ 2

3 − θk∥ ≥ ϵ

G+ Dσ1(F k)
ηk

. (3.40)

Based on Eq. (3.38) and Eq. (3.40), we have

f(θk+ 2

3 ) ≤ f(θk)− L

2
∥θk+ 2

3 − θk∥2 −∇f(θk+ 2

3 )T (θk+1 − θk+ 2

3 )− L

2
∥θk+1 − θk+ 2

3∥2

≤ f(θk)− Lϵ2

2(G+ Dσ1(F k)
ηk

)2
−∇f(θk+ 2

3 )T (θk+1 − θk+ 2

3 )− L

2
∥θk+1 − θk+ 2

3∥2.

(3.41)

Based on the L-Lipschitz continuity of gradients, for the projection to the constraint

set C1 we have

f(θk+1) ≤ f(θk+ 2

3 ) +∇f(θk+ 2

3 )T (θk+1 − θk+ 2

3 ) +
L

2
∥θk+1 − θk+ 2

3∥2. (3.42)

Combining Eq. (3.41) with Eq. (3.42), we have

f(θk+1) ≤ f(θk)− Lϵ2

2(G+ Dσ1(F k)
ηk

)2
. (3.43)

Hence it takes O(ϵ−2) iterations to reach an ϵ-FOSP.

SPACE under the 2-norm projection converges to an ϵ-FOSP. Based on

Lemma 2.5.2 under the 2-norm projection, and setting θ = θk − ηkF k−1∇f(θk),
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θ∗ = θk+ 2

3 and θ′ = θk, we have

(θk − θk+ 2

3 )T (θk − ηkF k−1∇f(θk)− θk+ 2

3 ) ≤ 0

⇒(F k−1∇f(θk))T (θk+ 2

3 − θk) ≤ − 1

ηk
(θk+ 2

3 − θk)T (θk+ 2

3 − θk). (3.44)

Based on the L-Lipschitz continuity of gradients and Eq. (3.44), we have

f(θk+ 2

3 ) ≤ f(θk) +∇f(θk)T (θk+ 2

3 − θk) +
L

2
∥θk+ 2

3 − θk∥2

≤ f(θk) + (F k−1∇f(θk))T (θk+ 2

3 − θk) +Q+
L

2
∥θk+ 2

3 − θk∥2

≤ f(θk)− 1

ηk
(θk+ 2

3 − θk)T (θk+ 2

3 − θk) +Q+
L

2
∥θk+ 2

3 − θk∥2

= f(θk)− L

2
∥θk+ 2

3 − θk∥2 −∇f(θk+ 2

3 )T (θk+1 − θk+ 2

3 )− L

2
∥θk+1 − θk+ 2

3∥2,

(3.45)

where Q := ∇f(θk)T (θk+ 2

3 − θk)− (F k−1∇f(θk))T (θk+ 2

3 − θk), which represents the

difference between the gradient and the nature gradient, and the equality follows by

setting δ (i.e., the size of the trust region) such that

ηk =
∥θk+ 2

3 − θk∥2
L∥θk+ 2

3 − θk∥2 +Q+∇f(θk+ 2

3 )T (θk+1 − θk+ 2

3 ) + L
2
∥θk+1 − θk+ 2

3∥2
.
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Again, based on Lemma 2.5.2, for θ ∈ C2 we have

(θk − ηkF k−1∇f(θk)− θk+ 2

3 )(θ − θk+ 2

3 ) ≤ 0

⇒ (−ηkF k−1∇f(θk))T (θ − θk+ 2

3 ) ≤ −(θk − θk+ 2

3 )T (θ − θk+ 2

3 )

⇒ ∇f(θk)TF k−1
(θ − θk+ 2

3 ) ≥ 1

ηk
(θk − θk+ 2

3 )T (θ − θk+ 2

3 )

⇒ ∇f(θk)TF k−1
θ ≥ ∇f(θk)TF k−1

θk+ 2

3 +
1

ηk
(θk − θk+ 2

3 )T (θ − θk+ 2

3 )

⇒ ∇f(θk)TF k−1
(θ − θk) ≥ ∇f(θk)TF k−1

(θk+ 2

3 − θk) +
1

ηk
(θk − θk+ 2

3 )T (θ − θk+ 2

3 )

≥ −∥∇f(θk)∥∥F k−1∥∥θk+ 2

3 − θk∥ − 1

ηk
∥θk+ 2

3 − θk∥∥θ − θk+ 2

3∥

≥ −
(
Gσ1(F

k−1
) +

D

ηk
)
∥θk+ 2

3 − θk∥, (3.46)

where in the last two inequalities we use the property of the norm. Before reaching

an ϵ-FOSP, Eq. (3.46) implies that

− ϵ ≥ min
θ∈C2

∇f(θk)TF k−1
(θ − θk) ≥ −

(
Gσ1(F

k−1
) +

D

ηk
)
∥θk+ 2

3 − θk∥

⇒ ∥θk+ 2

3 − θk∥ ≥ ϵ
(
Gσ1(F k−1) + D

ηk

) . (3.47)

Based on Eq. (3.45) and Eq. (3.47), we have

f(θk+ 2

3 ) ≤ f(θk)− L

2
∥θk+ 2

3 − θk∥2 −∇f(θk+ 2

3 )T (θk+1 − θk+ 2

3 )− L

2
∥θk+1 − θk+ 2

3∥2

≤ f(θk)− Lϵ2

2(Gσ1(F k−1) + D
ηk
)2

−∇f(θk+ 2

3 )T (θk+1 − θk+ 2

3 )− L

2
∥θk+1 − θk+ 2

3∥2.

(3.48)

Based on the L-Lipschitz continuity of gradients, for the projection to the constraint

set C1 we have

f(θk+1) ≤ f(θk+ 2

3 ) +∇f(θk+ 2

3 )T (θk+1 − θk+ 2

3 ) +
L

2
∥θk+1 − θk+ 2

3∥2. (3.49)
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Combining Eq. (3.48) with Eq. (3.49), we have

f(θk+1) ≤ f(θk)− Lϵ2

2(Gσ1(F k−1) + D
ηk
)2
. (3.50)

Hence it takes O(ϵ−2) iterations to reach an ϵ-FOSP.

We now make several observations for Theorem 3.4.2.

(1) The smaller H is, the greater the decrease in the objective. This observation

supports the idea of starting with a small value for hD and increasing it only when

needed.

(2) Under the KL-divergence projection, the effect of σ1(F
k) is negligible. This

is because in this case, ηk is proportional to σ1(F
k). Hence σ1(F

k) does not play a

major role in decreasing the objective value.

(3) Under the 2-norm projection, the smaller σ1(F
k−1

) (i.e., larger σn(F
k)) is,

the greater the decrease in the objective. This is because a large σn(F
k) means a

large curvature of f in all directions. This implies that the 2-norm distance between

the pre-projection and post-projection points is small, leading to a small deviation

from the reward improvement direction after doing projections.

3.5 Experiments

Our experiments study the following three questions: (1) How does SPACE perform

compared to other baselines in behavior cloning and safe RL in terms of learning

efficiency and constraint satisfaction? (2) How does SPACE trained with sub-optimal

πB perform (e.g., human demonstration)? (3) How does step 2 in SPACE affect the

performance?
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(a) Gather (b) Circle (c) Grid

(d) Bottleneck (e) Car-racing (f) Demo.

Figure 3.3: (a) Gather: the agent is rewarded for gathering green apples, but is
constrained to collect a limited number of red apples [6]. (b) Circle: the agent is
rewarded for moving in a specified wide circle, but is constrained to stay within a
safe region smaller than the radius of the circle [6]. (c) Grid: the agent controls
the traffic lights in a grid road network and is rewarded for high throughput, but
is constrained to let lights stay red for at most 7 consecutive seconds [161]. (d)
Bottleneck: the agent controls a set of autonomous vehicles (shown in red) in a traffic
merge situation and is rewarded for achieving high throughput, but constrained to
ensure that human-driven vehicles (shown in white) have the low speed for no more
than 10 seconds [161]. (e) Car-racing: the agent controls an autonomous vehicle on
a race track and is rewarded for driving through as many tiles as possible, but is
constrained to use the brakes at most 5 times to encourage a smooth ride [24]. (f)
A human player plays car-racing with demonstration data logged. These tasks are to
show the applicability of our approach to a diverse set of problems.
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3.5.1 Setup

Tasks. We compare the proposed algorithm with existing approaches on five control

tasks: three tasks with safety constraints ((a), (b) and (e) in Fig. 3.3), and two tasks

with fairness constraints ((c) and (d) in Fig. 3.3). These tasks are briefly described

in the caption of Fig. 3.3. We chose the traffic management tasks since a good

control policy can benefit millions of drivers. In addition, we chose the car-racing

task since a good algorithm should safely learn from baseline human policies. For

all the algorithms, we use neural networks to represent Gaussian policies. We use

the KL-divergence projection in the Mujoco and car-racing tasks, and the 2-norm

projection in the traffic management task since it achieves better performance. We

use a grid search to select the hyper-parameters.

Baseline Policies πB. To test whether SPACE can safely and efficiently leverage

the baseline policy, we consider three variants of the baseline policies.

(1) Sub-optimal πcost
B with JC(π

cost
B ) ≈ 0.

(2) Sub-optimal πreward
B with JC(π

reward
B ) > hC .

(3) πnear
B with JC(π

near
B ) ≈ hC (i.e., the baseline policy has the same cost constraint

as the agent, but is not guaranteed to have an optimal reward performance).

These πB have different degrees of constraint satisfaction. This is to examine

whether SPACE can safely learn from sub-optimal πB. In addition, in the car-racing

task we pre-train πB using an off-policy algorithm (DDPG [103]), which directly learns

from human demonstration data (Fig. 3.3(f)). This is to demonstrate that πB may

come from a teacher or demonstration data. This sub-optimal human baseline policy

is denoted by πhuman
B .

For ease of computation, we update hD using v · (JC(πk) − hC)
2 + hkD from

Lemma 3.3.1, with a constant v > 0. We found that the performance is not heavily

affected by v since we will update hD at a later iteration.

Baseline Algorithms. Our goal is to study how to safely and efficiently learn
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from sub-optimal (possibly unsafe) baseline policies. We compare SPACE with five

baseline methods that combine behavior cloning and safe RL algorithms.

(1) Fixed-point Constrained Policy Optimization (f-CPO). In f-CPO, we add the

divergence objective in the reward function. The weight λ is fixed followed by a CPO

update (optimize the reward and divergence cost w.r.t. the trust region and the cost

constraints). The f-CPO policy update solves [6]:

θk+1 = argmax
θ

(gk + λak)T (θ − θk)

s.t.
1

2
(θ − θk)TF k(θ − θk) ≤ δ

ck
T
(θ − θk) + dk ≤ 0.

(2) Fixed-point PCPO (f-PCPO). In f-PCPO, we add the divergence objective in

the reward function. The weight λ is fixed followed by a PCPO update (two-step

process: optimize the reward and divergence cost, followed by the projection to the

safe set). The f-PCPO policy update solves:

θk+ 1

2 = argmax
θ

(gk + λak)T (θ − θk)

s.t.
1

2
(θ − θk)TF k(θ − θk) ≤ δ, (trust region)

θk+1 = argmin
θ

1

2
(θ − θk+ 1

2 )TL(θ − θk+ 1

2 )

s.t. ck
T
(θ − θk) + dk ≤ 0. (cost constraint)

(3) Dynamic-point Constrained Policy Optimization (d-CPO). The d-CPO update

solves f-CPO problem with a stateful λk+1 = (λk)
β
, where 0 < β < 1. This is inspired

by [126], in which they have the same weight-scheduling method to adjust λk.

(4) Dynamic-point PCPO (d-PCPO). The d-PCPO update solves f-PCPO prob-

lem with a stateful λk+1 = (λk)
β
, where 0 < β < 1.
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For all the experiments and the algorithms, the weight is fixed and it is set to

1. Note that both d-CPO and d-PCPO regularize the standard RL objective with

the distance w.r.t. the baseline policy and make the regularization parameter (i.e.,

λ) fade over time. This is a common practice to learn from the baseline policy. In

addition, in many real applications, you cannot have access to parameterized πB (e.g.,

neural network policies) or you want to design a policy with different architectures

than πB. Hence in our setting, we cannot directly initialize the learning policy with

the baseline policy and then fine-tune it.

Experimental Details. For the gather and circle tasks we test two distinct

agents: a point-mass (S ⊆ R9, A ⊆ R2), and an ant robot (S ⊆ R32, A ⊆ R8). The

agent in the grid task is S ⊆ R156, A ⊆ R4, and the agent in the bottleneck task is

S ⊆ R141, A ⊆ R20. Finally, the agent in the car-racing task is S ⊆ R96×96×3, A ⊆ R3.

For the simulations in the gather and circle tasks, we use a neural network with

two hidden layers of size (64, 32) to represent Gaussian policies. And we use the

KL-divergence projection. For the simulations in the grid and bottleneck tasks, we

use a neural network with two hidden layers of size (16, 16) and (50, 25) to represent

Gaussian policies, respectively. And we use the 2-norm projection. For the simulation

in the car-racing task, we use a convolutional neural network with two convolutional

operators of sizes 24 and 12 followed by a dense layer of size (32, 16) to represent

a Gaussian policy. And we use the KL-divergence projection. The choice of the

projections depends on the task itself, we report the best performance among the two

projections. We use tanh as an activation function for all the neural network policies.

In the experiments, since the step size is small, we reuse the Fisher information matrix

of the reward improvement step in the KL-divergence projection step to reduce the

computational cost.

We use GAE-λ approach [134] to estimate Aπ
R(s, a), A

π
C(s, a), and Aπ

D(s). For

the simulations in the gather, circle, and car-racing tasks, we use neural network
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Parameter PC PG AC AG Gr BN CR
Reward dis. factor γ 0.995 0.995 0.995 0.995 0.999 0.999 0.990

Constraint cost dis. factor γC 1.0 1.0 1.0 1.0 1.0 1.0 1.0
Divergence cost dis. factor γD 1.0 1.0 1.0 1.0 1.0 1.0 1.0

step size δ 10−4 10−4 10−4 10−4 10−4 10−4 5× 10−4

λGAE
R 0.95 0.95 0.95 0.95 0.97 0.97 0.95
λGAE
C 1.0 1.0 0.5 0.5 0.5 1.0 1.0
λGAE
D 0.95 0.95 0.95 0.95 0.90 0.90 0.95

Batch size 50,000 50,000 100,000 100,000 10,000 25,000 10,000
Rollout length 50 15 500 500 400 500 1000

Constraint cost threshold hC 5 0.5 5 0.2 0 0 5
Divergence cost threshold h0D 5 3 5 3 10 10 5
Number of policy updates 1,000 1,200 2,500 1,500 200 300 600

Table 3.1: Parameters used in all tasks. (PC: point circle, PG: point gather, AC: ant
circle, AG: ant gather, Gr: grid, BN: bottleneck, and CR: car-racing tasks)

baselines with the same architecture and activation functions as the policy networks.

For the simulations in the grid and bottleneck tasks, we use linear baselines. The

hyperparameters of all algorithms and all tasks are in Table 3.1.

3.5.2 Experiment Results

Overall Performance. The learning curves of the discounted reward (JR(π)), the

undiscounted constraint cost (JC(π)), and the undiscounted divergence cost (JD(π))

over policy updates are shown for all tested algorithms and tasks in Fig. 3.4. We use

πnear
B in bottleneck and grid tasks, and πhuman

B in car-racing task. Note that πhuman
B

from human demonstration is highly sub-optimal to the agent (i.e., JR(π
human
B ) is

small). The value of the reward is only around 5 as shown in the plot. It does not

solve the task at hand. Overall, we observe that (1) SPACE achieves at least 2 times

faster cost constraint satisfaction in all cases even learning from πhuman
B . (2) SPACE

achieves at least 10% more reward in the bottleneck and car-racing tasks compared

to the best baseline, and (3) SPACE is the only algorithm that satisfies the cost

constraints in all cases. In contrast, even if f(d)-CPO and f(d)-PCPO (similar to

behavior cloning) are provided with good baseline policies πnear
B , they do not learn

efficiently due to the conflicting reward and cost objectives. In addition, PCPO is
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Bottleneck Car-racing Grid

Figure 3.4: The discounted reward, the undiscounted constraint cost, and the undis-
counted divergence cost over policy updates for the tested algorithms and tasks. The
solid line is the mean and the shaded area is the standard deviation over 5 runs (ran-
dom seed). The baseline policies in the grid and bottleneck tasks are πnear

B , and the
baseline policy in the car-racing task is πhuman

B . The black dashed line is the cost con-
straint threshold hC . We observe that SPACE is the only algorithm that satisfies
the constraints while achieving superior reward performance. Although πhuman

B has
substantially low reward, SPACE still can learn to improve the reward. (We show the
results in these tasks as representative cases since they are more challenging. Best
viewed in color.)
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less sample-efficient, which shows the accelerated learning of SPACE.

For example, in the car-racing task we observe that JD(π) in SPACE decreases

at the initial iteration, but increases in the end. This implies that the learned policy

is guided by the baseline policy πhuman
B in the beginning, but uses less supervision in

the end. In addition, in the grid task, we observe that the final reward of SPACE is

lower than the baseline algorithm. This is because that SPACE converges to a policy

in the cost constraint set, whereas the baseline algorithms do not find constraint-

satisfying policies. Furthermore, we observe that JD(π) in the traffic tasks decreases

throughout the training. This implies that SPACE intelligently adjusts hkD w.r.t. the

performance of πB to achieve safe learning.

f-CPO and f-PCPO. f-CPO and f-PCPO fail to improve the reward and have

more cost violations. Most likely this is due to persistent supervision from the base-

line policies which need not satisfy the cost constraints nor have a high reward. For

example, in the car-racing task, we observe that the value of the divergence cost de-

creases throughout the training. This implies that the learned policy overly evolves

to the sub-optimal πB and hence degrades the reward performance. d-CPO and

d-PCPO. d-CPO and d-PCPO improve the reward slowly and have more cost vio-

lations. They do not use projection to quickly learn from πB. For example, in the

car-racing task, JD(π) in d-CPO and d-PCPO are high compared to SPACE through-

out the training. This suggests that simply regularizing the RL objective with the

faded weight is susceptible to a sub-optimal πB. In contrast to this heuristic, we use

Lemma 3.3.1 to update hD when needed, allowing πB to influence the learning of the

agent at any iterations depending on the learning progress of the agent.

Importantly, in our setup, the agent does not have any prior knowledge about πB.

The agent has to stay close to πB to verify its reward and cost performance. It is

true that πB may be constraint-violating, but it may also provide a useful signal for

maximizing the reward. For example, in the grid task (Fig. 3.4), although πB does
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Gather Circle

Figure 3.5: Learning from sub-optimal πB. The undiscounted constraint cost and the
discounted reward over policy updates for the gather and the circle tasks. The solid
line is the mean and the shaded area is the standard deviation over 5 runs. The black
dashed line is the cost constraint threshold hC . We observe that SPACE satisfies the
cost constraints even when learning from the sub-optimal πB.

Gather Circle

Figure 3.6: Ablation studies on the fixed hD. The undiscounted constraint cost and
the discounted reward over policy updates for the gather and the circle tasks. The
solid line is the mean and the shaded area is the standard deviation over 5 runs. The
black dashed line is the cost constraint threshold hC .We observe that the update rule
is critical for ensuring learning performance improvement.

not satisfy the cost constraint, it still helps the SPACE agent (by being close to πB)

to achieve faster cost satisfaction.

Having demonstrated the overall effectiveness of SPACE, our remaining experi-

ments explore (1) SPACE’s ability to safely learn from sub-optimal polices, and (2)

the importance of the update method in Lemma 3.3.1. For compactness, we restrict

our consideration to SPACE and the Mujoco tasks, which are widely used in the RL

community.

Sub-optimal πcost
B and πreward

B . Next, we test whether SPACE can learn from sub-

optimal πB. The learning curves of JC(π) and JR(π) over policy updates are shown
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Figure 3.7: The divergence cost JD(π) and the value of hD over the iterations in
the car-racing task. We see that SPACE controls hD to ensure divergence constraint
satisfaction.

for the gather and circle tasks in Fig. 3.5. We use two sub-optimal πB: π
cost
B and

πreward
B , and learning agent’s hC is set to 0.5 (i.e., πB do not solve the task at hand).

We observe that SPACE robustly satisfies the cost constraints in all cases even when

learning from πreward
B . In addition, we observe that learning guided by πreward

B achieves

faster reward learning efficiency at the initial iteration. This is because JR(π
reward
B ) >

JR(π
cost
B ) as seen in the reward plot. Furthermore, we observe that learning guided by

πcost
B achieves faster reward learning efficiency at the later iteration. This is because

by starting in the interior of the cost constraint set (i.e., JC(π
cost
B ) ≈ 0 ≤ hC), the

agent can safely exploit the baseline policy. The results show SPACE enables fast

convergence to a constraint-satisfying policy, even if πB does not meet the constraint

or does not optimize the reward.

SPACE with a Fixed hD. In our final experiments, we investigate the impor-

tance of updating hD when learning from a sub-optimal πB. The learning curves of

the JC(π) and JR(π) over policy updates are shown for the gather and circle tasks

in Fig. 3.6. We observe that SPACE with fixed hD converges to less reward. For

example, in the circle task SPACE with the dynamic hD achieves 2.3 times more

reward. This shows that πB in this task is highly sub-optimal to the agent and the

need of using stateful hkD.

Moreover, Fig. 3.7 shows the divergence cost JD(π) and the value of hD over the
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iterations in the car-racing task. We observe that SPACE gradually increases hD to

improve reward and cost satisfaction performance.

3.6 Discussion and Conclusion

In this chapter, we addressed the problem of learning constraint-satisfying policies

given potentially sub-optimal baseline policies. We explicitly analyzed how to safely

learn from the baseline policy, and hence proposed an iterative policy optimiza-

tion algorithm that alternates between maximizing the expected return on the task,

minimizing the distance to the baseline policy, and projecting the policy onto the

constraint-satisfying set. Our algorithm efficiently learns from a baseline policy as

well as human-provided demonstration data and achieves superior reward and cost

performance compared with state-of-the-art approaches.

No algorithm is without limitations. Future work could improve SPACE in several

ways. For instance, in Lemma 3.3.1, we do not guarantee that SPACE will increase hD

enough for the region around the baseline policy to contain the optimal policy. This

is challenging since the optimization problem is non-convex. One possible solution is

to rerun SPACE multiple times and reinitialize πB with the previously learned policy

each time. One evidence to support this method is that in the bottleneck task (Fig.

3.4), the agent trained with SPACE outperforms PCPO agent by achieving higher

rewards and faster constraint satisfaction. The PCPO agent here can be seen as the

SPACE agent trained without πB. And then we train the SPACE agent with πB from

the learned PCPO agent. This shows that based on the learned policy, we can use

SPACE to improve performance. In addition, it would be interesting to explore using

other types of baseline policies such as rule-based policies, and see how they impact

the learning dynamics of SPACE.
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Chapter 4

Safe Reinforcement Learning for

Quadrupedal Locomotion

4.1 Introduction

In Chapter 2 and 3, we investigate the problem of safe reinforcement learning, and

verify the proposed algorithms (i.e., PCPO and SPACE) in the simulated tasks.

In this chapter, we extend the safe reinforcement learning algorithm in real-world

hardware such as legged robots1 to understand the resilience of the algorithm and

show real-world applicability.

The promise of deep reinforcement learning (RL) in solving complex and high-

dimensional problems autonomously has attracted much interest among robotics re-

searchers. However, effectively training an RL policy requires exploring a large set

of robot states and actions, including many that are not safe for the robot. This is

especially true for systems that are inherently unstable such as legged robots. One

way to leverage RL for robotics problems is to learn the policy in computer simulation

and then deploy it in the real world [97, 8]. However, this requires addressing the

1We use “legged robots” and “quadruped” interchangeably in the thesis.
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Catwalk

Two-leg balance

Figure 4.1: We evaluate our algorithm in quadrupedal locomotion tasks: catwalk
and two-leg balance. The narrow feet placement and standing with two legs lead to
falling easily during the learning process. Our algorithm overcomes these challenges–
outperforming prior methods in terms of safety violations and learning efficiency both
in simulation and the real world.

challenging sim-to-real gap. Another approach to tackle this issue is to directly learn

or fine-tune a control policy in the real-world [63, 64], with the main challenge being

ensuring safety during learning. Our work falls into this category by introducing a

safe RL framework for learning quadrupedal locomotion while satisfying the safety

constraints during training.

We formulate the problem of safe locomotion learning in the context of safe RL.

Inspired by prior work [149, 178, 19], our learning framework adopts a two-policy

structure: a safe recovery policy that recovers robots from near-unsafe states, and a

learner policy that is optimized to perform the desired control task. Our safe learning

framework switches between the safe recovery policy and the learner policy to prevent

the learning agent from safety constraint violations (e.g., falls).

Different from prior methods that learn a safety critic function which predicts the
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Figure 4.2: An illustration of safety trigger set Ctri (orange), safe set Csafe (green), and
failure set Cfailure (red) with two policies πlearner, and πsafe. On the left, without the
reachability criteria, we encounter a frequent switch between the safe recovery policy
πsafe and the learner policy πlearner. On the right, by applying the reachability criteria,
we push the learning agent away from Ctri, which reduces the risk of violating the
safety constraints.

possibility of safe violations [149, 178, 19], we propose a model-based approach to

determine when to switch between the two policies based on the knowledge about the

system dynamics. In reality, it is often the case that the designer has some knowledge

of the system dynamics at hand. Our goal is to exploit this knowledge to design a

safety mechanism without relying on a black-box approach (e.g., neural networks).

More specifically, we first define a safety trigger set that includes states where the

robot is close to violating safety constraints but can still be saved by a safe recovery

policy. When the learner policy takes the robot to the safety trigger set, we switch

to the safe recovery policy, which drives the robot back to safe states. We then

determine when to switch back to the learner policy by leveraging an approximate

dynamics model of the robot (e.g., centroidal dynamics model for legged robots) to

rollout the planned future robot trajectory: if the predicted future states are all in

the safe states, we will hand the control back to learner policy, otherwise, we will keep

using the safe recovery policy (see Fig. 4.2 for illustration). Such switch criteria allow

the learning agent to explore near safety-violation regions while minimally intervening

in the learning process. Notice that this dynamics model is a linear system, and it

is derived based on the physics knowledge about the quadrupedal robot. The system

parameters in this dynamics model need to be specified such as the friction coefficient.

We assume the system parameters are known, and in the next Chapter 5, we will

develop an approach to identify these parameters.
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The contributions in this chapter are as follows. (1) We provide a theoretical

analysis of the proposed framework and derive performance bounds under system

dynamics error since perfect knowledge about the system dynamics is hard to obtain.

Specifically, we construct a regret-type of bound that compares the learning outcome

of the agent to the one with full knowledge of the system dynamics. This helps us

to quantify the effect of dynamics error on learning performance. (2) To evaluate

the performance of the framework, we compare the proposed safe learning framework

with state-of-the-art safe RL algorithms on four simulated and real quadrupedal lo-

comotion tasks: efficient gait, catwalk, two-leg balance, and pacing (see Fig. 4.1).

In all cases, our algorithm achieves comparable or superior performance to prior ap-

proaches, averaging 48.6% fewer falls in simulation and zero or near-zero falls in the

real world. In addition, we show that this framework can effectively reduce the num-

ber of uses of the safe recovery policy over prior approaches [149], which improves

learning speed.

Prior Publications. Parts of this thesis have been published in [176].

Code. https://sites.google.com/view/saferlleggedlocomotion/

4.2 Problem Setup

We frame our problem as a constrained Markov Decision Process (CMDP) [10], de-

fined as a tuple < S,A, T, R, C > . Here S is the set of states, A is the set of actions,

and T is the transition function that specifies the conditional probability T (s′|s,a)

or the deterministic function s′ = T (s,a) that the next state is s′ given the current

state s and action a. In addition, R : S×A → R is a reward function, and C : S → R

is a constraint cost function that indicates the failure state (e.g., falling down). The

reward function encodes the benefit of using action a in state s, while the cost func-

tion encodes the corresponding constraint violation penalty (we assume the value of
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C is non-negative).

A policy π(a|s) is a map from states to probability distributions on A : a ∼

π(a|s). The state then transits from s to s′ according to T. Finally, the agent receives

a reward R(s,a) and incurs a cost C(s).

Let γ ∈ (0, 1) denote a discount factor, and τ denote the trajectory τ = (s0,a0, s1, · · · )

from a policy π. We seek a policy π that maximizes a cumulative discounted reward:

JR(π)
.
= Eτ∼π [

∑∞
t=0 γ

tR(st, at)] , while keeping the cumulative discounted cost below

a pre-defined threshold h : JC(π)
.
= Eτ∼π [

∑∞
t=0 γ

tC(st)] ≤ h. Note that we refer to

systems with JC(π) > h as cost violations or failure. One difference between conven-

tional RL and safe RL is that we want the entire training process to satisfy the safety

constraints, not just at the end of training.

4.3 Algorithm

In this section, we first provide the necessary definitions, followed by proposing the

safe control approach using approximate knowledge about system dynamics. Finally,

we conclude the section by outlining the proposed framework.

4.3.1 Setup

Definition 1. We define:

(1.1) Safety trigger set Ctri ⊆ S, a set of states that triggers πsafe.

(1.2) Safe set Csafe = Ctri \ S in which the state does not belong to the safety trigger

set;

(1.3) Failure set Cfailure = {s ∈ S : C(s) > 0} in which an non-negative cost penalty

(i.e., falls) incurred for certain s. Note that Cfailure ⊆ Ctri.
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Definition (1.3) defines unsafe states that we want to avoid. For example, when

the height of a robot is too low (i.e., indication of falls), the learning agent is in

Cfailure. Fig. 4.2 shows these three sets. To ensure the safety of the learning agent, we

will also need the following assumptions.

Assumption 2. An approximate knowledge of the true system dynamics T,

denoted by T̂ , in which their difference is bounded by ∥T − T̂∥2 ≤ ϵ.

Approximate dynamics models are often leveraged to achieve efficient planning

of robot motions. For example, the centroidal dynamics model (CDM) or spring-

loaded inverted pendulum model (SLIP) are commonly used to design locomotion

controllers, while a unicycle model is popular for modeling wheeled robots. In this

work, we utilize a centroidal dynamics model to predict the future state trajectory

given the current state and πlearner’s control inputs to certify the learning agent’s

safety.

4.3.2 The Safe Control Approach

Based on these definitions and assumptions, the proposed algorithm uses two policies,

a learner policy πlearner, which maximizes the task reward, and a safe recovery policy

πsafe, which tries to bring the agent back to safe states when reaching the safety trigger

set. A naive way to select which policy to query is as follows.

anaive =







πsafe(·|s), if s ∈ Ctri

πlearner(·|s), otherwise.

(4.1)

This control approach implies that whenever the state is in the safety trigger set, the

safe recovery policy takes over the control from the learner, and returns the control

back when the learner is in the safe set.

However, this poses a potential issue: while in principle the control approach in
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Eq. (4.1) can ensure safety, it may cause frequent switches between πsafe and πlearner,

which hinders policy exploration and impacts learning efficiency. Fig. 4.2 illustrates

this observation. To address this issue, when the learning agent is in the safety trigger

set, the safe recovery policy takes over the control and should return the control to

the learning agent only when πlearner can guarantee that there would be no further

switches for a specific future horizon. This reduces the potential use of the safe

recovery policy. Formally, we define the following planning criteria for determining

when should πsafe hand control back to πlearner.

Definition 2. Reachability Planning Criteria. ∃{aτ}i−1
τ=t ∈ πsafe with mini∈[t+1,t+w−1] i

such that {aτ}t+w−1
τ=i ∈ πlearner with sτ /∈ Ctri where w ∈ R+ is the planning step.

Definition (2) says that we want to find a minimal step i (i.e., the minimal inter-

vention) such that all the remaining actions are from πlearner after a minimal initial

sequence of actions from πsafe. This ensures that when πsafe hands the control back

to πlearner, πlearner can maximally reduce future use of the safe recovery policy. How-

ever, Definition (2) is computationally intensive and non-convex, which can limit the

practicality of the proposed approach for real-time validation of safety in some ap-

plications such as robots with onboard processing. An alternative is to remove the

planning component in reachability planning criteria and only verify whether future

states are in the safety trigger set given all actions from πlearner. Formally, πsafe returns

the control back to πlearner if the following criteria are satisfied.

Definition 3. Reachability Criteria. Check {aτ}w+t−1
τ=t ∈ πlearner such that {sτ}w+t

τ=t+1 /∈

Ctri.

The criteria say that at time t, we check whether the future states are in Ctri for
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w steps. Hence, the final proposed safe control approach becomes

at =







πsafe(·|st), if (st ∈ Ctri)
︸ ︷︷ ︸

πsafe trigger criterion

∨

(
(at−1 ∈ πsafe) ∧

(∄{aτ}w+t−1
τ=t ∈ πlearner s.t.

{sτ}w+t
τ=t+1 /∈ Ctri)

)

︸ ︷︷ ︸

πsafe handing control back criterion

πlearner(·|s), otherwise.

(4.2)

There are two conditions that we use a safe recovery policy. The first condition (i.e.,

safe recovery policy trigger criterion) is when the current state is in the safety trigger

set (i.e., st ∈ Ctri). The second condition (i.e., safe recovery policy handing control

back criterion) is that when the previous action is from safe recovery policy and there

does not exist a sequence of actions produced by the learner policy such that the

resulting states are not in the safety trigger set (i.e., (at−1 ∈ πsafe) ∧ (∄{aτ}w+t−1
τ=t ∈

πlearner s.t. {sτ}w+t
τ=t+1 /∈ Ctri)). Note that the reachability criteria (i.e., the second

condition) are only checked if the previous action is from πsafe, which determines when

to hand the control back to the learner. This is different from Recovery RL [149], in

which πsafe hands the control back to the learner whenever the prediction of future cost

constraint violations are below a certain threshold at any state in the environment.

Our approach allows the agent to have enough freedom to explore the states that

are near Ctri while avoiding constant use of πsafe. πsafe is triggered only when needed.

Finally, the approximate dynamics T̂ is used to unroll the future states given the

current state and πlearner for the reachability criteria.
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Algorithm 3 Safe RL with Approximate System Dynamics

1: Given: (1) Knowledge about system dynamics s′ = T̂ (s,a) or s′ = T̂ (·|s,a),
(2) an initial learner policy π0

learner = π(·|θ0
learner) parameterized by θ0

learner, (3)
a safe recovery policy πsafe(·|s), (4) safety trigger set Ctri, and (5) a trajectory
buffer B

2: Parameter: (1) the number of policy updates K, (2) the number of interactions
W, (3) planning horizon w

3: for k = 0, 1, · · · , K do
4: for t = 1, · · · ,W do
5: Use control approach in Eq. (4.2)
6: Observe st+1, rt = R(st,at)
7: Store data (st,a

learner
t , rt − z) in B, where z = 1 if at ∈ πsafe, and zero

otherwise.
8: Update θk

learner using B

4.3.3 Reinforcement Learning with the Safe Control Approach

Algorithm 3 illustrates the proposed framework with the safe control approach. In

addition, when storing the data trajectory in the replay buffer (line 7), we always

use the action proposed by πlearner with the negative penalty for indicating the use

of πsafe. This implies that we treat πsafe as part of the environment, and we want the

learning agent to reduce the use of πsafe over the learning process to embed safety

to the agent. Note that one can also terminate the episode when triggering πsafe to

discourage the use of πsafe.

4.4 Theoretical Analysis for Dynamics Error

The proposed reachability criteria rely on the knowledge about the system dynamics

T to predict the future state trajectory. Hence, we want to quantify the effect of

the approximation error of the system dynamics on the performance of the task

objective. Let {yt} ∈ S denote a target safe trajectory that the learning agent wants

to track. Then, we consider the following simplified problem in which we want to find

a sequence of actions that minimize the tracking errors for W steps between the safe
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and the planned trajectories under the proposed control approach.

argmin
a1···aW

W∑

t=1

∥T̂ (xt,at)− yt+1∥2
︸ ︷︷ ︸

task objective

s.t. control method in (4.2) (4.3)

Assumption 3. We assume:

(2.1) Dynamics Parameterization: The true dynamics s′ = T (s,a) is a time-

invariant linear dynamics s′ = As+Ba, where A and B are system matrices.

(2.2) Approximate Dynamics: The dynamics T̂ (s,a) is a time-invariant linear

dynamics s′ = Âs+ B̂a.

(2.3) Smoothness: The system dynamics T (s,a) is α-Holder continuous in the

second-order argument for α ∈ R+, i.e., for all s, there exists G ∈ R+, such

that

∥T (s,a1)− T (s,a2)∥2 ≤ G∥s1 − s2∥α2 , ∀s1, s2.

G and α control the sensitivity of the system dynamics function to a perturba-

tion in a. This is also true for T̂ .

(2.4) Size of the Control Space: For a constant D, diam(A) ≤ D, where A is

the action space and diam is the diameter of the set (i.e., ∥a1 − a2∥2 ≤ D, for

every a1,a2 ∈ A).

Asm. (2.1) and (2.2) define the structure of the system dynamics, which has been

applied to a wide range of tasks such as quadrupedal locomotion [44]. In addition,

Asm. (2.3) says that the function value does not change abruptly given two points.

Asm. (2.4) implies that the size of A is bounded.

To provide a performance guarantee of Problem (4.3), we compare the value of the

task objective of the proposed algorithm running online (denoted by cost(T̂ )) against
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the optimal offline algorithm, which makes the optimal decision with full knowledge of

the system dynamics T (denoted by cost(T )). Hence, we have the following Theorem.

Theorem 4.4.1. (Performance Guarantee.) We have

E[cost(T̂ )] ≤E[cost(T )] + 2
α
2
+1GW · |σ1(A− Â)|α

·
(

|σ1(B − B̂)|αaαmax

( 2

α + 2

)

+ ∥s1∥α2
)

,

where σ1(·) is the largest singular value of a matrix, s1 is the initial state, and scalar

value amax := maxt∈{1,··· ,W} ∥at∥2.

Proof. Our proof follows the setup in [32]. Please read the paper for more details.

Let modeled system dynamics be x̂t+1 = (A+AE)x̂t+(B+BE)ut, where A and B

are the true system matrices and AE and BE represent the model error between the

true dynamics and the modeled dynamics. In addition, we use this parameterization

of the observation tracking error

yt − yt|τ =
t∑

s=τ+1

f(t− s)e(s), (4.4)

where yt is the true target state at time t and yt|τ is the predicted state at time t

with the initial state at time τ (i.e., t > τ). Here, we want to make some observations
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about the model error over time:

x̂1 = (A+AE)x0 + (B +BE)u0,

x̂2 = (A+AE)x1 + (B +BE)u1

= (A+AE)
(
(A+AE)x0 + (B +BE)u0

)
x1

+ (B +BE)u1

= (A+AE)
2
x0 + (A+AE)(B +BE)u0

+ (A+AE)
0(B +BE)u1 (4.5)

Then we can define

e(s) =







(B +BE)us−1, if s ≥ 1

x0, if s = 0.

(4.6)

and

f(s) = (A+AE)
s, if s ≥ 0. (4.7)

95



Then

E[∥
τ∑

s=τ−k

f(τ − s)e(s)∥22]

= tr(
k∑

s1,s2=0

f(s1)
Tf(s2)E[e(τ − s2)e(τ − s1)

T ])

= tr
( k∑

s=0

(
(A+AE)

s)T
(A+AE)

s

· E[(B +BE)uk−su
T
k−s(B +BE)

T ]
)

+ ((A+AE)
k+1

x0)
T
((A+AE)

k+1
x0)

= tr
( k∑

s=0

(
(A+AE)

s(B +BE)uk−s

)T

·
(
(A+AE)

s(B +BE)uk−s

))

+ ∥(A+AE)
k+1

x0∥
2

2

=
k∑

s=0

∥(A+AE)
s(B +BE)uk−s∥22 + ∥(A+AE)

k+1
x0∥

2

2

≤
k∑

s=0

(∥(A+AE)
s∥22)(∥B +BE∥22)(∥uk−s∥22)

+ ∥(A+AE)
k+1∥22∥x0∥22

=
v−1∑

k=0

( k−1∑

s=0

E[∥As+1 − (A+E)s+1∥22∥uk−s−1∥22]

+ E[∥Ak+1 − (A+E)k+1∥22∥Bk+1 − (B +E)k+1∥22∥x0∥22]
)α

2

≤
v−1∑

k=0

(

kσ1(A− Â)2σ1(B − B̂)2a2max + σ1(A− Â)2∥x0∥22
)α

2

≤ 2
α
2

v−1∑

k=0

(

k
α
2 σ1(A− Â)ασ1(B − B̂)α + σ1(A− Â)α∥x0∥α2

)

=2
α
2

(

σ1(B − B̂)ασ1(A− Â)αaαmax

v−1∑

k=0

k
α
2 + vσ1(A− Â)α∥x0∥22

)

≤2
α
2

(

σ1(B − B̂)ασ1(A− Â)αaαmax

2v
α
2
+1

α + 2
+ vσ1(A− Â)α∥x0∥α2

)

= 2
α
2 σ1(A− Â)α(σ1(B − B̂)α

2

α + 2
+ ∥x0∥α2 ) (4.8)
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Hence by

E[cost(T̂ )] ≤ E[cost(T )] + 2GW
v−1∑

k=0

∥fk∥α, (4.9)

we have

E[cost(T̂ )] ≤ E[cost(T )]

+ 2
α
2
+1GWσ1(A− Â)α(σ1(B − B̂)α

2

α + 2
+ ∥x0∥α2 ), (4.10)

which we complete the proof.

We now make several observations for Theorem 4.4.1.

(1) If there is no dynamics error, i.e., A = Â,B = B̂, then E[cost(T̂ )] ≤ E[cost(T )],

which implies that the online decision planning performs as good as the offline algo-

rithm. However, when there is a dynamics error, the leading singular value of the

system matrices difference will potentially lower the performance of the task objective

with the cost violations.

(2) If the system dynamics is less smooth, i.e., α is large, then the performance of

the proposed algorithm degrades. This implies that when the system is unstable and

unpredictable, we have a large tracking error.

(3) It shows the performance drop to the offline algorithm grows linearly w.r.t the

horizon W. In addition, the smoothness value G represents how predicable the dy-

namics is–the smaller the value is, the more predicable the dynamics are.

(4) In practice for the locomotion tasks in the paper, their system dynamics are non-

linear. However, we can treat it locally linear when the time step is small enough.

We leave the non-linear version of the bound as the future work. In summary, Thm

4.4.1 provides an intuition about the effect of horizon W and model errors.
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4.5 Experiments

We study the following questions: (1) How does our algorithm perform compared to

other baselines in terms of constraint satisfaction and final reward? (2) What is the

effect of the planning horizon and the safety trigger set?

4.5.1 Setup

Robots. We evaluate our approach on a simulated Unitree Laikago [2], a quadrupedal

robot that weighs 24kg and has 12 actuated joints. For the real-world experiment, we

use a Unitree A1 [1], a quadrupedal robot that weighs 12.7kg with better hardware

reliability and agility.

Hierarchical Policies. We use a hierarchical policy framework that combines

RL and optimal control for πlearner and πsafe. This framework consists of a high-level

RL policy that produces gait parameters and feet placements, and a low-level model

predictive control (MPC) controller [44] that takes in these parameters to compute

desired torque for each motor in the robot. Instead of directly commanding the

motor’s angle, this approach offers stable operation and streamlines the policy training

due to a smaller action space and a robust MPC controller. The gait parameters

include stepping frequency (Ω ∈ R, the frequency of completing one swing-stance

cycle of each leg), swing ratio (pswing ∈ R, the portion of swing duration), and phase

offsets relative to the front-right leg (θ1, θ2, θ3 ∈ R, the angle added to the front-

right leg’s phase angle for the other three leg’s phase angles). The feet placements

include pFR,y, pFL,y, pRR,y and pRL,y ∈ R, which are the desired feet positions in the

side-way (y) direction (FR: front-right; FL: front-left; RR: rear-right; RL: rear-left).

Such policy parameterization allows us to take advantage of the MPC controller while

being expressive enough to produce a diverse set of gaits.

The MPC controller uses a centroidal dynamics model (CDM) proposed in [44]
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to serve as T̂ . The dynamics can be expressed as a linear dynamic model s′ =

As + Ba, where A and B are state and control matrices that depend on the gait

parameters and feet positions. When rolling out the states using T̂ , we use the

action from πlearner and keep the other MPC parameters fixed. The state in CDM

is st = [x, y, z, ẋ, ẏ, ż, ϕ, θ, ψ, ϕ̇, θ̇, ψ̇]
T
, where x, y, z ∈ R are the robot’s position,

ẋ, ẏ, ż ∈ R are the velocity, ϕ, θ, ψ are the roll, pitch, yaw, and ϕ̇, θ̇, ψ̇ are the angular

velocity.

Tasks. We compare our algorithm with existing approaches on four quadrupedal

locomotion tasks shown in Fig. 4.1 and Fig. 4.3.

(1) Efficient Gait. The robot learns how to walk with low energy consumption.

The robot is rewarded for consuming less energy. The actions of the policy network

produce the delta change of the gait parameters at each step, including the delta

change of the stepping frequency Ω, the swing ratio pswing, and the phase offsets

θ1, θ2, θ3.

(2) Catwalk. The robot learns a catwalk gait pattern, in which the left and right two

feet are close to each other. This is challenging because by narrowing the support

polygon, the robot becomes less stable. The robot is rewarded for using narrow

foot placement: R := e − (pFR,y − pFL,y)
2 − (pRR,y − pRL,y)

2, where e ∈ R+ is a

positive survival bonus to make the reward non-negative. The actions of the policy

network produce the gait parameters in the efficient gait task and the feet placement

pFR,y, pFL,y, pRR,y and pRL,y.

(3) Two-leg Balance. The robot learns a two-leg balance policy, in which the front-

right and rear-left feet are in stance, and the other two are lifted. The robot can easily

fall without delicate balance control because the contact polygon degenerates into a

line segment. The robot can only control these two stance feet, and is rewarded for

staying at a target height of 0.45m: R := e − (z − 0.45)2. The action includes the

delta change of the stepping frequency Ω, the swing ratio pswing, and the phase offset

99



θ3.

(4) Pacing. We want to produce the desired stepping frequency and the swing

ratio for performing the pacing behavior under different desired speeds. The robot is

rewarded for matching target speed: R := e − ∥[ẋ, ẏ, ż]T − [ẋtarget, ẏtarget, żtarget]
T∥22,

where ẋtarget, ẏtarget, żtarget are the target velocities. The action includes the delta

change of the stepping frequency Ω, and the swing ratio pswing. Note that here we

fixed the phase offsets to be θ1 = π, θ2 = 0, θ3 = π to enforce the pacing gait: legs on

the same side move in sync.

Baselines. The goal is to demonstrate that the proposed approach can enable

safe training using the knowledge of the system dynamics to determine switching

timing. In addition, we position our paper in the field of RL. Hence we compare our

method with the following state-of-the-art RL or safe RL baselines.

(1) TRPO. Trust region policy optimization (TRPO [133]) only optimizes the re-

ward objective. This will serve as a cost constraint performance lower bound.

(2) PCPO. Projection-based constrained policy optimization (PCPO, [173]) opti-

mizes the reward while using projection to satisfy the cost constraint. In addition,

PCPO is the state-of-the-art model-free approach over CPO [6].

(3) TRPO w/ negative penalty (TRPO-N). It optimizes the reward objective

with an added penalty for entering Cfailure : R(s, a) − C(s). This is to show that the

penalty-based approach would fail when the dynamics are complex.

(4) Recovery RL. We are inspired by Recovery RL [149], which also consists of two

policies: a safe recovery policy and a learner policy. This is a direct comparison of the

proposed switch criteria with the value function-based method. We use hierarchical

policies for all the baselines.

Implementation Details. We implement these tasks using Pybullet [40] simulator.

We use a two-layer multi-layer perceptron (MLP)-based policy network with a tanh

activation function for πlearner and πsafe. The low-level MPC controller runs at the
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frequency of 250Hz, and the policy network predicts the gait parameters with 125Hz.

(1) Observation Space. The observation space of the policy network includes the

previous gait parameters, the height of the robot, base orientation, linear and angular

velocities.

(2) Safe Recovery Policy πsafe. We want to learn a policy that can safely bring

the agent to a balanced and stationary state. We use the above hierarchical ap-

proach to train the policy, and add random perturbation to the robot to simulate

the unstable and unsafe behavior encountered during the learning process. This

allows us to train a policy that can stabilize the robots robustly. The robot is

rewarded for being stable with zero velocity and maintaining the desired height:

R := e − ∥[z, ẋ, ẏ, ż, ϕ, θ, ψ, ϕ̇, θ̇, ψ̇]T − [0.45, 0, 0, 0, 0, 0, 0, 0, 0, 0]T∥
2

2. The action in-

cludes the gait parameters used in the efficient gait. Note that all πsafe in the simu-

lation are learned first before learning πlearner in the proposed method and Recovery

RL. We stop training πsafe during learning πlearner. For the real-world experiments,

we compare two types of πsafe: a learned MLP-based πsafe and a simulation-tuned

MPC controller. We find that the optimized MPC controller works better in the real

world, possibly because the smaller number of tunable parameters leads to a smaller

sim-to-real gap. As such, we use this controller in our real-world experiments.

(3) Constraint Cost Function C. For all the tasks, C(·) outputs 1 when the

height is below 0.1m and zero otherwise.

(4) Safety Trigger Set Ctri. To ensure safety, we want the robot to maintain a

certain height, stay upright with smaller side-tilting velocities. Hence we use the

following safety trigger set for Laikago: Ctri = {s ∈ S : z < 0.4 ∨ z > 0.55 ∨ |ϕ| >

0.26∨ |θ| > 0.26∨ |ẏ| > 0.5∨ |ϕ̇| > 0.5}, where the unit for angle is in radian. For A1

robot, we use the same safety trigger set except for the height bounds to be z < 0.2

and z > 0.3 since the robot is smaller. We design our Ctri inspired by the capturability

theory [30]. In particular, we choose an initial tight Ctri such that the corresponding
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Catwalk Two-leg balance Pacing

Figure 4.3: Simulation Results. We report the total number of falls versus final
rewards for the tested algorithms and task pairs over five runs. We observe that
the proposed approach achieves the fewest number of falls while having comparable
reward performance (i.e., in the top-left corner) (best viewed in color).

capture point for the robot does not exceed the task space (0.15m for Laikago and

0.1m for A1). We then fine-tune Ctri on the real A1 robot with a random policy to

identify Ctri that can prevent the robot from falling. In addition, we also conduct

an ablation on the effect of the safety trigger set where we use a stricter criterion:

C2
tri = {s ∈ S : z < 0.4, z > 0.55, |ϕ| > 0.26, |θ| > 0.26, |ẏ| > 0.375, |ϕ̇| > 0.375}, and

C3
tri = {s ∈ S : z < 0.4, z > 0.55, |ϕ| > 0.26, |θ| > 0.26, |ẏ| > 0.25, |ϕ̇| > 0.25}. Note

that C1
tri := Ctri (default criteria).

(5) Planning Horizon w. We also ablate the planning horizon w (one step is 0.016

seconds) to see its effect on the number of uses of the safe recovery policy and falling

events. Specifically, we use w = 0, 5, 10, 15, 20. Other than explicitly specified, we use

w = 10 as the default in simulation. For the real-world experiment, we use w = 0

for πsafe that lasts 1 second due to computation budget in planning and we find this

approach empirically works well.

4.5.2 Experiment Results

Simulation Results. The total number of falls versus the final reward value is

shown for all tested algorithms and tasks in Fig. 4.3. The learning performance for

baseline oracle, TRPO, indicates the reward and the constraint performance when

the safety constraint is ignored. Ideally, we want the algorithm to be in the top-

left corner (more rewards and fewer falls). Overall, we find that our algorithm is
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(a)

Num. of falls Num. of πsafe Reward
Ours w = 0 551 ± 84 106,280 ± 4,921 1517 ± 282
Ours w = 5 548 ± 87 104,532 ± 15,496 1677 ± 32
Ours w = 10 335 ± 34 116,155 ± 55,715 1575 ± 275
Ours w = 15 299 ± 86 157,285 ± 5,085 1506 ± 229
Ours w = 20 204 ± 20 194,198 ± 5,114 1433 ± 307
Recovery RL 603 ± 50 485,633 ± 325,133 894 ± 163

(b)

Num. of falls Num. of πsafe Reward
Ours C1

tri 335 ± 234 116,155 ± 55,715 1575 ± 275
Ours C2

tri 313 ± 32 141,488 ± 16,536 1525 ± 180
Ours C3

tri 275 ± 137 246,651 ± 25,982 677 ± 154
Recovery RL 603 ± 50 485,633 ± 325,133 894 ± 163

Figure 4.4: Simulation Results. (a) Ablations on the planning horizon w in the
catwalk task in terms of the number of falls, the number of uses of πsafe, and the
reward performance. Results suggest that with an increasing number of w, one can
reduce the number of falls with more safety trigger events. (b) Ablations on the
design of the safety trigger set Ctri in the catwalk task. Results suggest that the
looser Ctri is, the fewer number of falls are. The best numbers are bold.

able to improve the reward while achieving the fewest number of falls in all tasks

(in the top-left corner). In addition, we observe that (1) Recovery RL has more

falls and cannot improve reward effectively in the catwalk tasks. This is because the

safety critic cannot predict the cost violation well; (2) TRPO-N requires a significant

effort to select a good value of C to balance between the reward improvement and the

constraint satisfaction; (3) PCPO has a moderate reward and constraint performance

due to the projection step.

We also observe that the learning algorithm in the two-leg balance (7.19% for our

algorithm of the total of 13,600 training trajectories) and pacing tasks (9.50%) tend

to have more falls than that of the catwalk task (2.46%). This is because the robot

with only two stance legs is highly unstable, and the pacing gait is different from the

gait used in the safe recovery policy, which creates a sudden change of the gait and

hence causes a wiggling movement.
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Ablation Studies. To demonstrate the efficacy of reachability criteria in the

proposed framework, we ablate the planning horizon w. Fig. 4.4(a) shows the results

with w = 0, 5, 10, 15, 20 in the catwalk task in terms of the total number of falls, the

number of uses of πsafe, and the reward. Note that when w = 0, it is equivalent to the

removal of the reachability criteria in our algorithm, and similar to a shielding-based

MPC approach in [16]. In addition, w = 0 does not mean our method is similar to

recovery RL since it can trigger πsafe before reaching the safety boundary. Overall,

we observe that our approach outperforms Recovery RL in terms of the number of

uses of πsafe and the reward, no matter how long the horizon is. This is because the

safety critic in Recovery RL is too conservative in predicting the cost violation, which

hinders the exploration of the agent (reducing the reward). In addition, the safety

critic is pre-trained based on the worst-case policy that maximizes the cost violation.

This leads to a conservative learning strategy. Furthermore, as we keep increasing w

to 20, the number of falls reduces with more uses of πsafe and fewer rewards. This

is expected since πsafe intervenes in the learning agent more often, which reduces the

reward performance. This shows a trade-off between safety and reward performance,

and the horizon w gives users a knob to tune based on the problems.

Furthermore, Fig. 4.4(b) ablates the design of the safety trigger set Ctri in the

catwalk task. We see that the stricter Ctri is, the fewer the falls and the more uses

of πsafe are. This observation implies one needs to design a good Ctri based on the

recovery capability of πsafe.

Real-world Experiments. Fig. 4.5 shows the reward and the percentage of uses

of πsafe among the trajectory steps collected for one policy update on the efficient gait,

catwalk, and two-leg balance tasks. For the efficient gait and the catwalk tasks, one

policy update corresponds to 10 trajectories of a total of 4,000 steps, and for the

two-leg balance task, it corresponds to 5 trajectories of a total of 2,000 steps. Here,

all the policies are trained from scratch, except for the two-leg balance task with the
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Efficient gait Catwalk Two-leg balance

Figure 4.5: Real-world Experiments. We report the real-world experiment results
of reward learning curves and the percentage of uses of πsafe on the efficient gait,
catwalk, and two-leg balance tasks. We observe that our algorithm is able to improve
the reward while avoiding triggering πsafe over the learning process. The learned
policies are shown in Fig. 4.1.

policy pre-trained in the simulation since it requires more samples to train. Note that

we do not include the other baselines since they cannot even collect 10 trajectories of

data without falling to perform one policy gradient update. And Recovery RL requires

much more steps to learn since its safety critic, pre-trained with the objective function

to maximize the cost values in simulation, is too conservative in predicting the cost

violations in the real world. For instance, in the catwalk task, our approach achieves

zero falls and uses πsafe 6.8% of total steps among the first policy update, compared

to Recovery RL with zero falls but 75.6% of total steps of use of πsafe. This makes

these baselines laborious to train in practice.

Overall, we see that on these tasks, the reward increases, and the percentage of

uses of πsafe decreases over policy updates. For instance, the percentage of uses of πsafe

decreases from 20% to near 0% in the efficient gait task. For the two-leg balance task,

the percentage drops from near 82.5% to 67.5%, suggesting that the two-leg balance

is substantially harder than the previous two tasks. Still, the policy does improve the

reward. This observation implies that the learner can gradually learn the task while

avoiding triggering πsafe. In addition, this suggests that we can design a Ctri and πsafe
that do not hinder the exploration of the policy as the performance increases.

Finally, Fig. 4.1 shows the results of learned locomotion skills (please visit our
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project website for more videos). First, in the efficient gait task, the robot learns

to use a smaller stepping frequency and achieves 34% less energy than the nominal

trotting gait. Second, in the catwalk task, the distance between two sides of the legs

is 0.09m, which is 40.9% smaller than the nominal distance. Third, in the two-leg

balance task, the robot can maintain balance by jumping up to four times via two

legs, compared to two jumps from the policy pre-trained from simulation. Without

πsafe, learning such locomotion skills would damage the robot and require manually

re-positioning the robot when falling. Note that there is no single fall nor a manual

reset during the entire learning in the efficient gait (45mins of real-world training data

collection, excluding automatic position reset or battery replacement) and catwalk

tasks (29mins), and less than 5 falls in the two-leg balance task (28mins). Our results

suggest that learning quadrupedal locomotion skills autonomously is possible in the

real world.

4.6 Discussion and Conclusion

We studied the problem of safe reinforcement learning for acquiring locomotion skills

for quadruped robots by combining a safe recovery policy and a learner policy. The

safe recovery policy takes over the control when the robot is close to a safety viola-

tion, and returns the control back when the robot stays safe in the estimated near

future. We provided a theoretical analysis of the algorithm and quantified the effect

of the model errors on the learning performance. We evaluate our algorithm on both

simulated and real quadruped robots for a variety of challenging locomotion tasks

and demonstrate the effectiveness of the proposed framework compared to baseline

methods.

No model is without limitation. Although uncommon, our current πsafe can still

fail to save the robot from unsafe states (see supplementary video for failure case)
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due to imperfections in πsafe and the safety trigger set Ctri. Further investigations

in improving these would enable the learner policy to explore the environment more

effectively and thus improve the learning efficiency. In addition, we currently do not

consider the model uncertainty from the environment and non-linear dynamics in

our theoretical analysis. Including these would further improve the generality of our

approach. Finally, designing an appropriate reward when incorporating the πsafe can

impact our learning performance. We use a penalty-based approach that obtained

reasonable results in our experiments. We plan to investigate this in future work to

further improve the learning performance.
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Chapter 5

Learning Informed by Prior

Physics Models

5.1 Introduction

In Chapter 2 and Chapter 3, we assume that we know the system dynamics to get a

simulator in which control policies are trained. Then in Chapter 4, the linear model

based on the knowledge about the system dynamics is used to verify whether the

state trajectory is safe or not. In addition, many RL algorithms require simulators

or models to faithfully simulate the true system dynamics in the real world. Without

an accurate simulator, the policy trained in simulation could have low reward task

performance in the real world due to environment distribution shift. This can cause

the policy to have unseen or undesirable behaviors, leading to unsafe events when

deploying in the real world. Furthermore, in many applications system designers

do know the dynamic equations of the system (i.e., physics) but do not know its

state and the system parameters. For example, the linear model used in quadrupedal

robots in Chapter 4 requires specifying system parameters such as friction coefficient.

And the friction coefficient can change over time due to motor deterioration or even
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it is unknown to system designers. Hence in this chapter, we focus on the setting

in which the system dynamics are known but its system parameters are unknown.

We propose an approach to learning those dynamics for learning control policies in

simulation or tracking the evolution of the system parameters. Knowing the system

parameters could enhance the safety of the systems since we can train a better control

policy in simulation that is useful for the real world deployment and it can also help

us to schedule a repair when the system parameters start to degrade. Specifically, we

consider the problem of estimating states (e.g., position and velocity) and physical

parameters (e.g., friction, elasticity) from a sequence of observations when provided

a dynamic equation that describes the behavior of the system.

The dynamic equation can arise from first principles (e.g., Newton’s laws for self-

driving cars) and provide useful cues for learning, but its physical parameters are

unknown. In addition, neural networks have become a core computational compo-

nent in domains such as computer vision [67], natural language processing [43], and

deep reinforcement learning [113]. Recent work has shown that neural networks can

exhibit an inductive bias that is often introduced via designing specific structures [20].

This bias can be used to encode prior task knowledge that helps the network general-

ize to unseen data. For example, convolution neural networks capture the translation

invariance of key image features. In this spirit, we develop a structured neural network

model that leverages a dynamic equation to estimate both the state of a dynamical

system (e.g., position and velocity) and its physical parameters (e.g., friction con-

stants) from a sequence of partial observations (e.g., images). Knowing the state and

parameters of the system is useful for designing the control policy. For instance, for a

self-driving car, we want to learn a neural network that estimates the vehicle’s posi-

tion and velocity from a sequence of egocentric camera images. The estimated state

can then be used in a control policy. In addition, we want to track physical param-

eters over time, e.g., friction coefficients. This is useful for vehicle maintenance and
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Figure 5.1: (a) An autoencoder learns a latent representation from observations. The
observations here could be images or raw sensor measurements depending on the task.
It shows an example with images of a pendulum. (b) Combining a dynamic equation
and parameter estimator in (a). Our contribution is that the model is able to identify
the system parameters from multiple observations without re-training the model. In
contrast, the traditional grey-box system identification approach requires rerunning
the identification procedure, which is time-consuming for run-time embedded systems.
(best viewed in color)

110



safety. We expect that exploiting a neural network, regularized to follow a dynamic

equation, will streamline the required data-intensive operations and yield improved

performance.

Observations can be direct measurements of some system variables, or take the

form of images. We group such observations over specified time windows and also

refer to these groupings as observations. We obtain a compact representation for these

observations that permits observation reconstruction using an autoencoder (see Fig.

5.1(a)). {hs} in Fig. 5.1(a) is a representation of an observation sequence {os} over

a specified time window, and {ôs} is a reconstructed observation sequence. Learning

the autoencoder is both data and computationally intensive. In addition, hs may not

be physically interpretable and is not guaranteed to have the Markov property, i.e.,

be a “system state.”

Motivated by these observations, we assume a simulator is provided that speci-

fies the physical laws of the system. This model can arise from first principles (e.g.,

Newton’s laws), but its free parameters θ (e.g., masses, lengths) remain to be spec-

ified. In addition, we also assume that the model is provided with the observations

from multiple sets of the system parameters. For example, engineers can gather the

observations from a fleet of trains with different conditions of system components.

This creates a dataset for the estimator to learn to predict the system parameters

given the observations. Given an initial state and θ, the physics simulator generates

a state trajectory {x̂s} consistent with the laws of physics. To leverage this model,

we require an estimator f(·) that maps a sequence of states {x̃s} to an estimate of θ.

We then couple the estimator f and the physics simulator with the autoencoder as

shown in Fig. 5.1(b). We train the autoencoder and f(·) to minimize the observation

reconstruction loss
∑

s ∥os − ôs∥22 . Within this process, we train the encoder h(·) to

minimize the sum of squared state errors:
∑

s ∥x̃s − x̂s∥22 . The complete model (Fig.

5.1(b)) is called Autoencoder with Latent Physics (ALPS).
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This chapter’s contributions are three-fold. (1) We propose and explore a model

that integrates physics into an autoencoder to perform unsupervised state and phys-

ical parameter predictions. Compared to the prior work in system identification,

our approach only requires a single pass to identify the system parameters without

re-running the simulator. (2) We show that one can learn periodic or vibrational be-

havior in this setting using a Fourier feature of states. (3) We evaluate the proposed

model in five tasks: (a) pendulum with friction observed through images, (b) mass-

spring-damper system with stiffness observed through images, (c) two-body systems

with potential energy observed through images, and (d) real-world vehicle wheel sus-

pension system with stiffness observed through sensor measurements. (e) real-world

full-scale vehicle wheel suspension system with stiffness and damper coefficient ob-

served through sensor measurements. We first show the basic form of ALPS without

the encoder, estimator, and decoder can identify the system parameters in the fully

and partially observable cases. We then extend the results by testing the full model

of ALPS. The proposed approach can achieve up to 4.8x and 6.3x better physical

parameter and state prediction accuracy, respectively, over prior approaches. Finally,

we conclude this chapter by outlining several potential research directions including

combing safety analysis with ALPS for dealing with changing system dynamics.

5.2 Related Work

5.2.1 System Identification

The approaches that learn system dynamics can be grouped into three categories:

black-box methods, grey-box methods, and white-box methods. First, black-box

methods [80, 171] do not get access to the system dynamics. This approach usually

trains a neural network that directly predicts the states given the input of observa-

tions and actions. However, this method lacks interpretability due to the absence of
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constraints on the latent representations. In addition, it is unclear whether the model

learns to generalize to the unseen data during training. Second, grey-box methods [41]

exploit partial knowledge about the system dynamics and assume some parameters

inside the system are unknown. This approach offers great flexibility in predicting

system parameters and improves the interpretability of the model. Third, white box

methods [122, 102] impose prior knowledge by using explicit dynamics models. Such

an approach reduces the search space of neural networks but requires more knowl-

edge about the system dynamics. Our work is closely related to the grey-box method.

In addition, some works from adaptive system identification literature [61, 117] also

estimate the system parameters given the recent observations collected online from

the system. However, compared to the prior grey-box methods and adaptive system

identification literature [93, 14], the estimator in ALPS provides a direct estimate of

the system parameters via a single pass of the neural network without running the

simulation, which can be costly during test time. Our approach improves the run-

time estimate of the system parameters over the prior approach in classical system

identification literature.

5.2.2 Physics-informed Neural Networks

There is growing interest in including a physics prior or algebraic and logical con-

straints into neural networks [140, 169, 187, 87, 166, 172, 167, 27, 17, 131, 170, 125,

25, 185, 104]. For example, [107, 62, 41, 59, 168, 183, 154, 72, 123, 184, 99] exploit

Lagrangian or Hamiltonian mechanics to learn an energy-conserving system based

on position, momentum, and the derivatives thereof along trajectories. These works

assume the physical parameters of the system are constant and need not be esti-

mated. In contrast, we estimate the physical parameters. This is important for fault

detection and localization, and for safety. [130, 157, 68, 84] learn a general physi-

cal simulation from data, but their model is required to have state information or
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a known forward rendering engine to map states to observations. In contrast, we

learn a physics-based autoencoder to estimate states in an unsupervised manner. [82]

also uses an autoencoder with physics to predict parameters. However, we show that

learning state sequences as in [82] fails to generalize to unseen parameters when the

system exhibits high-frequency behavior.

5.2.3 Fourier Features for High-frequency Data

Fourier features have been used to represent the positional information for the words

within the sentence in the language model [158]. It is shown that Fourier features can

improve the performance of the downstream natural language processing tasks. [144]

further shows that using Fourier features helps neural networks learn high-frequency

content in image regression tasks. They show that Fourier features increase the

eigenvalues of neural networks, making neural networks converge faster. Our work

is also inspired by [144]. However, there is a key difference in the use of Fourier

features. Their approach requires specifying the Fourier series coefficients and the

basis frequencies. In contrast, the Fourier features in our model are computed from

the states, which allows us to predict physical parameters. In addition, the concurrent

work [100] replaces the self-attention sublayers [158] with a Fourier transformation of

the input word token in natural language processing. They show that this method

is sufficient to capture semantic relationships in several text classification tasks. In

this section, we provide a theoretical justification for using Fourier features to learn

system dynamics. Next, we will formulate the problem.
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5.3 Problem Setup

We consider the continuous-time system

ẋ = Ax+Bu; o = g(x), (5.1)

where x ∈ Rn is the state, u ∈ Rp is the input, o ∈ Rq is the observation, and

A ∈ Rn×n and B ∈ Rn×p. The function g provides a partial observation o of x. In

most situations, we have partial knowledge of A and B from physics. This is true and

reasonable in many large-scale industrial applications ranging from wind turbines to

aircraft, where system designers use physics knowledge to design machines. Hence we

assume mappings A(·) : Θ → Rn×n and B(·) : Θ → Rn×p, from physical parameters

θ ∈ Θ to the system matrices A(θ), B(θ), are given.

In practice, we only have observations at discrete points in time. For simplicity,

we assume these are equally spaced at times t = 0, 1, . . . . At sample time t, we have

the window of observations {os}ts=t−τ+1, where τ is the window length. We assume

the sampling rate satisfies the Nyquist rate.

Our problem can now be stated as follows. Given functions A(·) : Θ → Rn×n,

B(·) : Θ → Rn×p, we seek to learn a network that estimates a state sequence

{xs}ts=t−τ+1, physical parameters θ, and a mapping g(·) from a finite sequence of

past observations {os}ts=t−τ+1 and past known inputs {us}ts=t−τ+1. Once trained, the

network can predict states and has learned to adapt physical parameters to the con-

text without re-training. Note that even though the network operates with time

sampled variables, the physics simulator can be used to predict states at any time.

This problem setup is different from that of HNN [59], HGN [154], or Symplectic

ODE-Net [183]. In their setups, the model is only trained on data from a single

physical parameter θ, and hence they need to re-train networks for every new set of

physical parameters.
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To make the learning problem well-defined, we make the following assumption.

Assumption 4. (Identifiability [58]): For a sufficiently large τ, the sequence of

observations and inputs {(xs,us)}ts=t−τ+1 uniquely specifies the parameters θ.

Parameter identifiability is a well-studied problem in system identification [58, 120,

109]. For example, the (continuous time) system ẋ =






−(a+ b) b

b −c




x +






1

0




u

with o =

[

1 0

]

x, where θ = [a, b, c]T and g(·) being a linear function, satisfies

Assumption 4 when b ̸= 0.

5.4 Network Architecture

The network in Fig. 5.1(b) is expanded in Fig. 5.2 into its four parts: an encoder

network, a parameter estimator network, a physics simulator, and a decoder network.

The Encoder Network h(·) (from {os} to {x̃s}). We consider two types of

observations: (1) pixel images, or (2) direct measurements of some system variables.

For the first case, we use a convolution neural network to compress a pixel observation

o into a compact vector embedding z′ ∈ Rd, which preserves image features. For the

second case, we use a feedforward network to project an observation o into some

higher dimensional spaces with a vector embedding z′. In addition, to estimate states

from these vector embeddings, we need to aggregate {z′
s} to extract the local and

global context of the dynamics. One approach is to use recurrent neural networks

(RNN) (e.g., Dreamer [65]). However, RNN suffers from gradient vanishing problems

and slow computation when processing long-term sequences. Hence we use a self-

attention network [158] to attend to z′ of greatest importance to predict states and

improve efficiency.

Furthermore, to inject a position signal of observations in the sequence, we add a

positional encoding p ∈ Rd to z′ (z := z′ + p), where p are sine and cosine functions
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Figure 5.2: ALPS and the Tasks. ALPS consists of four parts: (1) an encoder
network that estimates states from observations, (2) a parameter estimator network
that predicts physical parameters from a state sequence, (3) a physics simulator
generates a state trajectory provided with an initial state and values for the physical
parameters, and (4) a decoder network reconstructs observations from states.
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of different frequencies (see [158]). Finally, we stack embeddings over τ steps to form

a matrix Z ∈ Rτ×d.

The self-attention module can be formulated as querying a dictionary with key-

value pairs associated with learnable weight matrices WQ ∈ Rd×dQ , WK ∈ Rd×dK ,

and W V ∈ Rd×dV (dQ = dK here): Attention(Q,K,V ) = softmax(QKT
√
d
)V , where

Q := ZWQ, K := ZWK , V := ZW V , and the softmax is taken over the sequence

length τ. To provide multiview of the embedding subspace, we use the multihead vari-

ant of the attention module by concatenating each attention head along the sequence

axis

Multihead := Concat(head1, . . . , headi, . . . , headI)W
O,

headi := Attention(Q,K,V ),

where WO ∈ RIdV ×d are learnable matrices, I is the number of heads, and each

attention head i has its own learnable weight matrices WQ
i ∈ Rd×dQ , WK

i ∈ Rd×dK ,

and W V
i ∈ Rd×dV .

Finally, a feedforward network takes in the Multihead embedding (of size Rτ×d)

and produces the parameters of the distribution for each state in the sequence.

The parameters are used to define a posterior distribution over the encoded state

x̃s ∼ Q(·|õs) with the prior P (x̃s). For a translational coordinate, the posterior dis-

tribution is a Gaussian distribution with a unit Gaussian prior. Hence the network

predicts a mean µ ∈ Rn and a standard deviation σ ∈ Rn of a Gaussian distribution.

In addition, for a rotational coordinate, the posterior distribution is a von Mises (vM)

distribution with a unit vM prior. Similar to a Gaussian distribution, a vM distribu-

tion is defined by two parameters: a mean µ ∈ R2, ∥µ∥2 = 1 (the angular position

(cosφ, sinφ)), and a concentration κ ∈ R+ around µ. Such parameterization is found

useful in practice, e.g., [186].
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The Parameter Estimator Network f(·) (from {x̃s} to θ). The parame-

ter estimator network predicts physical parameters from state sequences {x̃s}. How-

ever, for systems that involve periodic or vibrational behavior, prior work [144] has

shown that neural networks fail to capture the high-frequency content in the data.

To solve this, we do a Fourier transform on each component j of state trajectories

{x̃s(j)}ts=t−τ+1 to get {X̃ω(j)}tω=t−τ+1 : X̃ω(j) :=
∑t

k=t−τ+1 x̃k(j)
[

cos
(

2π
τ
ωk
)

− i ·

sin
(

2π
τ
ωk
)]

.

One may use {X̃ω(j)} as features for the parameter estimator network to predict

physical parameters. However, in the following section, we will show that by using

the neural tangent kernel (NTK) theory [77], which treats neural networks as a kernel

regression, the resulting kernel matrix of {X̃ω(j)} does not preserve high-frequency

components in the data. To solve this, we will show that using the magnitude of

the Fourier features {|X̃ω(j)|} alleviates the issue. Hence the parameter estimator

network takes in a concatenation of {|X̃ω(j)|} from each component of the state and

predicts physical parameters θ.

The Physics Simulator (from x̃t−τ+1 and θ to {x̂s}). Given a start state

x̃t−τ+1 (from the encoder’s first state prediction) and values for the physical parame-

ters θ, we use the neural ordinary differential equation (ODE) [33], a differential ODE

solver, to generate a simulated state trajectory {x̂s}ts=t−τ+1 : x̂t−τ+1, . . . , x̂t−1, x̂t =

ODESolver(x̃t−τ+1, ẋ = A(θ)x + B(θ)u, τ,∆), where ODESolver takes in a start

state, an ODE, a window length, and a sampling time interval ∆. Note that x̂t−τ+1 =

x̃t−τ+1. In addition, using an ODE solver allows us to generate an accurate state

trajectory compared to that of RNN as in [65].

The Decoder Network g(·) (from x̂s to ôs). Finally, the decoder network is

either a deconvolutional network (for image observations) or a feedforward network

(for sensor measurements) that takes in each individual ODE-simulated state x̂s and

generates a reconstructed observation ôs.
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The Loss Function. Given a sequence of τ observations, we minimize the fol-

lowing loss function:

L =
t∑

s=t−τ+1

DKL(Q(x̃s|os)||P (x̃s))

︸ ︷︷ ︸

VAE loss for h, f, and g

+
t∑

s=t−τ+1

∥os − ôs∥22
︸ ︷︷ ︸

Obs. recons. loss for h, f, and g

+
t∑

s=t−τ+1

∥x̃s − x̂s∥22
︸ ︷︷ ︸

State recons. loss for f and h

.

The variational autoencoder (VAE) [90] loss is a variational bound on the marginal

log-likelihood of the data. It is used to train the encoder h, the estimator f, and

the decoder g. Using VAEs avoids learning degenerated solutions and provides sta-

ble training of the network over a deterministic network In addition, the observation

reconstruction loss encourages reconstructed observations {ôs} to match true observa-

tions {os}, and the state reconstruction loss constrains encoded states {x̃s} to follow

simulated states {x̂s} generated by physics. The former is used to train h, f, and

g, and the latter is used to train f and h. Both observation and state reconstruction

losses are important for training. We find that removing the state reconstruction

term reduces the state prediction performance of the encoder since the network can

predict arbitrary sequences without constraints. In addition, removing the observa-

tion reconstruction term impedes the image reconstruction quality, which is vital for

training the whole model. In practice, we find that using the same weight for each

loss term works well.

5.5 Fourier Feature Mappings

Prior work [144] has found that using Fourier features improves the generalization of

deep neural networks. This is due to the fact that Fourier features are able to adjust
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the spectral bias of neural networks into one that is easy to optimize [144]. For

this reason, we want to incorporate Fourier features into the design of ALPS to take

advantage of this observation. Moreover, we will show that it helps in this section.

To lay the foundation for the justification of using Fourier features for predicting

system parameters, in Section 5.5.1 we first review the recent work that uses NTK

theory [77, 144]. This allows us to control the training of our parameter estimator

network as fully-connected networks. Then in Section 5.5.2 we use these tools to

analyze the effects of using Fourier features, their magnitudes, and their phases for

predicting system parameters.

5.5.1 Deep Networks as a Kernel Regression

Consider a set of labelled training data {(vi, yi)}mi with vi ∈ Rn, yi ∈ R, and i ∈ [1 :

m]. Set y = [y1, . . . , ym]
T ∈ Rm. Now bring in a feature map ϕ : Rn → Rr with kernel

k(vi,vj) = ϕ(vi)
Tϕ(vj). Let K = [k(vi,vj)] ∈ Rm×m denote the kernel matrix for the

training examples and k(v) = [k(vi,v)] ∈ Rm denote the vector of kernel evaluations

k(vi,v), i ∈ [1,m], for a test sample v ∈ Rn. The resulting kernel regression predictor

is ŷ(v) = yTK−1k(v).

Now bring the concept of NTK proposed by [77]. The theory in [77] says that when

the width of the layers of fully-connected deep networks with weights w initialized

from a Gaussian distribution N tends to infinity, and the learning rate for stochastic

gradient descent tends to zero, the neural network estimator ŷ(v;w) converges to the

kernel regression solution using NTK. The NTK is defined as

kNTK(vi,vj) = Ew∼N
[(∂ŷ(vi;w)

∂w

)T(∂ŷ(vj;w)

∂w

)]

.

Under asymptotic conditions, a neural network’s output after t updates can be ap-
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proximated as

ŷ(t)(v;w) ≈ yT (I − e−ηKt)K−1k(v),

where eM is the n by n matrix M given by the power series eM =
∑∞

i=0
1
i!
M i with

M 0 = I.

Spectral Bias in Neural Networks. Now we want to compute the training

error of a neural network after t times update. Let K = UΣUT denote the eigen-

decomposition of the kernel matrix K which must be positive semidefinite (PSD).

Here U is an orthogonal matrix and Σ is a diagonal matrix whose entries are the

nonnegative eigenvalues ordered by magnitude: λ1 ≥ λ2 ≥ · · · ≥ λm ≥ 0. So the

training error in terms of L2 norm ∥·∥22 is

∥
∥ŷ(t) − y

∥
∥
2

2
=

∥
∥
∥
∥
∥
∥
∥
∥
∥
∥









yT (I − e−ηKt)K−1k(v1)

...

yT (I − e−ηKt)K−1k(vm)









m×1

− y

∥
∥
∥
∥
∥
∥
∥
∥
∥
∥

2

2

=
∥
∥KK−1(I − e−ηKt)y − y

∥
∥
2

2

=
∥
∥e−ηKty

∥
∥
2

2

=
∥
∥Ue−ηΣtUTy

∥
∥
2

2

=
∥
∥
∥Udiag([e−ηλ1t, . . . , e−ηλmt]

T
)UTy

∥
∥
∥

2

2
. (5.2)

Eq. (5.2) shows the training convergence will decay exponentially at the rate ηλi.

Hence the components in y will be learned faster if their corresponding eigenvalue is

larger. In Section 5.5.2 we will show that for a sequence of states without doing Fourier

transform, the resulting NTK will have smaller eigenvalues at the high-frequency

components. This leads to a slower convergence in high-frequency components of

data which are essential to identify parameters.

122



5.5.2 The Effect of Fourier Feature Mapping

To understand the effect of the Fourier feature mapping, we first derive the kernel

function of Fourier features, their magnitudes, and their phases. Then we compare

the spatial bias of the kernel matrices from these three kernels. Finally, we show a

one-dimensional example.

Kernels of Fourier Feature Mapping. Consider a state trajectory v =

[x0, x1, . . . , xτ−1]
T , where here we consider a 1D case for a scalar state x ∈ R al-

though it can be extended to a vector state x ∈ Rn. The feature maps of the Fourier

feature mapping, their magnitudes, and their phases are

(1) ϕDFT(v) = [X0, . . . , Xω, . . . , Xτ−1]
T ∈ Rτ ;

(2) ϕMAG(v) = [|X0|, . . . , |Xτ−1|]T ∈ Rτ ;

(3) ϕPHA(v) = [arg(X0), . . . , arg(Xτ−1)]
T ∈ Rτ ,

whereXω =
∑τ−1

j=0 xj

[

cos
(

2π
τ
kj
)

−i sin
(

2π
τ
kj
)]

. SetCk =
[
cos
(
2π
τ
ki
)
− sin

(
2π
τ
kj
)]

∈

Rτ×τ , then the kernel functions of these mappings are

(1) kDFT(v1,v2) =
τ−1∑

k=0

vT
1 Ckv2;

(2) kMAG(v1,v2) =
τ−1∑

k=0

√

vT
1 Ckv1v

T
2 Ckv2;

(3) kPHA(v1,v2) = ϕPHA(v1)
TϕPHA(v2).
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Proof. (1) kDFT(v1,v2) : Let v1 =









x1,1,

...,

xτ−1,1









and v2 =









x1,2,

...,

xτ−1,2









. Then

kDFT(v1,v2)

=ϕDFT(v1)
TϕDFT(v2)

=

[
∑τ−1

j=0 xj,1 cos
(

2π
τ
j · k

)

,
∑τ−1

j=0 xj,1 sin
(

2π
τ
j · k

)
]

k






∑τ−1
j=0 xj,2 cos

(
2π
τ
j · k

)

∑τ−1
j=0 xj,2 sin

(
2π
τ
j · k

)






k

=
τ−1∑

k=0

(

vT
1









cos
(

2π
τ
· 1 · k

)

...

cos
(

2π
τ
· (τ − 1) · k

)









vT
2









cos
(

2π
τ
· 1 · k

)

...

cos
(

2π
τ
· (τ − 1) · k

)









+ vT
1









sin
(

2π
τ
· 1 · k

)

...

sin
(

2π
τ
· (τ − 1) · k

)









vT
2









sin
(

2π
τ
· 1 · k

)

...

sin
(

2π
τ
· (τ − 1) · k

)









)

=
τ−1∑

k=0

vT
1

(









cos
(

2π
τ
· 1 · k

)

...

cos
(

2π
τ
· (τ − 1) · k

)









[

cos
(

2π
τ
· 1 · k

)

, . . . , cos
(

2π
τ
· (τ − 1) · k

)
]

+









sin
(

2π
τ
· 1 · k

)

...

sin
(

2π
τ
· (τ − 1) · k

)









[

sin
(

2π
τ
· 1 · k

)

, . . . , sin
(

2π
τ
· (τ − 1) · k

)
])

v2

=
τ−1∑

k=0

vT
1 Ckv2,

which completes the proof of kDFT(v1,v2).
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(2) kMAG(v1,v2) : Let ck =









cos
(

2π
τ
· k · 0

)

...

cos
(

2π
τ
· k · (τ − 1)

)









and sk =









sin
(

2π
τ
· k · 0

)

...

sin
(

2π
τ
· k · (τ − 1)

)









.

Then

kMAG(v1,v2)

=ϕMAG(v1)
TϕMAG(v2)

=





√
√
√
√

(

∑τ−1
j=0 xj,1 cos

(
2π
τ
j · k

)
)2

+

(

∑τ−1
j=0 xj,1 sin

(
2π
τ
j · k

)
)2




T

k




√
√
√
√

(

∑τ−1
j=0 xj,2 cos

(
2π
τ
j · k

)
)2

+

(

∑τ−1
j=0 xj,2 sin

(
2π
τ
j · k

)
)2




k

=
τ−1∑

k=0

(√

(vT
1 ck)

2
+ (vT

1 sk)
2
√

(vT
2 ck)

2
+ (vT

2 sk)
2
)

=
τ−1∑

k=0

√

(vT
1 skc

T
k v2)

2
+ (vT

1 cks
T
k v2)

2
+ (vT

1 ckc
T
k v2)

2
+ (vT

1 sks
T
k s2)

2
. (5.3)

Set ak = vT
1 sk, bk = vT

2 ck, ck = vT
1 ck, and dk = vT

2 sk. Then

(5.3) =
τ−1∑

k=0

√

(akbk)
2 + (ckdk)

2 + (bkck)
2 + (akdk)

2

=
τ−1∑

k=0

√

(a2k + c2k)(b
2
k + d2k)

=
τ−1∑

k=0

√

(vT
1 sks

T
k v1 + vT

1 ckc
T
k v1)

2
+ (vT

2 ckc
T
k v2 + vT

2 sks
T
k v2)

2

=
τ−1∑

k=0

√
(
vT
1 (sks

T
k + ckc

T
k )v1

)2
+
(
vT
2 (ckc

T
k + sks

T
k )v2

)2

=
τ−1∑

k=0

√

vT
1 Ckv1v

T
2 Ckv2,

which completes the proof of kMAG(v1,v2).
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Figure 5.3: Using a Fourier feature mapping of kMAG and kPHA results in a wider
spectrum, which lets neural networks learn a wide frequency content. Note that
kDFT and No mapping have the same kernel matrices due to the fact that kDFT is a
linear orthogonal transmutation of the original data. (a) The time series data with
the sine basis frequency of 25, 17.5, 11, 7.7, 2, 1Hz associated with the amplitude of
1, 1.2, 1, 1, 0.4, 1. (b) The kernel spectrum of the kernel matrices. (c-f) The kernel
matrices of the composed NTK. (best viewed in color)

After mapping the input points into the Fourier features, we feed them into a

neural network to obtain ŷ(ϕ(v);w). Hence for DFT kernel function the resulting

composed kernel of the neural network is kNTK(ϕDFT(v1), ϕDFT(v2)). Similarly, we

have the kernels for kMAG and kPHA.

Visualizing the Composed NTK. We generate time series data composed of

different frequencies and magnitude of sine waves. The length of the data is 200

samples, and we set τ = 100 (i.e., v ∈ R100) with the sampling rate being 100Hz.

We slide a window and hence have 101 instances in total. Fig. 5.3 shows the time

series data, the effects of each kernel, and its spatial plot. By construction, kMAG

and kPHA have a slower decay in the high-frequency domain. In addition, kDFT and

no mapping have the same kernel matrix and a narrower kernel spectrum. This is

because that kDFT is a linear orthogonal transmutation of the original data. This

observation supports the idea of not using Xω.
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Figure 5.4: Mapping the time series data into the magnitude of the Fourier features
(i.e., kMAG) achieves the lowest test error over the other mappings. The neural
network is regressed to predict the target physical parameter (θ ∈ R) from the input
features (kDFT, kMAG, kPHA, and No mapping) with a mean squared error loss. (a)
Three values of time series data. We generate the training and test data by combining
the different weighted frequencies of sine waves, and assigning a target value to each
of them. For each value, we slice the data and set τ = 100. (b)(f) We report the
mean squared error in the training and test dataset. Using the mapping of kMAG

achieves the lowest training and test error, preventing from being affected by the
shift of the data while learning from high-frequency content. In contrast, the other
mappings result in memorizing the training data (i.e., overfitting). (c)(d)(e) We
report the mean squared error in the test dataset for each class. We see that the
mapping of kPHA suffers from the shift of the data while that of kMAG achieves better
performance.
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Using Fourier Feature Mappings to Predict Physical Parameters. One

may think that using kPHA also lets neural networks identify physical parameters.

However, a shift of samples in the time domain lets magnitudes unchanged, but adds

a linear term to phases for the observations from the same physical parameters. In

Fig. 5.4, we train a feedforward network (4 layers, each layer has 1024 neurons, relu

activations) to predict the physical parameters from time series data using the Fourier

feature mappings. There are three true parameter values (θ = 0.0, 0.5, 1.0) that are

used to generate the time series data, i.e., ẋ = A(θ)x +Bu. We excite the system

with the input control u that contains high frequency components. To do well in

this task, the model needs to distinguish the high-frequency component in the data.

See more details in the caption. We see that using the mapping of kMAG allows the

neural network to robustly identify the physical parameters from the data, whereas

the other mappings overfit the data without separating the high-frequency component

for each class. The individual test error for each class of θ in Fig. 5.4(c)(d)(e) implies

that the mapping of the phase fails to identify the physical parameter within the

same class because of the shift of the data. In addition, this observation also implies

that although kDFT contains the same information as a joint combination of kMAG

and kPHA, their resulting representations are different, leading to learning differently.

Finally, due to time constraints, we do not test the result with features from both

kMAG and kPHA. We expect two outcomes: neural networks may learn to disregard

the feature from kPHA and perform well, or neural networks may be distracted by the

feature from kPHA and perform poorly. We leave this a future work.

Comparison to [144]. Our work is inspired by [144], which also uses Fourier

feature mappings. However, there are a few key differences. (1) Setup. The Fourier

feature mapping in [144] transforms the low-dimensional x-y coordinates into high-

dimensional Fourier features, which projects data into a high-dimensional space. In

contrast, we use Fourier feature mapping of raw time series data, which compresses
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data into more compact representations. (2) Fourier features. In [144], the basis

and coefficients of Fourier features are hyper-parameters, which are tuned depending

on the task. In contrast, in our work, the basis and coefficients of Fourier features are

directly transformed from data, which are useful for predicting physical parameters.

(3) Analysis. We discuss the difference between Fourier feature mappings, their

magnitudes, and their phases to understand the effect of each mapping for predicting

system parameters. In contrast, [144] does not have such analysis.

5.6 Experiments

We study the following four questions: (1) How does the basic form of ALPS (i.e.,

without the encoder, parameter estimator, and decoder) perform? The result will

provide useful insight to understand whether differential physics work or not. In

addition, it allows us to examine the correctness of ALPS. (2) How does ALPS

perform compared to other baseline methods without the Fourier feature mapping

and physics-in-the-loop? (3) What is the effect of self-attention networks in ALPS?

(4) How does ALPS perform in real-world time series data?

5.6.1 Setup

Visual Dataset. We generate three visual datasets: pendulum, mass-spring-damper

(MSD), and a two-body system to compare the performance of ALPS to that of the

baseline in the literature. We first randomly sample an initial state and physical

parameters, and then generate a 125 step rollout following the true system dynamics,

and render corresponding 64 by 64 by 3 pixel observation snapshots. The sampling

rate is 20Hz in the pendulum, 100Hz in MSD, and 6Hz in two-body systems. The ob-

servation length τ is 100. In total, we generate 500 training and 500 test trajectories,

resulting in 13,000 training and test sequences.

129



(1) Pendulum. The dynamics is d
dt




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φ

φ̇




 =




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φ̇

−βφ̇− G
L
sin (φ)




 , where φ is an

angle, φ̇ is an angular velocity, β is a friction coefficient, G is a gravitational constant,

and L is the length of the pendulum. We fix G = 10, L = 1, then sample β from

a uniform distribution β ∼ U(0.1, 1), an initial angle from a uniform distribution

φ0 ∼ U(−π,+π), and an initial angular velocity from a uniform distribution φ̇0 ∼

U(0.5, 4). We predict θ = [β] in this task.

(2) Mass-spring-damper. The dynamics of the double mass-spring-damper sys-

tem is d
dt
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where x(1), x(3) are the displacement and velocity of the primary spring; x(2), x(4)

are the displacement and velocity of the secondary spring; u(1), u(2) are the inputs;

α(2), α(4) are the stiffness and damping ratio of the primary spring and damper;

α(1), α(3) are the stiffness and damping ratio of the secondary spring and damper,

and m(1),m(2) are the mass of the primary and secondary spring. We fix all the

parameters and the initial state except for α(2), which is sampled from a uniform

distribution α(2) ∼ U(4 × 103, 4 × 106). The input excitations are sampled from a

unit Gaussian distribution u ∼ N (0, 0.05)×N (0, 0.05) (i.e., white noise). We predict

θ = [α(2)] in this task.

(3) Two-body. In this system, two particles interact with each other via an

attractive force. The dynamics is a Hamiltonian H =
∥p(1)∥22
2m(1)

+
∥p(2)∥22
2m(2)

+ Gm(1)m(2)
∥q(1)−q(2)∥2

,

where p(1), p(2) are the positions of the particles; q(1), q(2) are the momentum of the

particles; m(1),m(2) are the masses of the particles, and G is a gravitational constant.

We fix G = 10,m(1) = m(2) = 1, then sample H from a uniform distribution

H ∼ U(0.4, 1). We predict θ = [H] in this task.

Time Series Dataset. In addition, we obtain an MSD system dataset with state
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measurements.

(4) Real MSD Time Series Data (Wheel Suspension System). To show

the applicability of ALPS, we conduct real-world experiments with the data obtained

from sensors installed in the train wheel suspension system by a team of engineers.

The dynamics are the same as that of pixel MSD. We want to predict the stiffnesses

of the primary and secondary springs α(2), α(1) for predictive maintenance towards

safe operation: θ = [α(2), α(1)]T . The dataset contains 20 trajectories with 500 steps

sampled by 100Hz with larger health values of α(1) = 1 × 106, α(2) = 4 × 106, and

smaller faulty values of α(1) = 1 × 103, α(2) = 4 × 103. We use a 50-50 split to get

the training and test datasets with τ = 100. Here we do not use the self-attention

and decoder network in ALPS–the estimator takes in state measurements directly.

(5) Full-scale MSD Time Series Data (Wheel Suspension System). To

test the correctness of ALPS, we further extend the previous dataset (i.e., dataset

4) to a full-scale wheel suspension dynamics with 18 state elements, 12 observations,

16 input excitations, and 24 system parameters. We want to identify the stiffness

and damping ratio of the 12 spring-dampers. The dynamics are complex due to the

interactions of multiple springs and dampers. This system consists of the primary

level (i.e., closed to the track) and secondary level (i.e., closed to the car body) of

the spring-damper. The states here are the displacement and the velocity of the

spring-damper and the observations are the acceleration of the spring-damper. In the

experimental section, we will use this dataset to test the performance of the vanilla

version of ALPS.

Baselines. We consider the following baselines.

(1) Context-aware Dynamics Model (CDM) [98]. CDM is the state-of-the-

art method to learn the system dynamics into two stages: it first learns a context

vector that captures the local dynamics, and then predicts the next state based on

the context vector and the current state and input. CDM does not consider physics
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prior nor Fourier feature mapping. This is to show that using physics improves

performance and benchmarks the results.

(2) Autoencoder. We remove the estimator and the physics simulator to bench-

mark the mismatch between the true state and the latent representation (equal di-

mension) of the autoencoder in Fig. 5.1(a) to show the interpretability of ALPS.

(3) ALPS w/o the Fourier Feature Mapping. We consider a variant by

replacing the Fourier feature mapping with raw encoded state trajectories {x̃s}. This

method is similar to [82], which also uses time series data to learn system dynamics.

(4) ALPS w/o Self-attention Networks. We consider a variant by replacing

the self-attention network with a simple MLP to predict the position of the system,

followed by a first-order finite-difference estimator to estimate the velocity. This uses

the same approach as in [186] to estimate states. Finally, we ensure that all baselines

are comparable in terms of representation power and the number of parameters.

Evaluation Metrics. We use a mean squared error (MSE) between simulated

{x̂s} and true states {xs} to evaluate the performance: SE := 1
N

∑N

i=1

∑t

s=t−τ+1 ∥x̂s − xs∥22 ,

where N is the number of test data. We also compute MSE between reconstructed

{ôt} and true observations {ot} : OE := 1
N

∑N

i=1

∑t

s=t−τ+1 ∥ôs − os∥22 . Moreover, we

compute the absolute value difference between estimated θ̂ and true parameters θ :

PE := 1
N

∑N

i=1

∥
∥
∥θ̂ − θ

∥
∥
∥
1
.

Training Setup. For all the tasks we train our model and the baselines using

Adam [89] with a maximum of 10,000 epochs and a learning rate of 3 × 10−3. The

batch size is 32 (i.e., 32 rollouts), and we use a gradient clipping of 1.0 in terms of

2-norm to stabilize training. For the physics simulator, we use the four-step Runge-

Kutta (RK4) as the numerical integration scheme in neural ODE. For computational

resources, we train our model and the baselines in two machines: machine A has an

Intel i9-9980HK CPU, and machine B has an Intel i7-6850K CPU with 4 NVIDIA

GTX 1080 GPUs. In general, it takes about 8 hours to finish training. Fig. 5.5 plots
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Figure 5.5: Learning curves during training of ALPS in the four tasks.

the training curves of the four tasks.

Implementation and Model Architectures. We use the same architecture

over our model in the visual tasks. A grid search is conducted to find the hyper-

parameters of the model (i.e., size of the networks, types of the activation function).

We now describe each component in ALPS.

The Encoder. To process pixel observations, the encoder uses a convolution

neural network (CNN) with two convolutions and 2 by 2 max-poolings–the first con-

volution has a kernel size of 3 and a channel size of 3, and the second one has a kernel

size of 4 and a channel size of 4, followed by vectorization to get a vector representa-

tion of an image. To provide the position information to this image representation,

we obtain a positional embedding with the same size as the image representation us-

ing sine and cosine functions. We then concatenate these two vectors and feed them

into a self-attention network, where the network has 10 attention heads and a relu

activation function. Finally, the network outputs state estimations along the time

horizon. Specifically, we only use the encoder part of the Transformer [158] without

a dropout operation. We find that removing a dropout operation and using a relu

activation function achieve the best result.
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The Estimator. For each element of the state predicted from the encoder, we

construct a Fourier feature mapping. For example, the state of the pendulum consists

of an angle and an angular velocity–we will have two vectors of the Fourier feature

mapping here. Then, for each Fourier feature mapping, we use a residual network

[67] with two residual blocks and a tanh activation function to get a representation.

Finally, we concatenate these representations and feed them into an MLP to predict

a system parameter. We find that using residual networks and a tanh activation

function makes training faster and converges to a good result.

The Simulator. The ODE solver takes in the predicted system parameter, and

then rollouts state trajectories given the initial state predicted from the encoder.

The Decoder. We use a two-layer MLP with a relu activation function and the

size of 400, 400 to take in the simulated states and reconstruct the observations.

For the real MSD task, we remove the encoder and decoder in ALPS since we

get noisy measurements of states in train wheel systems. For ALPS without Fourier

features, we use the same architecture but the estimator becomes a single residual

network that takes in an entire state trajectory in the time domain. For ALPS without

self-attention networks, we use the same architecture but the encoder becomes a two-

layer MLP with a relu activation that takes in image representations and predicts

the position of an object. To estimate the velocity, we follow the procedure in [186],

which uses a finite difference method.

Finally, for the baseline model CDM, we use the same model in [98], which consists

of a context network (an MLP with the size of 400, 400), a forward network (an MLP

with the size of 20, 20), and a backward network (an MLP with the size of 20, 20).

Note that CDM is trained with the loss function used in [98]; Autoencoder is

trained with the VAE loss and observation reconstruction loss terms; the ablations of

ALPS are trained with the same loss functions as the full model.

In the following sections, to verify the correctness of ALPS and guide the reader
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to understand the basic structure of ALPS, we first show the results of the vanilla

version of ALPS (i.e., without the encoder, parameter estimator, and decoder). Then,

we show the results of the full version of ALPS.

5.6.2 Experiment Results for the vanilla version of ALPS

In this section, to guide readers to understand the basics of ALPS, we first introduce

the vanilla version of ALPS (i.e., without the encoder, estimator, and decoder), fol-

lowed by elaborating on training details. Finally, we conclude this section by showing

the results of fully and partially observable cases.

Vanilla version of ALPS. In the vanilla version of ALPS, we remove the en-

coder, estimator, and decoder. This ablation allows us to investigate whether ALPS

can identify system parameters from data using the physics simulator without learn-

ing the encoder, estimator, and decoder. In addition, since we remove these three

components, we do not have a notion of training and test datasets–ALPS now only

needs to identify one set of system parameters from a single observation trajectory

(i.e., the dataset only contains a trajectory from a single set of system parameters).

This setup is the same as the prior works [59, 183], which identify one set of system

parameters one at a time. We now begin to elaborate on the experimental details.

Experimental Details.

(1) Setup. We consider two task setups in this section: fully and partially

observable cases to gradually increase the difficulty of the tasks. Fig. 5.6 shows

the vanilla version of ALPS in the fully and partially observable cases. In the first

case, ALPS is provided with a sequence of true state trajectories {xs} and the input

excitations {us}. The goal is to identify the system parameters θ from this data. Next,

in the second case, ALPS is provided with a sequence of observation trajectories {os}

and the input excitations {us}. In addition, we assume that the analytical form of the

decoder is given (i.e., o = g(x) is known), but the initial state x0 is not given. This
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Figure 5.6: The vanilla version of ALPS in the fully and partially observable cases. In
the fully-observable case, we are given the state sequence, input excitations, and sys-
tem dynamics. We update the system parameters θ based on the loss signal between
the true states and the predicted states. In addition, in the partially-observable case,
we are given the observation sequence, input excitations, the system dynamics, and
the function mapping from states to observations. Since we do not know the initial
state and the degradation effect of the initial state, we choose the random initial
state. We update the system parameters θ based on the loss signal between the true
observations and the predicted observations.
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case is aligned with many real-world applications where system designers cannot fully

observe the state of the system. However, without the input of x0, we cannot run

the physics simulator. Fortunately, since the train wheel system is a linear system

and the system matrix A has non-positive eigenvalues in the most configurations, the

effect of the initial states would die out exponentially fast. To see why this is true,

mathematically, given the system equations

ẋ = Ax+Bu

o = Cx+Du

, where C and D are the system matrices. The solution is given by the convolution

equation1:

o(t) = CeAtx(0) +

∫ t

0

CeA(t−τ)Bu(τ)dτ +Du(t).

We observe that the initial state only appears in the first part of the equation. In

addition, when the eigenvalues of A are non-positive, o(t) would behave without the

effect of x(0) as time goes long. This observation allows us to remove the effect of

the initial states and update the estimation of the system parameters correctly. In

practice, we initialize the initial states with all zeros as shown in Fig. 5.6 and let the

simulation run additional steps.

(2) Loss Signals. For both fully and partially observable cases, we only consider

the states and observations from the secondary level of the spring in the full-scale

MSD time series data when computing the loss function. This is because the sec-

ondary level signals have more characteristics and the primary level signals contain

the signals that are mostly from the input excitations, not from the springs and

dampers themselves. In addition, empirically we do find that exclusion of the pri-

mary level sensors substantially improves the prediction quality. Specifically, for the

1We use a continuous version of notations here. For example, x(t) is the state at time t
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vanilla version of ALPS in the fully observable case, the loss function is

L =
t∑

s=t−τ+1

∥ss − ŝs∥22.

In addition, for the partially observable case, the loss function is

L =
t∑

s=t−τ+1

∥os − ôs∥22,

where τ here is chosen carefully to avoid the effect of the initial state.

(3) Gradient Descent for the Parameters. Since the vanilla version of ALPS

does not have the estimator, we conduct the gradient descent directly on the param-

eters

θ′ = θ − αL(θ).

Result of the Fully Observable Case. Figure 5.7 shows the result of identify-

ing 24 system parameters and the learning curve in the fully observable case. We can

see that ALPS is able to accurately identify the system parameters with an average

of 0.42% error rate.

Result of the Partially Observable Case. Figure 5.8 shows the result of

identifying 24 system parameters and the learning curve in the partially observable

case. We can see that ALPS is able to accurately identify the system parameters.

Noticeably, we can see that when the system parameter dPS12 has a low value,

ALPS is able to assign dPS12 to a small value. In the real-world application, when

the value of the system parameter is lower than 20% of its normal value (e.g., the

normal value for dPS12 is 10000), the system component is due to replace. Hence,

as long as the estimation value is below 20% of its normal value, this information is

enough to notify the replacement of the component. In addition, this shows that the
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Full-scale MSD Time Series Data

True θ Pred. θ̂ | θ̂−θ
θ

| × 100 (%)
cPS11 900000 906036 0.67
cPS12 900000 899450 0.06
cPS21 900000 904543 0.50
cPS22 900000 895553 0.49
cPS31 900000 899453 0.06
cPS32 900000 901255 0.13
cPS41 900000 898952 0.11
cPS42 900000 901981 0.22
cSS11 500000 496639 0.67
cSS12 500000 503787 0.75
cSS21 500000 506055 1.21
cSS22 500000 491697 1.66
dPS11 10000 9947 0.53
dPS12 10000 10023 0.23
dPS21 10000 10009 0.09
dPS22 10000 9982 0.18
dPS31 10000 9980 0.20
dPS32 10000 10051 0.51
dPS41 10000 10038 0.38
dPS42 10000 9900 1.00
dSS11 21700 21664 0.16
dSS12 21700 21737 0.17
dSS21 21700 21736 0.16
dSS22 21700 21713 0.05

Figure 5.7: The prediction result and the learning curve in the fully observable case.
cPS: the stiffness of the spring in the primary level (closed to the track); cSS: the
stiffness of the spring in the secondary level (closed to the car); dPS: the damping
coefficient of the damper in the primary level; dSS: the damping coefficient of the
damper in the secondary level. The number after the name of the component indicates
its position in the system. We see that ALPS can accurately identify the parameters.
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Full-scale MSD Time Series Data

True θ Pred. θ̂ | θ̂−θ
θ

| × 100 (%)
cPS11 900000 1015200 12.8
cPS12 900000 899710 0.03
cPS21 900000 857570 4.71
cPS22 900000 921980 2.44
cPS31 900000 935060 3.89
cPS32 900000 927620 3.06
cPS41 900000 910170 1.13
cPS42 900000 913290 1.47
cSS11 500000 670540 34.10
cSS12 500000 655230 31.04
cSS21 500000 676670 35.33
cSS22 500000 695170 39.03
dPS11 10000 8308 16.92
dPS12 0 2042 –
dPS21 10000 8163 18.37
dPS22 10000 10322 3.22
dPS31 10000 9639 3.61
dPS32 10000 9855 1.45
dPS41 10000 9220 7.80
dPS42 10000 9409 5.91
dSS11 21700 29357 35.28
dSS12 21700 26506 22.14
dSS21 21700 24480 12.81
dSS22 21700 23218 6.99

Figure 5.8: The prediction result and the learning curve in the partially observable
case. cPS: the stiffness of the spring in the primary level (closed to the track);
cSS: the stiffness of the spring in the secondary level (closed to the car); dPS: the
damping coefficient of the damper in the primary level; dSS: the damping coefficient
of the damper in the secondary level. The number after the name of the component
indicates its position in the system. We see that ALPS can accurately identify the
parameters.

140



Pendulum Mass-Spring-Damper Two-body

SE OE PE SE OE PE SE OE PE
CDM [98] 345.22 1766.70 – 0.99 5.69×108 – 50.23 2.03×108 –
Autoencoder 3041.12 600.84 – 7.63 7.42×108 – 95.80 2.71×108 –
ALPS (ours) 86.48 1696.91 0.06 0.29 7.43×108 0.60×106 0.45 2.59×108 0.02
w/o Fourier feat. [82] 90.82 1773.39 0.29 0.93 7.44×108 2.28×106 1.86 2.56×108 0.02
w/o self-attention [186] 181.22 1950.77 0.06 1.85 7.44×108 1.87×106 511.49 2.72×108 0.27

Table 5.1: Evaluation of the tested networks in the visual tasks. SE: state predic-
tion error; OE: observation prediction error; PE: parameter prediction error. ALPS
achieves competitive performance in predicting physical parameters and states.

approach of isolating the effect of the initial state is effective. However, compared to

the fully observable case, we can still see that the error rate is higher for the partially

observable case. The performance can be improved by running the system longer to

truly minimize the effect of the initial state or simultaneously estimating the initial

states. We leave this as a future work

In this section, we have shown that ALPS can work in the vanilla setting. We

now switch our focus to the full model of ALPS.

5.6.3 Experiment Results for ALPS

We now test the performance of the full models of ALPS (e.g., with the encoder,

estimation, and decoder). Note that we use a self-attention network for the encoder

due to the fact that it is easy to optimize and can capture long-term dependency from

the data.

Results in the Visual Tasks. Table 5.1 shows the results. We see that (1)

ALPS achieves the best performance in predicting physical parameters in all cases,

with at the most 4.8x lower error in the pendulum task. On the other hand, the

Fourier feature mapping does not have much effect in predicting the physical param-

eter in the two-body system.

This verifies the analysis of the Fourier feature mapping: for the task with a

wider frequency spectrum (e.g., 100Hz in the MSD), the Fourier feature improves
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SE PE
CDM [98] 56.04 –
ALPS (ours) 3.02 0.44×106

w/o Fourier feat. [82] 113.07 4.32×106

Table 5.2: Results in the MSD system for predicting two physical parameters from
time series data.

the prediction due to higher eigenvalues in the high-frequency content, whereas for

the task with only a low-frequency spectrum (e.g., 6Hz in the two-body), raw state

sequences can already capture low-frequency content. This supports the idea of using

Fourier feature mappings for high-frequency data. (2) ALPS achieves competitive

results in predicting the states, with at the most 6.3x lower error in the MSD task.

Without self-attention networks, the network has a substantial SE due to a large error

in computing the velocity, as in the two-body task. The smaller the sampling rate is,

the greater the velocity estimation error is. In addition, the high SE in autoencoder

suggests that its latent representation is uninterpretable. This verifies the idea of

using physics to constrain the latent representation of the autoencoder to estimate

states. (3) ALPS achieves comtextbfle results in reconstructing observations.

The low error for CDM in the MSD and two-body tasks is due to degenerated

solutions, in which CDM reconstructs blur images. This also implies that using

physics stabilizes the training and improves the reconstruction of observations. (4)

Finally, the autoencoder baseline has higher reconstruction loss in some tasks. This

is because that it learns a degenerated solution, producing blur images due to high-

frequency movements of objects on the scene.

Our remaining simulations explore ALPS’s ability in predicting physical parame-

ters from raw state measurements.

Results in Real MSD Time Series Data. Table 5.2 shows the results. Here

ALPS does not use the encoder or decoder network–the estimator takes in state mea-

surements directly, as the system is fully-observable. Overall we see that (1) ALPS
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Figure 5.9: The state trajectories and the attention maps of the self-attention network
in the pendulum task. We see that the self-attention network is able to infer states
based on observations.

achieves the best performance. Without using the Fourier feature mapping, the net-

work cannot learn to identify physical parameters. (2) CDM has worse SE since an

MLP cannot learn well from data with high-frequency content. This also implies that

by providing physics to the network, we can improve SE. These observations show

ALPS can robustly identify two parameters simultaneously from state measurements,

and support the theory of using Fourier features to learn dynamics. Moreover, this re-

sult shows ALPS can be deployed in real prognostic applications for tracking physical

parameters to enhance railroad safety.

5.6.4 Additional Analysis

Visualization of Encoded States Prediction and Attention Map of the Self-

attention Network. An important feature of ALPS is that it uses self-attention

networks to infer states from pixel observations. Fig. 5.9 shows the encoded states
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Figure 5.10: Examples of reconstructed and true observation sequences of ALPS and
CDM over three visual tasks. We see that ALPS is able to robustly generate the
observations.

{x̃s}, the ODE-simulated states {x̂s}, and the true states {xs} over time horizons

τ as well as its attention map in the pendulum task. We see that the self-attention

network is able to track the state evolution of the system from pixel observations.

In addition, we observe that there is a small delay between the true states and the

ODE-simulated states. This is due to a small prediction error in the initial state and

the system parameter, which then accumulates over the time horizon.

For the attention map, the summation of each row is equal to one. This map

shows that for each time step how much information of each observation in the entire

trajectory is needed to predict the state at that time step. Here, we use a mask with

the size of 15 to limit the attention width of the network. We see that the network

mostly uses the observation at the beginning and the end of the attention mask to

infer states. This suggests that the network learns to predict an average velocity. In

addition, we see that there are vertical attention patterns, which happen to be at the

peak of the cosine wave. We suspect that the network uses this information as an

anchor to capture the periodic behavior of the pendulum. We leave this as future

work to understand the network.

Visualization of Reconstructed Observations and Prediction of System
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Figure 5.11: System parameter prediction performance of ALPS in the visual tasks.
We categorize the value of the true system parameters, and show the box plot of the
corresponding prediction values. The values at the bottom show the prediction mean
and standard deviation of each group. We see that ALPS can identify the system
parameters well.

Parameters. ALPS uses an autoencoder to learn system dynamics. Fig. 5.10 shows

reconstructed observations of ALPS and the baseline in three visual tasks. We see

that ALPS is able to accurately reconstruct the observations, whereas CDM fails

to predict observations with duplicated particles in the Two-Body system and blur

images in the MSD system. This implies that using physics in the loop can help to

converge to a good solution.

In addition, Fig. 5.11 shows the system parameter prediction performance of

ALPS over three visual tasks. Please see the caption for more details about the

figure. We see that the model is able to reliably predict the system parameters in

most cases. However, we also see there are some outliers for each group. We leave

this as a future improvement.

Analysis of self-attention networks An important feature of ALPS is the

use of self-attention networks for estimating states from observations. To provide

intuition about the mechanism of the self-attention network, we regress the self-
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Figure 5.12: The patterns of the attention weight in the self-attention networks show
the network attends to the local context (diagonal) to compute the gradient, and
use the global context (lower triangular) to obtain the integral. (a) The case where
the network estimates the turning rate xr from the lateral path deviation xp and its
attention weight. (b) The case where the network estimates the lateral path deviation
xp from the turning rate xr and its attention weight. The green lines x̃r and x̃p are
the predictions and the red lines are the true values (turn the screen brighter to see
the patterns).
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attention network with true states of the system and visualize its attention weights

on simple vehicle steering dynamics:

dx

dt
=






0 1

0 0




x+






0.1

1




 u,

where the first element in x = [xp, xr]T represents the lateral path deviation (i.e.,

the distance between the vehicle and the center of the road), the second element

represents the turning rate, and u is the input force to the steering wheel. In this

example, we want to estimate either xp or xr by observing xr or xp, respectively.

Intuitively, in the first case (estimate xp from xr), a self-attention network should

perform derivative operation, whereas in the second case (estimate xr from xp), a

self-attention network should perform integration operation. Fig. 5.12 shows the

result of the two cases. Here we use a single head self-attention network with a tanh

activation function to regress the supervised data, and test on the testing data. In

the first case, the network attends to the neighboring observations at the current

time (i.e., diagonal pattern), whereas in the second case the network attends to the

observations from the beginning to the current time (i.e., lower triangular pattern,

global context). This observation suggests the network does exploit the local context

to compute the gradient (i.e., xrt ≈
x
p
t+1

−x
p
t

∆t
), and use the global context to obtain the

integral (i.e., xpt ≈
∑t−1

t′=0 x
r
t′).

5.7 Discussion and Conclusion

In this chapter, we are motivated by the situation in Chapter 4 where some of the

critical system parameters are unknown. We thus addressed the problem of predict-

ing the states and physical parameters of a system from observations with dynamic

equations. We showed that the latent representation of the autoencoder is uninter-
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pretable. We then use dynamic equations to constrain the latent representation of

the autoencoder to be consistent with the laws of physics. We analyzed the effect of

Fourier features for estimating physical parameters. The first results showed that the

basic form ALPS is able to identify the system parameters using gradient descent.

The final results showed that ALPS achieves competitive performance in the visual

tasks and the real raw time series dataset. This enables downstream applications.

No model is without limitations. Future work could improve ALPS in several

ways. For instance, the understanding of underlying mechanisms in self-attention

networks for estimating states from observations can be advanced. In addition, we

require to have dynamic equations and assume that the system is linear and exhibits

periodic or vibrational behaviors. These make it challenging to generalize to more

complicated settings such as contact dynamics. One solution is to combine known

physics with neural models (e.g., interaction networks [17]) to compensate for mod-

eling error, and use time-domain and frequency-domain features together to predict

physical parameters. Moreover, it would also be interesting to explore other more

complex applications that involve identifying physical parameters such as analysis of

transient behaviors in electrical circuits. Last but not least, incorporating ALPS into

safe reinforcement learning for conducting safety analysis (e.g., similar to verifying

the cost violation in the future in Chapter 4) would be an interesting direction for

the safe RL problem in which the system dynamics are changing over time due to

component deterioration or noise.

Acknowledgements. We thank Dr. Justinian Rosca for providing the fund-
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Chapter 6

Safe Reinforcement Learning with

Natural Language Constraints

6.1 Introduction

In previous Chapters, we focus on the problem of safe reinforcement learning (Chap-

ter 2), exploiting baseline policies (Chapter 3), applying the algorithm in real hard-

ware (Chapter 4), and proposing unsupervised system identification approach (Chap-

ter 5). While safe reinforcement learning (RL) holds great promise for many practical

applications like robotics or autonomous cars, current approaches require specifying

constraints in mathematical form. In addition, current autonomous agents do not

have the capability to receive human feedback to correct their unsafe behavior after

being programmed or designed in the factory. Such specifications demand domain

expertise, limiting the adoption of safe RL. In addition, human learns to be safe by

using verbal communication (i.e., natural language) or body language to signal un-

safe events. We expect a robot with such capability can greatly improve safety when

deployed in the real world. In this chapter, we investigate the possibility of using

natural language to specify the safety constraints for facilitating safe human-robot
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Figure 6.1: Learning to navigate with language constraints. The figure shows (1)
a third-person view of the environment (red dotted square box), (2) three types of
language constraints, (3) items which provide rewards when collected. During safety
training, the agent learns to interpret textual constraints while learning the task (i.e.,
collect rewards). During safety evaluation, the agent learns a new task with different
rewards while following the constraints and minimizing violations.

interaction, which is important for the automated society in the future.

Although RL has shown promise in several simulated domains such as games [114,

137, 23] and autonomous navigation [11, 110], deploying RL in real-world scenarios

remains challenging [47]. In particular, real-world RL requires ensuring the safety

of the agent and its surroundings, which means accounting for constraints during

training that are orthogonal to maximizing rewards. For example, a cleaning robot

must be careful to not knock the television over, even if the television lies on the

optimal path to cleaning the house.

Safe RL tackles these challenges with algorithms that maximize rewards while

simultaneously minimizing constraint violations during exploration [6, 39, 173, 175, 5,

38, 18, 48, 156, 149]. However, these algorithms have two key limitations that prevent

their widespread use. First, they require us to provide constraints in mathematical or

logical forms, which calls for specific domain expertise. Second, a policy trained with

a specific set of constraints cannot be transferred easily to learn new tasks with the
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same set of constraints, since current approaches do not maintain an explicit notion

of constraints separate from reward-maximizing policies. This means one would have

to retrain the policy (with constraints) from scratch.

We consider the use of natural language to specify constraints (which are or-

thogonal to rewards) on learning. Human languages provide an intuitive and easily-

accessible medium for describing constraints–not just for machine learning experts

or system developers, but also for potential end users interacting with agents such

as household robots. Consider the environment in Fig. 6.1 for example. Instead of

expressing a constraint as
∑T

t=0 1st∈lava · 1 ̸∃st′∈water, t′∈[0,1,...,t−1] = 0, one could simply

say “Do not visit the lava before visiting the water”. Such an approach offers great

flexibility for humans to specify the safety constraint for correcting robot behavior.

In addition, it facilitates safe human-robot interaction. The challenge, of course, lies

in training the RL agent to accurately interpret and adhere to the textual constraints

as it learns a policy for the task.

To study this problem, we first create HazardWorld, a collection of grid-world

and robotics environments for safe RL with textual constraints (Fig. 6.1). Hazard-

World consists of separate ‘safety training ’ and ‘safety evaluation’ sets, with disjoint

sets of reward functions and textual constraints between training and evaluation. To

do well on HazardWorld, an agent has to learn to interpret textual constraints

during safety training and safely adhere to any provided constraints while picking up

new tasks during the safety evaluation phase. Built on existing RL software frame-

works [35, 127], HazardWorld consists of navigation and object collection tasks

with diverse, crowdsourced, free-form text specifying three kinds of constraints: (1)

budgetary constraints that limit the frequency of being in unsafe states, (2) relational

constraints that specify unsafe states in relation to surrounding entities, and (3) se-

quential constraints that activate certain states to be unsafe based on past events

(e.g., “Make sure you don’t walk on water after walking on grass”). Our setup differs
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from instruction following [108, 28, 13, 111, 70, 66] in two ways. First, instructions

specify what to do, while textual constraints only inform the agent on what not to do,

independent of maximizing rewards. Second, learning textual constraints is a means

for ensuring safe exploration while adapting to a new reward function.

In order to demonstrate learning in this setting, we develop Policy Optimization

with Language COnstraints (POLCO), where we disentangle the representation learn-

ing for textual constraints from policy learning. Our model first uses a constraint

interpreter to encode language constraints into representations of forbidden states.

Next, a policy network operates on these representations and state observations to

produce actions. Factorizing the model in this manner allows the agent to retain its

constraint comprehension capabilities while modifying its policy network to learn new

tasks.

Experiments demonstrate that our approach achieves higher rewards (up to 11x)

while maintaining lower constraint violations (up to 1.8x) compared to several base-

lines on two different domains within HazardWorld. Nevertheless, Hazard-

World remains far from being solved, especially in tasks with high-dimensional

observations, complex textual constraints, and those requiring high-level planning or

memory-based systems.

Prior Publications. Parts of this thesis have been published in [174].

Code. https://github.com/princeton-nlp/SRL-NLC

6.2 Related Work

6.2.1 Instruction Following

Our work closely relates to the paradigm of instruction following in RL, which has pre-

viously been explored in several environments [108, 162, 28, 147, 13, 88, 12, 153, 106,

146, 165]. Prior work has also focused on creating realistic vision-language navigation
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datasets [21, 31, 11, 42] and proposed computational models to learn multi-modal

representations that fuse images with goal instructions [81, 22, 52, 105, 78, 54, 75, 53,

160]. Our work differs from the traditional instruction following setup in two ways:

(1) Instruction following seeks to (roughly) ‘translate’ an instruction directly into an

action policy. This does not apply to our setting since the textual constraints only

tell an agent what not to do. To actually obtain rewards, the agent has to explore

and figure out optimal policies on its own. (2) Since constraints are decoupled from

rewards and policies, agents trained to understand certain constraints can transfer

their understanding to respect these constraints in new tasks, even when the new

optimal policy is drastically different. Therefore, we view this work as orthogonal to

traditional instruction following–one could of course combine both instructions and

textual constraints to simultaneously advise an agent on what to do and what not to

do.

6.2.2 Connection to Seldonian Algorithms

POLCO can also be interpreted as a Seldonian algorithm [152]. Seldonian algorithms

ensure ML safety through three steps: (1) defining a goal, (2) defining an interface

for users to provide constraints, and (3) creating an algorithm that satisfies the goal

and constraints. Here, we use natural language as the interface for end users and

map natural language into optimization constants and vector representations. Thus,

POLCO is also a potential step towards widely developing and deploying Seldonian

algorithms.

6.2.3 Constraints in Natural Language

Our notion of ‘constraints’ in this paper differs from prior work that uses instructions

to induce planning constraints [147, 74, 165]–these works again provide instructions

for the agent on how to perform the task. Perhaps closest to this paper is the work of
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Misra et al. [110], which proposes datasets to study spatial and temporal reasoning,

containing a subset focusing on trajectory constraints (e.g., “go past the house by

the right side of the apple”). However, they do not disentangle the rewards from

the constraints, which may be orthogonal to each other. Prakash et al. [121] train a

constraint checker to identify whether a constraint (specified in text) has been violated

in a trajectory. While their motivation is similar, they ultimately convert constraints

to negative rewards, whereas we use a modular approach that allows disentangling

reward maximization from minimizing constraint violations and is compatible with

modern algorithms for safe RL.

6.3 Problem Setup

Problem Formulation. Our learning problem can be viewed as a partially ob-

servable constrained Markov decision process [10], which is defined by the tuple

< S,O,A, T, Z,X , R, C >. Here S is the set of states, O is the set of observations,

A is the set of actions, T is the conditional probability T (s′|s, a) of the next state s′

given the current state s and the action a, and Z is the conditional probability Z(o|s)

of the observation o given the state s. In addition, X is the set of textual constraint

specifications, R : S × A → R is the reward function, which encodes the immediate

reward provided when the agent takes an action a in state s, and C : S ×A×X → R

is the true underlying constraint function described by x ∈ X , which specifies positive

penalties for constraint violations due to an action a in a state s. Finally, we assume

each x ∈ X corresponds to a specific cost function C.

RL with Constraints. The goal of the learning agent is to acquire a good

control policy that maximizes rewards, while adhering to the specified constraints

as much as possible during the learning process. Thus, the agent learns a policy

π : O×X → P(A), which is a mapping from the observation space O and constraint
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specification X to the distributions over actions A. Let γ ∈ (0, 1) denote a discount

factor, µ(S) denote the initial state distribution, and τ denote a trajectory sequence

of observations and actions induced by a policy π, i.e., τ = (o0, a0, o1, · · · ). For any

given x, we seek a policy π that maximizes the cumulative discounted reward JR while

keeping the cumulative discounted cost JC below a specified cost constraint threshold

hC(x):

max
π

JR(π)
.
= E

τ∼π

[ ∞∑

t=0

γtR(st, at)

]

s.t. JC(π)
.
= E

τ∼π

[ ∞∑

t=0

γtC(st, at, x)

]

≤ hC(x),

where τ ∼ π is shorthand for indicating that the distribution over trajectories depends

on π : s0 ∼ µ, ot ∼ Z(·|st), at ∼ π(·|ot, x), st+1 ∼ T (·|st, at). We use C(st, at, x) and

hC(x) here to emphasize that both functions depend on the particular constraint

specification x.

Task Setup. Our goal is to show that constraints specified in natural language

allow for generalization to new tasks that require similar constraints during learning.

With this in mind, we consider the following safety training and safety evaluation

setup:

(1) Safety training: During training, we generate random environment layouts

and starting states s0 while keeping the reward function R fixed. For each episode, we

randomly generate a constraint function C and limit hC . We then sample a constraint

text x that describes C and hC from the training set of texts. The constraint text x is

an input to the agent’s policy. Whenever the agent violates a constraint (at any step),

it is provided with a scalar cost penalty learned by the model from C(s, a, x). The

agent, therefore, sees a variety of different task layouts and constraints, and learns a

policy with respect to the constraints for this task as well as how to interpret textual

constraints.

(2) Safety evaluation: During the evaluation, we place the agent in new envi-
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Constraint Examples

Budgetary
Lava hurts a lot, but you have special shoes that
you can use to walk on it, but only up to 5 times,
remember!

Relational Water will hurt you if you are two steps or less
from them.

Sequential Make sure you don’t walk on water after walking
on grass.

(a) HazardWorld-grid

Constraint Examples

Budgetary Do not enter the blue square. It is safe to never
cross at all.

Relational Three feet is the minimum distance to all the dark
blue circles.

Sequential Once a purple box gets touched dark blue circles
are disallowed.

(b) HazardWorld-robot

Table 6.1: Examples of textual constraints for HazardWorld-grid and Hazard-

World-robot. (a) An agent (red triangle) seeks to collect the reward entity (ball,
box, key) while avoiding the cost entity (lava, water, grass). (b) An agent (red point)
aims to reach a goal position (green area) while avoiding the obstacles (vases, pillars,
cubes, etc.). Please see the supplementary material for more details.

ronments with randomly generated layouts, with a different reward function R′. The

set of possible constraints C is the same as seen in training, but the corresponding

constraint texts are from an unseen test set. During this phase, the agent is not

provided any cost penalties for the task. This setup allows us to measure two things:

(1) how well an agent can learn new tasks while following previously learned textual

constraints, and (2) the applicability of our method when using textual constraints

unseen in training.
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6.4 HazardWorld

To our knowledge, there do not currently exist datasets for evaluating RL agents that

obey textual constraints.1 Thus, we design a new benchmark called HazardWorld

in which the agent starts each episode at a random location within a procedurally

generated environment and receives a textual constraint x, sampled from a pool of

available constraints. The agent’s goal is to collect all the reward-providing entities

while adhering to the specified constraint. Other than the constraint specified, the

agent has complete freedom and is not told about how to reach reward-providing

states.

HazardWorld contains three types of constraints–(1) budgetary constraints,

which impose a limit on the number of times a set of states can be visited, (2) rela-

tional constraints, which define a minimal distance that must be maintained between

the agent and a set of entities, and (3) sequential constraints, which are constraints

that activate unsafe states when a specific condition has been met. In total, we

collect 984 textual constraints for HazardWorld-grid (GridWorld environment)

and 2,381 textual constraints for HazardWorld-robot (robotic tasks). Table 6.1

provides examples.

HazardWorld-grid. We implement HazardWorld-grid (Table 6.1(a)) atop

the 2D GridWorld layout of BabyAI [35, 36]. We randomly place three reward entities

on the map: ‘ball,’ ‘box,’ and ‘key,’ with rewards of 1, 2, and 3, respectively. We also

randomly place several cost entities on the map: ‘lava,’ ‘water,’ and ‘grass ’. We give

a cost penalty of 1 when agents step onto any cost entities, which are specified using

a textual constraint x. The entire state st is a grid of size 13×13, including the walls,

and the agent’s observation ot is a 7×7 grid of its local surroundings. There are 4

actions–moving up, down, left, and right. We use the deterministic transition here.

1Even though there are several instruction following tasks, our task setup is different, as men-
tioned previously.
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Train-test Split. We generate two disjoint training and evaluation datasets

Dtrain and Deval. Dtrain consists of 10,000 randomly generated maps paired with 80%

of the textual constraints (787 constraints overall), i.e., on average each constraint

is paired with 12.70 different maps. Deval consists of 5,000 randomly generated maps

paired with the remaining 20% of the textual constraints (197 constraints), i.e., on

average one constraint is paired with 25.38 maps. In Deval we change the rewards for

a ball, box, and key to 1, 2, and -3, respectively. Therefore, in Deval, the agent has to

avoid collecting the key to maximize the reward.

HazardWorld-robot. We build HazardWorld-robot (Table. 6.1(b)) atop

the Safety Gym environment [127] to show the applicability of our model to tasks

involving high-dimensional continuous observations. In this environment, there are

five constraint entities paired with textual constraints: hazards (dark blue puddles),

vases (stationary but movable teal cubes), pillars (immovable cylinders), buttons

(touchable orange spheres), and gremlins (moving purple cubes). This task is more

challenging than the 2D case since some obstacles are constantly moving. The agent

receives a reward of 4 for reaching a goal position and a cost penalty of 1 for bumping

into any constraint entities. The observation ot is a vector of size 109, including

coordinate location, the velocity of the agent, and observations from lidar rays that

detect the distance to entities. The agent has two actions–control signals applied to

the actuators to make it move forward or rotate. The transitions are all deterministic.

Train-test Split. We follow the same process for obtaining a train-test split as

in HazardWorld-grid. Dtrain consists of 10,000 randomly generated maps paired

with 80% of textual constraints (1,905 constraints), i.e., on average one constraint

is paired with 5.25 maps. Deval consists of 1,000 randomly generated maps paired

with the remaining 20% of textual constraints (476 constraints), i.e., on average one

constraint is paired with 2.10 maps. In Deval we add four additional goal locations to

each map (i.e., the maximum reward is 20). The agent has to learn to navigate to
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these new locations.

Data Collection. For the textual constraints in both environments, we collected

free-form text in English using Amazon Mechanical Turk (AMT) [26]. To generate a

constraint for HazardWorld, we provided workers with a description and picture

of the environment, the cost entity to be avoided, and one of the following: (a) the

cost budget (budgetary), (b) the minimum safe distance (relational), or (c) the other

cost entity impacted by past events (sequential). We then cleaned the collected text

by writing a keyword matching script followed by manual verification to ensure the

constraints are valid.

Dataset Details. At a high level, HazardWorld applies the instruction fol-

lowing paradigm to safe reinforcement learning. Concretely, this means that safety

constraints in our environment are specified via language. Our dataset is thus com-

prised of two components: the environment, made up of the objects that the agent

interacts with, and the constraint, which imposes a restriction on which environmental

states can be visited.

The environment is procedurally generated. For each episode, HazardWorld

places the agent at a randomized start location and fills the environment with objects.

HazardWorld then randomly samples one constraint out of all possible constraints

and assigns this constraint to the environment.

We collected natural language constraints in a two-step process. In the first step,

or the data generation step, we prompted workers on Amazon Mechanical Turk with

scenarios shown in Fig. 6.2. Workers are provided the minimum necessary information

to define the constraint and asked to describe the situation to another person. For

example, to generate a so-called budgetary constraint, workers are given the cost

entity to avoid (‘lava’, ‘grass’ or ‘water’ ) and the budget (i.e., hC , a number 0 through

5). The workers use this information to write instructions for another person. This

allows us to ensure that the texts we collected are free-form. These generations form
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(a) General prompt for all constraint classes.

(b) Budgetary prompt.

(c) Relational prompt.

(d) Sequential prompt.

Figure 6.2: AMT workers receive the general prompt and one of the three specific
prompts. They are then asked to instruct another person for the given situation.
This ensures that the texts we collected are free-form.
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Constraint Type Examples

Budgetary

The water should only be stepped on a max of 5 times.
Lava hurts a lot, but you have special shoes that you can
use to walk on it, but only up to 5 times, remember!
You can get in lava, but only once.
Four is the most number of times you can touch water
You cannot step on the lava block at all. You will die
otherwise.

Relational

Water will hurt you if you are two steps or less from
them.
Always stay 1 step away from lava
Any block within one unit of a grass cannot be touched.
The explosion radius of grass is three, so stay at least
that distance away from grass.
Waters are dangerous, so do not cross them.

Sequential

Make sure you don’t walk on water after walking on
grass.
Do not touch the water or water will become risky.
You may touch the water first, but the lava is dangerous
so do not touch it after.
Avoid lava since you can only walk on it once. After
that the lava will hurt you.
Water will trigger grass to become dangerous.

Invalid

good
move foreward
Just avoid the perimeter when collecting the objects,
and you’ll be safe.
Your directions are as follows: if you’re facing a block
with a water block in front of it, walk five blocks ahead
. . . (81 more words)
asdf

Table 6.2: Examples from the various constraint classes. When a constraint does not
fully describe all forbidden states in the environment, we classify it as invalid.
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Figure 6.3: Model Overview. Our model consists of two parts: (1) the constraint
interpreter produces a constraint mask and cost constraint threshold prediction from
a textual constraint and an observation, (2) a policy network takes in these presen-
tations and produces a constraint-satisfying policy. Best viewed in color.

our language constraints.

In the second step or the data validation step, we employed an undergraduate

student to remove invalid constraints. We define a constraint as invalid if (a) the

constraint is off-topic or (b) the constraint does not clearly describe states that should

be avoided. Examples of valid and invalid constraints are included in Table 6.2.

Finally, we randomly split the dataset into 80% training and 20% test sets. In total,

we spent about $ 1500 for constructing HazardWorld.

In HazardWorld and Lawawall, the agent has 4 actions in total: a ∈ A =

{right, left, up, down}. The transition dynamics T are deterministic.

6.5 Learning to Interpret Textual Constraints

We seek to train agents that can adhere to textual constraints even when learning

policies for new tasks with different reward structures. We now describe our model

and training and evaluation procedures.
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(a) For budgetary and relational con-
straints

(b) For sequential constraints

Figure 6.4: Constraint interpreter. (a) For the budgetary and relational con-
straints, a constraint mask module takes the environment embedding and text vector
representation as inputs and predicts M̂C . (b) For the sequential constraints, we use
an LSTM to store the information of the past visited states. For these three types of
constraints, we use another LSTM given x to predict ĥC .

6.5.1 Network Architecture

We design the RL agent as a deep neural network that consists of two parts (Fig. 6.3)–

(1) a constraint interpreter which processes the text into structured safety criteria

(a constraint mask and threshold) and (2) a policy network which uses the output

of the interpreter along with observations to produce an action. For simplicity, in

the following descriptions, we assume state s and observation o to be 2D matrices,

although the model can easily be extended to other input representations.

(1) Constraint Interpreter (Fig. 6.4). We concatenate an observation em-

bedding of size n×n×m from observations o of size n×n with the embedding of the

textual constraints x of size l from a long-short-term-memory (LSTM), followed by

using a convolutional neural network (CNN) to get an embedding vector. We use this

vector to produce a constraint mask M̂C , a binary matrix with the same dimension as

o–each cell of the matrix is 0/1 depending on whether the model believes the absence

or presence of a constraint-related entity (e.g., ‘lava’) in the corresponding cell of the

observation o. In addition, we feed the textual constraints into an LSTM to produce

ĥC , a real-valued scalar that predicts the constraint threshold, i.e., the number of

times an unsafe state is allowed.
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For the case of sequential constraints with a long-term dependency of the past

events, M̂C will depend on the past states visited by the agent. For example, in

Fig. 6.4(b), after the agent visits ‘water ’, M̂C starts to locate the cost entity (‘grass ’).

Thus, for sequential constraints, we modify the interpreter by adding an LSTM layer

before computing M̂C to take the state history into account. Using M̂C and ĥC allows

us to embed textual constraints in the policy network.

(2) Policy Network. The policy network produces an action using the state

observation ot and the safety criteria produced by the constraint interpreter. The

environment embedding is concatenated with the constraint mask M̂C (predicted

by the constraint interpreter) and a cost budget mask, denoted by M̂B. The cost

budget mask is derived from ĥC (also predicted by the constraint interpreter) and

keeps track of the number of constraint violations that the agent has made in the

past over the threshold. M̂B is an n × n matrix where each element takes the value

of
∑t′

t=0 Ĉ(st, at; x) − ĥC (i.e., the value of constraint violations past the budget

until t′th step) if there is a cost entity in ot(i, j), or zero otherwise. During the

safety evaluation phase, we estimate the cumulative cost
∑t′

t=0 Ĉ(st, at; x) using the

predicted M̂C and the agent’s current location at time t. After concatenating both

the constraint mask M̂C and cost budget mask M̂B to the observation embedding, we

then feed the resulting tensor into CNN to obtain a vector (grey in Fig. 6.3). This

vector is concatenated with a vectorized int(ĥC) (i.e., ĥC rounded down) and fed into

an MLP to produce an action.

POLCO in HazardWorld-robot. To apply POLCO in this environment, the

constraint interpreter predicts the cost entity given the textual constraints. We then

map the cost entity to the pre-defined embedding vector (i.e., one-hot encoding). We

then concatenate the embedding vector, the embeddings of the predicted ĥC , and the

value of the cost budget (rounded down) to the observation vector. Finally, the policy

network takes in this concatenated observation and produces a safe action.
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Advantages of the Design. The design of POLCO tightly incorporates textual

constraints into the policy network. Our model factorization–into (1) a constraint in-

terpreter and (2) a policy network–allows us to design specific constraint interpreters

for different types of constraints.2 Furthermore, our approach scales gracefully to

handling multiple constraints. While existing safe RL algorithms require retraining

the policy for each unique combination of constraints, we can simply add together

the M̂C of each constraint to handle multiple constraints imposed simultaneously.

6.5.2 Safety Training

We first train the constraint interpreter using a random policy to collect trajectories,

and then we use the trained interpreter to predict constraints while training the policy

network.

Stage 1: Interpreter Learning. We use a random policy to explore the en-

vironment, and obtain trajectories consisting of observations ot, along with the cor-

responding textual constraint x. Using the constraint violations encountered in the

trajectory and the cost specification C, we obtain a target MC for training the con-

straint interpreter. In addition, we also obtain the ground-truth value of hC for

learning the constraint threshold module.

We train the constraint mask module of the constraint interpreter by minimizing

the following binary cross-entropy loss over these trajectories:

L(Θ1) = −E(ot,x)∼Dtrain

[ 1

|MC |
n∑

i,j=1

y log ŷ + (1− y) log(1− ŷ)
]

,

where y is the target MC(i, j; ot, x), which denotes the target (binary) mask label in

ith row and jth column of the n× n observation ot, ŷ is the predicted M̂C(i, j; ot, x),

2
M̂B equates to a scaled-up version of M̂C since we assume only one constraint specification per

episode, but this is not necessary in general since we may have multiple constraints over different
cost entities. In that case, M̂B may have different cost budgets for different cells (entities).
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i.e., the probability prediction of constraint mask, and Θ1 are the parameters of the

constraint mask module.

For the constraint threshold module, we minimize the following loss: L(Θ2) =

E(ot,x)∼Dtrain

[
(hC(x)− ĥC(x))2

]
, where Θ2 are the parameters of the constraint thresh-

old module.

This approach ensures cost satisfaction during both policy learning and safety

evaluation, an important feature of safe RL. If we train both the policy and the

interpreter simultaneously, then we risk optimizing according to inaccurate M̂C and

ĥC values, as observed in our experiments.

Stage 2: Policy Learning. We use a safe RL algorithm called projection-based

constrained policy optimization (PCPO) [173] to train the policy network. During

training, the agent interacts with the environment to obtain rewards, and penalty

costs (M̂C) are provided from the trained constraint interpreter for computing JR(π)

and JC(π) (ground-truth C is not used). PCPO is an iterative method that performs

two key steps in each iteration3–optimize the policy according to reward and project

the policy to a set of policies that satisfy the constraint. During safety evaluation,

we evaluate our model in the new task with the new reward function and the textual

constraints from Deval.

6.5.3 Safety Evaluation

(1) Transfer to new tasks: We take the policy trained in Dtrain and fine-tune it

on tasks having new reward functions with textual constraints from Deval. We do not

retrain the constraint interpreter on Deval. The policy is fine-tuned to complete the

new tasks without the penalty signals from the cost function C. In HazardWorld-

robot, we optimize the policy using CPO [6].

(2) Handling multiple textual constraints: We also test the ability of our

3One can use other safe RL algorithms such as Constrained Policy Optimization (CPO) [6]
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model to handle multiple constraints imposed simultaneously (from Deval), by adding

the cost constraint masks M̂C of each constraint together when given multiple con-

straints. During safety training, the policy is still trained with a single constraint.

No fine-tuning is performed and the reward function is maintained the same across

training and evaluation in this case.

6.6 Experiments

Our experiments aim to study the following questions: (1) Does the policy network,

using representations from the constraint interpreter, achieve fewer constraint viola-

tions in new tasks with different reward functions? (2) How does each component in

POLCO affect its performance?

6.6.1 Setup

Baselines. We consider the following baselines:

(1) Constraint-Fusion (CF) with PCPO: This model [164] takes a concatenation

of the observations and text representations as inputs (withoutMC , MB and hC) and

produces an action, trained with an end-to-end approach using PCPO. This model

jointly processes the observations and the constraints.

(2) CF with TRPO: We train CF using trust region policy optimization (TRPO)

[133], which ignores all constraints and only optimizes the reward. This is to demon-

strate that the agent will have substantial constraint violations when ignoring con-

straints.

(3) Random Walk (RW): We also include a random walk (RW) baseline, where

the agent samples actions uniformly at random.

Evaluation Metrics. To evaluate models, we use (1) the average value of the

reward JR(π), and (2) the average constraint violations ∆C := max(0, JC(π) − hC).
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Figure 6.5: Description of the policy network in POLCO.

Good models should have a small ∆C (i.e., close to zero) while maximizing JR(π).

6.6.2 Architectures, Parameters, and Training Details

Policy Network in POLCO. The architecture of the policy network is shown in

Fig. 6.5. The environment embedding for the observation ot is of the size 7×7×3.

This embedding is further concatenated with the cost constraint mask MC and the

cost budget mask MB. This forms the input with the size 7×7×5. We then use

convolutions, followed by dense layers to get a vector with the size 5. This vector

is further concatenated with the hC embedding. Finally, we use dense layers to

the categorical distribution with four classes (i.e., turn right, left, up, or down in

HazardWorld). We then sample an action from this distribution.

Constraint Interpreter in POLCO. The architecture of the constraint inter-

preter is shown in Fig. 6.6. For the constraint mask module, the input is the text with

w words. We then use an embedding network, followed by an LSTM to obtain the

text embedding with the size 5. The text embedding is duplicated to get a tensor with
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(a) Constraint mask module (b) Constraint
threshold module

Figure 6.6: Description of the constraint interpreter.
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Parameter
Reward dis. factor γ 0.99

Constraint cost dis. factor γC 1.0
step size δ 10−3

λGAE
R 0.95
λGAE
C 0.9

Batch size 10,000
Rollout length 200

Number of policy updates 2,500

Table 6.3: Parameters used in POLCO.

the size 7×7×5. This tensor is concatenated with the observation of size 7 × 7 × 3,

creating a tensor with the size 7×7×8. In addition, we use a convolution, followed

by dense layers and a reshaping to get the cost constraint mask MC .

Next, we use a heuristic to compute Ĉtot :=
∑t′

t=0C(st, at; x) from MC . At ex-

ecution time, we give our constraint interpreter access to the agent’s actions. We

initialize Ĉtot = 0. Per timestep, our agent either turns or moves forward. If the agent

moves forward and the square in front of the agent contains a cost entity according

to MC , we increment Ĉtot.

For the constraint threshold module, we use the same architecture to get the text

embedding. We then use dense layers to predict the value of hC .

Details of the Algorithm–PCPO.We use a KL divergence projection in PCPO

to project the policy onto the cost constraint set since it has a better performance than

L2 norm projection. We use GAE-λ approach [134] to estimate Aπ
R(s, a) and A

π
C(s, a).

We use neural network baselines with the same architecture and activation functions

as the policy networks. The hyperparameters of training POLCO are in Table 6.3.

We conduct the experiments on the machine with an Intel Core i7-4770HQ CPU. The

experiments are implemented in rllab [46], a tool for developing RL algorithms.

Baseline Model–Constraint Fusion (CF). The model is illustrated in Fig. 6.7.

An LSTM takes the text x as input and produces a vector representation. The CNN
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Figure 6.7: Baseline model–Constraint Fusion (CF). It is composed of two parts –
(1) a CNN takes ot as an input and produce a vector representation, (2) an LSTM
takes x as input and produces a vector representation. We then concatenate these
two vectors, followed by an MLP to produce an action at.

Figure 6.8: Description of our baseline model-Constraint Fusion (CF).
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takes the environment embedding of ot as input and produces a vector representation.

These two vector representations are concatenated, followed by an MLP to produce

an action at. We do not consider other baselines in [81] and [110]. This is because

their models are designed to learn a multi-modal representation (e.g., processing a

3D vision) and follow goal instructions. In contrast, our work focuses on learning a

constraint-satisfying policy.

The parameters of the baseline is shown in Fig. 6.8. We use the same CNN

parameters as in our policy network to process ot. Then, we use the same LSTM

parameters as in our constraint mask module to get a vector representation with size

5. Note that we use almost the same number of parameters to ensure that POLCO

does not have an advantage over CF. Finally, we use dense layers to the categorical

distribution with four classes. We then sample an action from this distribution.

6.6.3 Experiment Results

HazardWorld-grid. Fig. 6.9(1) shows results for all models in the first evaluation

setting of transfer to new tasks. POLCO has lower constraint violations in excess of

hC while still achieving better reward performance in all cases. In comparison, the

high cost values (∆C) obtained by RW and CF with TRPO indicate the challenges of

the task. This supports our idea of using the learned constraint interpreter to learn a

new task with similar textual constraints while ensuring constraint satisfaction. CF

with PCPO has higher constraint violations, and in most cases, does not optimize the

reward, which suggests that it cannot transfer the constraint understanding learned

in Dtrain to Deval.

Fig. 6.9(2) shows our evaluation with multiple textual constraints. We see that

POLCO achieves superior reward and cost performance compared to the baselines,

while CF with PCPO has worse reward and cost performance. This shows that

our approach is flexible enough to impose multiple constraints than that of existing
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(1)

(a) Budgetary (b) Relational (c) Sequential

(2)

(d) Budgetary (e) Relational (f) Sequential

Figure 6.9: Results in HazardWorld-grid over different values of hC . These graphs
represent the results of budgetary, relational, and sequential constraints, respectively.
The blue bars are the reward performance (JR(π)) and the red bars are the con-
straint violations (∆C). For J

R(π), higher values are better and for ∆C , lower values
are better. (1) Results for transfer to the new tasks. (2) Results for handling multi-
ple textual constraints. POLCO generalizes to unseen reward structures and handles
multiple constraints with minimal constraint violations in the new task.

(a) Budgetary (b) Relational (c) Sequential

Figure 6.10: Results in HazardWorld-robot over different values of hC for transfer
to the new tasks. POLCO achieves competitive results with higher rewards and lower
cost violations.

173



(a) Budgetary (b) Relational (c) Sequential

Figure 6.11: Results in HazardWorld-grid for the setting of evaluation with the
same reward function as seen in training. POLCO achieves higher rewards and lower
constraint violations over the baselines.

safe RL methods which requires retraining the policy for each unique combination of

constraints.

HazardWorld-robot. Fig. 6.10 shows transfer to new tasks inHazardWorld-

robot. The JR(π) and ∆C of RW are relatively small since the agent does not move

much because of random force applied to each actuator. For the budgetary con-

straints, although CF with TRPO achieves the best reward when hC = 0, it has

very large constraint violations. POLCO performs better than the baselines–it in-

duces policies with higher rewards under fewer constraint violations in most cases. In

contrast, CF with CPO has lower reward performance.

Having demonstrated the overall effectiveness of POLCO, our remaining exper-

iments analyze (1) the learned models’ performance evaluated on the same reward

function as in Dtrain, and (2) the importance of each component–MB,MC and hC

embedding in POLCO. For compactness, we restrict our consideration in Hazard-

World-grid.

Evaluation with Reward Function from Dtrain. To provide another point of

comparison in addition to our main results, we evaluate all models using the same

reward function as in Dtrain, but with unseen textual constraints from Deval. (Fig.

6.11)
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Figure 6.12: Ablations showing the effect of each component in POLCO for the
budgetary constraint.

We observe POLCO achieves the lowest violations across different choices of hC

compared to the baselines. This implies that merely combining the observations and

the text is not sufficient to learn an effective representation for parsing the constraints.

In addition, POLCO achieves the best reward performance under cost satisfaction

for the more complex relational and sequential constraints. For the relational case,

although the CF agent trained with PCPO satisfies the constraints, it has a relatively

low reward.

Ablation Studies. We also examine the importance of each part in POLCO

(Fig. 6.12). To eliminate prediction errors from the constraint interpreter, we use

the true MC and hC here. Our full model achieves the best performance in all cases,

averaging 5.12% more reward and 2.22% fewer constraint violations. Without MC ,

the agent cannot recognize cost entities effectively, which causes the agent to incur

66.67% higher ∆C compared with the full model (which has a ∆C close to zero).

This shows that hC embedding and the MB mask are useful in enabling constraint

satisfaction given textual constraints.

Learning Curves of Training the Policy Network. The learning curves of

the undiscounted constraint cost, the discounted reward, and the number of steps

over policy updates are shown for all tested algorithms and the constraints in Fig.
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(a) Budgetary constraints

(b) Relational constraints

(c) Sequential constraints

Figure 6.13: Learning Curves of Training the Policy Network. The undis-
counted reward, the undiscounted cost violations (i.e., ∆C = JC(π) − hC), and the
number of steps over policy updates for the tested algorithms and the constraints. In
the undiscounted cost violations plots, we further include the numbers for the inter-
preter pre-training stage in the first 100 points. This is equal to 5000 trajectories.
The maximum allowable step for each trajectory is 200. We observe that POLCO
satisfies the cost constraints throughout training while improving the reward. In con-
trast, the policy network trained with TRPO suffers from violating the constraints
and the one trained with FPO cannot effectively improve the reward. (Best viewed
in color.)

176



Figure 6.14: POLCO for pixel observations and 3D ego-centric observations. The red
cloud area represents the bounding box of each object in ot.

6.13. Overall, we observe that

(1) POLCO improves the reward performance while satisfying the cost constraints

during training in all cases,

(2) the policy network trained with TRPO has substantial cost constraint violations

during training,

(3) the policy network trained with FPO is overly restricted, hindering the reward

improvement.

6.7 Discussion and Conclusion

Our work provides a view of machines that can interoperate with humans. As au-

tonomous agents proliferate into our world, they should be able to understand safety

constraints set by human agents around them. Accordingly, we proposed the problem

of safe RL with natural language constraints, created a new benchmark called Haz-

ardWorld to test agents, and developed a new algorithm for the task (POLCO)

that learns to interpret constraints. Our paper defines and trains machine agents that
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understand what not to do in natural language, much like instruction following tasks

enable agents in understanding what to do.

The thesis of our POLCO approach is that modularity enables reuse. By boot-

strapping a modular constraint interpreter through exploration, our model scales eas-

ily to multiple constraints and to shifts in the environment’s reward structure, all while

exploring new environments safely. We applied POLCO within HazardWorld to

train an agent that navigates safely by obeying natural language constraints. This

agent is a step towards creating applications like cleaning robots that can obey free

form constraints, such as “don’t get too close to the TV ” – a relational constraint in

our formulation.

No model is without limitations. The absolute scores of POLCO on Hazard-

World still leave a lot of room for improvement using better models or training

techniques. The current version of HazardWorld is also not all-encompassing –

we envision it as a benchmark that evolves over time, with the addition of new types

of constraints and new environments. Future work can investigate training without

explicit labels for the constraint interpreter, potentially using techniques like Gumbel

softmax [79], or extending POLCO to tasks with more realistic visuals. In addition,

for POLCO for in robotics tasks, to deal with pixel observations ot, we can still use

the proposed architecture to process ot as shown in Fig. 6.14. To predict the cost

constraint mask M̂C , we use the object segmentation method to get the bounding box

of each object in the scene. As a result, the area of that bounding box will be one

if there is a cost entity (i.e., the forbidden states mentioned in the text). Otherwise,

the bounding box contains a zero. For M̂B, we can use a similar approach to com-

pute the cumulative cost violations at each step. In addition, to deal with navigation

environments with 3D ego-centric observations, we propose shifting the ot, M̂C and

M̂B matrices to be the first-person view. The bounding box approach for the image

case can still be applied here. We leave this proposal to future work.

178



Acknowledgements. We thank Michael Hu for collecting the data and writing

the paper, and Dr. Yinlam Chow, Prof. Peter J. Ramadge, and Prof. Karthik

Narasimhan for the helpful discussion.

179



Chapter 7

Conclusion

In this thesis, we study the problem of safe reinforcement learning (RL). We provide

theoretical analysis and test the proposed algorithms in a wide range of simulated and

real-world tasks. In Chapter 2, we use the idea of projection onto the safety constraint

set to ensure constraint satisfaction during the policy update. We provide worst-case

constraint violations for each policy update. We test the algorithm in the Mujoco

robot tasks with safety constraints and the traffic management tasks with fairness

constraints. The results suggest that the model is able to improve the reward while

substantially reducing the constraint violations. In Chapter 3, we extend the problem

in Chapter 2 when provided with baseline policies. The baseline policy provides a

useful cue for learning, but it is not guaranteed to produce higher rewards or satisfy

the safety constraint at hand. We extend PCPO in Chapter 2 with a projection step

that constrains the distance to the baseline policy. We provide a theoretical analysis

to quantify the distance between the learner policy and the baseline policy to ensure

safe and efficient learning. The theory ensures reward improvement and constraint

satisfaction for each update. We test the algorithm in the experiment where the

learning agent aims to learn human driving log data. The results show that SPACE

achieves better learning efficiency and fewer safety constraint violations.
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In Chapter 4, we deploy a safe RL algorithm in quadrupedal locomotion to show

its real-world applicability. We start by proposing a safe RL algorithm that switches

between the learner policy and the safe recovery policy. The learner policy is used

to learn a task while the safe recovery policy is used to take over the control when

the agent is going to violate the safety constraint. We further design switch criteria

between the two policies by rolling out the state trajectory based on the provided

system dynamics. If the state enters an unsafe set, we use the safe recovery policy;

otherwise, we use the learner policy. We verify the proposed algorithm in three lo-

comotion tasks (efficient gaits, two-leg balance, and catwalk) in real hardware. The

results show that we are able to learn agile locomotion skills without falling or near-

zero falls during the entire learning process. In Chapter 5, we relax the assumption

of knowing the system dynamics in the previous chapters and propose an approach

that learns to estimate the state and the system parameters when provided with the

equation of the system dynamics. Knowing the state and the system parameters aids

the learning a control policy. To address this problem, we propose a model that esti-

mates the states and physical parameters of the system using two main components.

First, an autoencoder compresses a sequence of observations (e.g., sensor measure-

ments, pixel images) into a sequence for the state representation that is consistent

with physics by including a simulation of the dynamic equation. Second, an estimator

is coupled with the autoencoder to predict the values of the physical parameters. We

also theoretically and empirically show that using Fourier feature mappings improves

the generalization of the estimator in predicting physical parameters compared to

raw state sequences. In our experiments on the demonstrated example and three vi-

sual and one sensor measurement tasks, our model imposes interpretability on latent

states and achieves improved generalization performance for long-term prediction of

system dynamics over state-of-the-art baselines.

Finally, in Chapter 6, while safe RL holds great promise for many practical appli-
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cations like robotics or autonomous cars, current approaches require specifying con-

straints in mathematical form. Such specifications demand domain expertise, limiting

the adoption of safe RL. In addition, current autonomous systems do not have the

ability to correct their unsafe behavior after receiving feedback from humans. We

thus propose learning to interpret natural language constraints for safe RL. To this

end, we first introduce HazardWorld, a new multi-task benchmark that requires

an agent to optimize reward while not violating constraints specified in free-form

text. We then develop an agent with a modular architecture that can interpret and

adhere to such textual constraints while learning new tasks. Across different domains

in HazardWorld, we show that our method achieves higher rewards (up to 11x)

and fewer constraint violations (by 1.8x) compared to existing approaches. We hope

this thesis has not only shed light on how to use RL algorithms in real-world appli-

cations safely but will also lead to further understanding and progress in using other

techniques to ensure safety when learning control policies.

We discuss several future research directions. On the algorithm side, combing

Hamilton-Jacobi reachability methods [51] with safety analysis with the consider-

ation of model error and noise from the environment for safe RL algorithms can

provide stronger safety guarantees. In addition, the current safety certificate meth-

ods of the control policy such as the Hamilton-Jacobi reachability analysis require

a large amount of computation. Such computation prevents deployment in a real-

time embedded system such as drones and self-driving cars. An approximate safety

analysis but a fast computation method is needed to scale up the safe RL algo-

rithm in more complicated run-time systems. Furthermore, extending our safe RL

algorithms to multiple constraints, diverse textual constraints would develop more

general-purposed and easy deployment of safe RL algorithms. Moreover, while it

is possible to come up with safety guarantees during training and designing of the

control policy, the real-world deployment of the control policy makes pre-defined or
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pre-programmed safety guarantees weaker or even diminished due to uncertainty and

noise from the real world. Incorporating the uncertainty measurement into safe RL is

a promising direction. On the application side, safe RL algorithms can be potentially

deployed in several applications such as recommendation systems with user preference

constraints and robot control tasks with safety constraints. In addition, we show that

it is possible to learn a control policy autonomously with minimal human effort in

Chapter 4. Scaling this approach to a wide range of applications would enable easy

and wide deployment of autonomous systems.

As human moves toward an automated society with a plethora of deployment

of self-driving cars, personalized robot assistants, and unmanned aerial vehicles, the

safety of these autonomous systems is increasingly important. According to the White

House Office of Science and Technology Policy’s National Science and Technology

Council in 2019, there are several key areas of priority focus for the Federal agencies

that invest in AI. One of them is to ensure the safety and security of AI. This shows

that ensuring AI safety is a key to the prosperity and health of society. We hope that

everyone on earth can safely benefit from an automated society in the future.
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Appendix A

Prior Presentations and

Publications

A.1 Prior Presentations During Ph.D.

1. Tsung-Yen Yang, Christopher Brinton, Prateek Mittal, Mung Chiang, and An-

drew S. Lan. Learning informative and private representations via generative

adversarial networks. In IEEE International Conference on Big Data (Big

Data), 2018

2. Tsung-Yen Yang, Justinian Rosca, Karthik Narasimhan, Peter J. Ramadge.

Projection-Based Constrained Policy Optimization. In International Conference

on Learning Representations (ICLR), 2020. Also presented in AAAI 2019 Fall

Symposium Series–Human-centered AI: Trustworthness of AI Models and Data

3. Tsung-Yen Yang, Andrew S. Lan, Karthik Narasimhan. Robust and Inter-

pretable Grounding of Spatial References with Relation Networks. In Findings

of Conference on Empirical Methods in Natural Language Processing (Findings

of EMNLP), 2020. Also presented in Third International Workshop on Spa-

tial Language Understanding In conjunction with The Conference on Empirical
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Methods in Natural Language Processing 2020

4. Tsung-Yen Yang, Justinian Rosca, Karthik Narasimhan, Peter J. Ramadge.

Accelerating Safe Reinforcement Learning with Constraint-mismatched Policies.

In International Conference on Machine Learning (ICML), 2021. Also presented

in NeurIPS 2020 Workshop Challenges of Real World Reinforcement Learning

5. Tsung-Yen Yang*, Michael Hu*, Yinlam Chow, Peter J. Ramadge, Karthik

Narasimhan. Safe Reinforcement Learning with Natural Language Constraints.

In Neural Information Processing System (NeurIPS), 2021 (Spotlight Talk)

(*Equal Contribution). Also presented in NeurIPS 2020 Workshop Deep Rein-

forcement Learning Workshop
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A.2 Prior Publications During Ph.D.

1. Tsung-Yen Yang, Christopher G. Brinton, Carlee Joe-Wong, and Mung Chiang.

Behavior-based grade prediction for MOOCs via time series neural networks.

In IEEE Journal of Selected Topics in Signal Processing (JSTSP), 2017

2. Andrew S. Lan, Christopher G. Brinton, Tsung-Yen Yang, and Mung Chiang.

Behavior-based latent variable model for learner engagement. In International

Conference on Educational Data Mining (EDM), 2018

3. Madhumitha Shridharan, AshleyWillingham, Jonathan Spencer, Tsung-Yen Yang,

and Christopher Brinton. Predictive learning analytics for video-watching be-

havior in MOOCs. In Conference on Information Sciences and Systems (CISS),
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4. Tsung-Yen Yang, Christopher G. Brinton, and Carlee Joe-Wong. Predicting

learner interactions in social learning networks. In IEEE Conference on Com-
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adversarial networks. In IEEE International Conference on Big Data (Big

Data), 2018

6. Tsung-Yen Yang, Ryan S. Baker, Christoph Studer, Neil Heffernan, and Andrew

S. Lan. Active learning for student affect detection. In International Conference

on Educational Data Mining (EDM), 2019

7. Tsung-Yen Yang, Justinian Rosca, Karthik Narasimhan, Peter J. Ramadge.

Projection-Based Constrained Policy Optimization. In International Conference

on Learning Representations (ICLR), 2020
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8. Patrick Hansen, Richard Junior Bustamante, Tsung-Yen Yang, Elizabeth Teno-

rio, Christopher G. Brinton, Mung Chiang, and Andrew S. Lan. Predicting the

timing and quality of responsesin online discussion forums. In IEEE Interna-

tional Conference on Distributed Computing Systems (ICDCS), 2019
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In Neural Information Processing System (NeurIPS), 2021 (Spotlight Talk)
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12. Tsung-Yen Yang, Tingnan Zhang, Linda Luu, Sehoon Ha, Jie Tan, Wenhao

Yu. Safe Reinforcement Learning for Legged Locomotion. In IEEE/RSJ Inter-

national Conference on Intelligent Robots and Systems (IROS), 2022
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[45] K. Driessens and S. Džeroski. Integrating guidance into relational reinforcement

learning. Machine Learning, 57(3):271–304, 2004.

[46] Y. Duan, X. Chen, R. Houthooft, J. Schulman, and P. Abbeel. Benchmarking

deep reinforcement learning for continuous control. In M. Balcan and K. Q.

Weinberger, editors, Proceedings of the 33nd International Conference on Ma-

chine Learning, ICML 2016, New York City, NY, USA, June 19-24, 2016,

volume 48 of JMLR Workshop and Conference Proceedings, pages 1329–1338.

JMLR.org, 2016.

[47] G. Dulac-Arnold, D. Mankowitz, and T. Hester. Challenges of real-world rein-

forcement learning. arXiv preprint arXiv:1904.12901, 2019.
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2018, December 3-8, 2018, Montréal, Canada, pages 7059–7069, 2018.

[143] R. S. Sutton, D. A. McAllester, S. P. Singh, and Y. Mansour. Policy gradient

methods for reinforcement learning with function approximation. In Advances

in Neural Information Processing Systems, pages 1057–1063, 2000.

[144] M. Tancik, P. P. Srinivasan, B. Mildenhall, S. Fridovich-Keil, N. Raghavan,

U. Singhal, R. Ramamoorthi, J. T. Barron, and R. Ng. Fourier features let

networks learn high frequency functions in low dimensional domains. arXiv

preprint arXiv:2006.10739, 2020.

[145] R. Tedrake, T. W. Zhang, and H. S. Seung. Stochastic policy gradient reinforce-

ment learning on a simple 3d biped. In IEEE/RSJ International Conference on

Intelligent Robots and Systems, 2004.

[146] S. Tellex, N. Gopalan, H. Kress-Gazit, and C. Matuszek. Robots that use

language. Annual Review of Control, Robotics, and Autonomous Systems, 3:25–

55, 2020.

[147] S. Tellex, T. Kollar, S. Dickerson, M. R. Walter, A. G. Banerjee, S. J. Teller,

and N. Roy. Understanding natural language commands for robotic navigation

and mobile manipulation. In W. Burgard and D. Roth, editors, Proceedings of

the Twenty-Fifth AAAI Conference on Artificial Intelligence, AAAI 2011, San

Francisco, California, USA, August 7-11, 2011. AAAI Press, 2011.

[148] C. Tessler, D. J. Mankowitz, and S. Mannor. Reward constrained policy opti-

mization. In 7th International Conference on Learning Representations, ICLR

2019, New Orleans, LA, USA, May 6-9, 2019. OpenReview.net, 2019.

[149] B. Thananjeyan, A. Balakrishna, S. Nair, M. Luo, K. Srinivasan, M. Hwang,

J. E. Gonzalez, J. Ibarz, C. Finn, and K. Goldberg. Recovery rl: Safe reinforce-

211



ment learning with learned recovery zones. IEEE Robotics and Automation

Letters, 6(3):4915–4922, 2021.

[150] B. Thananjeyan, A. Balakrishna, U. Rosolia, F. Li, R. McAllister, J. E. Gonza-

lez, S. Levine, F. Borrelli, and K. Goldberg. Safety augmented value estimation

from demonstrations (saved): Safe deep model-based rl for sparse cost robotic

tasks. IEEE Robotics and Automation Letters, 2020.

[151] S. Thapa, N. Li, and J. Ye. Dynamic fluid surface reconstruction using deep

neural network. In Proceedings of the IEEE/CVF Conference on Computer

Vision and Pattern Recognition, pages 21–30, 2020.

[152] P. S. Thomas, B. C. da Silva, A. G. Barto, S. Giguere, Y. Brun, and

E. Brunskill. Preventing undesirable behavior of intelligent machines. Science,

366(6468):999–1004, 2019.

[153] J. Thomason, M. Murray, M. Cakmak, and L. Zettlemoyer. Vision-and-dialog

navigation. In Proceedings of Conference on Robot Learning, pages 394–406,

2020.

[154] P. Toth, D. J. Rezende, A. Jaegle, S. Racanière, A. Botev, and I. Higgins.

Hamiltonian generative networks. In 8th International Conference on Learn-

ing Representations, ICLR 2020, Addis Ababa, Ethiopia, April 26-30, 2020.

OpenReview.net, 2020.

[155] M. Turchetta, F. Berkenkamp, and A. Krause. Safe exploration in finite markov

decision processes with gaussian processes. In D. D. Lee, M. Sugiyama, U. von

Luxburg, I. Guyon, and R. Garnett, editors, Advances in Neural Information

Processing Systems 29: Annual Conference on Neural Information Processing

Systems 2016, December 5-10, 2016, Barcelona, Spain, pages 4305–4313, 2016.

212



[156] M. Turchetta, A. Kolobov, S. Shah, A. Krause, and A. Agarwal. Safe rein-

forcement learning via curriculum induction. arXiv preprint arXiv:2006.12136,

2020.

[157] K. Um, R. Brand, P. Holl, N. Thuerey, et al. Solver-in-the-loop: Learning

from differentiable physics to interact with iterative pde-solvers. arXiv preprint

arXiv:2007.00016, 2020.

[158] A. Vaswani, N. Shazeer, N. Parmar, J. Uszkoreit, L. Jones, A. N. Gomez,

L. Kaiser, and I. Polosukhin. Attention is all you need. In I. Guyon, U. von

Luxburg, S. Bengio, H. M. Wallach, R. Fergus, S. V. N. Vishwanathan, and

R. Garnett, editors, Advances in Neural Information Processing Systems 30:

Annual Conference on Neural Information Processing Systems 2017, December

4-9, 2017, Long Beach, CA, USA, pages 5998–6008, 2017.

[159] M. Vecerik, T. Hester, J. Scholz, F. Wang, O. Pietquin, B. Piot, N. Heess,

T. Rothörl, T. Lampe, and M. Riedmiller. Leveraging demonstrations for deep

reinforcement learning on robotics problems with sparse rewards. arXiv preprint

arXiv:1707.08817, 2017.

[160] S. G. Venkatesh, A. Biswas, R. Upadrashta, V. Srinivasan, P. Talukdar, and

B. Amrutur. Spatial reasoning from natural language instructions for robot

manipulation. arXiv preprint arXiv:2012.13693, 2020.

[161] E. Vinitsky, A. Kreidieh, L. Le Flem, N. Kheterpal, K. Jang, C. Wu, F. Wu,

R. Liaw, E. Liang, and A. M. Bayen. Benchmarks for reinforcement learning in

mixed-autonomy traffic. In Proceedings of Conference on Robot Learning, pages

399–409, 2018.

[162] A. Vogel and D. Jurafsky. Learning to follow navigational directions. In Pro-

ceedings of the 48th Annual Meeting of the Association for Computational Lin-

213



guistics, pages 806–814, Uppsala, Sweden, 2010. Association for Computational

Linguistics.

[163] A. Wachi and Y. Sui. Safe reinforcement learning in constrained markov deci-

sion processes. In Proceedings of the 37th International Conference on Machine

Learning, ICML 2020, 13-18 July 2020, Virtual Event, volume 119 of Proceed-

ings of Machine Learning Research, pages 9797–9806. PMLR, 2020.

[164] A. Walsman, Y. Bisk, S. Gabriel, D. Misra, Y. Artzi, Y. Choi, and D. Fox. Early

fusion for goal directed robotic vision. In Proceedings of IEEE/RSJ Interna-

tional Conference on Intelligent Robots and Systems, pages 1025–1031. IEEE,

2019.

[165] C. Wang, C. Ross, Y.-L. Kuo, B. Katz, and A. Barbu. Learning a natural-

language to ltl executable semantic parser for grounded robotics. arXiv preprint

arXiv:2008.03277, 2020.

[166] R. Wang, K. Kashinath, M. Mustafa, A. Albert, and R. Yu. Towards physics-

informed deep learning for turbulent flow prediction. In R. Gupta, Y. Liu,

J. Tang, and B. A. Prakash, editors, KDD ’20: The 26th ACM SIGKDD Con-

ference on Knowledge Discovery and Data Mining, Virtual Event, CA, USA,

August 23-27, 2020, pages 1457–1466. ACM, 2020.

[167] R. Wang, D. Maddix, C. Faloutsos, Y. Wang, and R. Yu. Bridging physics-

based and data-driven modeling for learning dynamical systems. arXiv preprint

arXiv:2011.10616, 2020.

[168] R. Wang, R. Walters, and R. Yu. Meta-learning dynamics forecasting using

task inference. arXiv preprint arXiv:2102.10271, 2021.

[169] N. Watters, D. Zoran, T. Weber, P. W. Battaglia, R. Pascanu, and A. Tac-

chetti. Visual interaction networks: Learning a physics simulator from video.

214



In I. Guyon, U. von Luxburg, S. Bengio, H. M. Wallach, R. Fergus, S. V. N.

Vishwanathan, and R. Garnett, editors, Advances in Neural Information Pro-

cessing Systems 30: Annual Conference on Neural Information Processing Sys-

tems 2017, December 4-9, 2017, Long Beach, CA, USA, pages 4539–4547, 2017.

[170] J. Wu, E. Lu, P. Kohli, B. Freeman, and J. Tenenbaum. Learning to see physics

via visual de-animation. In I. Guyon, U. von Luxburg, S. Bengio, H. M. Wallach,

R. Fergus, S. V. N. Vishwanathan, and R. Garnett, editors, Advances in Neural

Information Processing Systems 30: Annual Conference on Neural Information

Processing Systems 2017, December 4-9, 2017, Long Beach, CA, USA, pages

153–164, 2017.

[171] Z. Xu, J. Wu, A. Zeng, J. B. Tenenbaum, and S. Song. Densephysnet: Learning

dense physical object representations via multi-step dynamic interactions. arXiv

preprint arXiv:1906.03853, 2019.

[172] T. Xue, A. Beatson, S. Adriaenssens, and R. P. Adams. Amortized finite ele-

ment analysis for fast pde-constrained optimization. In Proceedings of the 37th

International Conference on Machine Learning, ICML 2020, 13-18 July 2020,

Virtual Event, volume 119 of Proceedings of Machine Learning Research, pages

10638–10647. PMLR, 2020.

[173] T. Yang, J. Rosca, K. Narasimhan, and P. J. Ramadge. Projection-based con-

strained policy optimization. In 8th International Conference on Learning Rep-

resentations, ICLR 2020, Addis Ababa, Ethiopia, April 26-30, 2020. OpenRe-

view.net, 2020.

[174] T.-Y. Yang, M. Hu, Y. Chow, P. J. Ramadge, and K. Narasimhan. Safe re-

inforcement learning with natural language constraints. Advances in Neural

Information Processing Systems, 34, 2021.

215



[175] T.-Y. Yang, J. Rosca, K. Narasimhan, and P. J. Ramadge. Accelerating safe

reinforcement learning with constraint-mismatched policies. International Con-

ference on Machine Learning, 2020.

[176] T.-Y. Yang, T. Zhang, L. Luu, S. Ha, J. Tan, and W. Yu. Safe reinforcement

learning for legged locomotion. In 2022 IEEE/RSJ International Conference

on Intelligent Robots and Systems (IROS). IEEE, 2022.

[177] W. Yu, V. C. Kumar, G. Turk, and C. K. Liu. Sim-to-real transfer for biped

locomotion. In 2019 IEEE/RSJ International Conference on Intelligent Robots

and Systems (IROS). IEEE, 2019.

[178] W. Yu, C. K. Liu, and G. Turk. Protective policy transfer. arXiv preprint

arXiv:2012.06662, 2020.

[179] W. Yu, J. Tan, Y. Bai, E. Coumans, and S. Ha. Learning fast adaptation with

meta strategy optimization. IEEE Robotics and Automation Letters, (2), 2020.

[180] J. Zhang, B. Cheung, C. Finn, S. Levine, and D. Jayaraman. Cautious adap-

tation for reinforcement learning in safety-critical settings. In International

Conference on Machine Learning. PMLR, 2020.

[181] R. Zhang, F. Torabi, L. Guan, D. H. Ballard, and P. Stone. Leveraging human

guidance for deep reinforcement learning tasks. In S. Kraus, editor, Proceedings

of the Twenty-Eighth International Joint Conference on Artificial Intelligence,

IJCAI 2019, Macao, China, August 10-16, 2019, pages 6339–6346. ijcai.org,

2019.

[182] T. Zhao and M. Eskenazi. Towards end-to-end learning for dialog state

tracking and management using deep reinforcement learning. arXiv preprint

arXiv:1606.02560, 2016.

216



[183] Y. D. Zhong, B. Dey, and A. Chakraborty. Symplectic ode-net: Learning hamil-

tonian dynamics with control. In 8th International Conference on Learning

Representations, ICLR 2020, Addis Ababa, Ethiopia, April 26-30, 2020. Open-

Review.net, 2020.

[184] Y. D. Zhong, B. Dey, and A. Chakraborty. Benchmarking energy-conserving

neural networks for learning dynamics from data. In Learning for Dynamics

and Control, pages 1218–1229. PMLR, 2021.

[185] Y. D. Zhong, B. Dey, and A. Chakraborty. Extending lagrangian and hamil-

tonian neural networks with differentiable contact models. Advances in Neural

Information Processing Systems, 34, 2021.

[186] Y. D. Zhong and N. Leonard. Unsupervised learning of lagrangian dynam-

ics from images for prediction and control. Advances in Neural Information

Processing Systems, 33, 2020.

[187] Y. Zhu, N. Zabaras, P.-S. Koutsourelakis, and P. Perdikaris. Physics-

constrained deep learning for high-dimensional surrogate modeling and uncer-

tainty quantification without labeled data. Journal of Computational Physics,

394:56–81, 2019.

217


