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Abstract

In this paper, we study a fuzzy sets, namely, fuzzy ¢*- closed sets for fuzzy topological space, and some of there
properties have been proved. Further we discuss fuzzy ¢*-closed (open) functions, fuzzy ¢*- continuous, fuzzy
¢*- irresolute function as application of fuzzy sets, fuzzy Tys-spaces, fuzzy Tys ¢ - spaces and fuzzy @Tys-
spaces.
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. Introduction:

In 1965, zadeh [1] introduced the fundamental concept of fuzzy operation and fuzzy sets.
Subsequently, many researchers have worked on various concepts from general topology using fuzzy sets and
developed the theory of fuzzy topological spaces [3-7]. Muthu kumaraswamy [8] introduced (briefly fgo —
closed and fog- closed) set in fuzzy topological space in 2004.

In this paper we introduce a fuzzy generalized closed sets called fuzzy ¢* closed sets, which is properly
placed in between the class of fuzzy a- closed set, and fuzzy generalized a- closed sets. In the * fuzzy ¢* -closed
set in Fuzzy Topological Space ” section , We introduce the definition of fuzzy ¢* -closed set, ¢* continuous,
and fuzzy ¢™ - irresolute function in Fuzzy Topological Space . further, fuzzy Tys-spaces, fuzzy Tys ** -spaces,
and fuzzy ¢* Tys-spaces, are introduced in “Application of Fy«- closed sets” section .

. Preliminaries:

This paper, (G, 1) and (H, o) (or G and H) always mean fuzzy topological space. The members of 1 are called
fuzzy open sets, and their complements are fuzzy closed sets.
(ie) ¥ : (G, 1) > (H, o) (or ¥ : G>H) denotes a mapping ¥ from Fuzzy Topological Space G to Fuzzy
Topological Space H.
For a fuzzy set D of (G, 1), fuzzy closure and fuzzy interior of D denoted by CI(D) and int(D) resp., Defined by
CI(D) = A{ E : E is fuzzy closed set of G, E>D, i — E € 1t} and int D = V{S : S is fuzzy open set of G, S<D, S €
7 } [10].
Definition : 1

A fuzzy set D of Fuzzy Topological Space G’ is called fuzzy generalized aCI(D)< U where D< U and
U is fuzzy a-open in (G, t). The complement of Fga- closed sets is called Fga-open set.
Definition: 1.2

A fuzzy set D of F is ‘G’ is called fuzzy generalized a-open [4] if D< int (Cl(intD)) and fuzzy a-closed
if D>CI(int(CI(D))) the intersection of all fuzzy a-closed set of (G, t) containing D is called a-closure of a fuzzy
subset D of G and is denoted by aCl(D).
Definition: 1.3

A function Y : (G, 1) (H, o) is said to be fuzzy open (fuzzy closed) [2], if the image of every fuzzy
open (fuzzy closed) set in G is fuzzy open (fuzzy-closed) set in H.
Definition: 1.4

Let (G, 1) and (H, o) be two fuzzy topological spaces (Fuzzy Topological Space). A function : (G, 1)
- (H, o) is as follows,
Q) F.- continuous [10] of ¢ (v)is F,-closed in G, for each V € F C(H)
(i) Feo- continuous [8] if ¢ (v) is Fy- closed in G, for each V € F C(H)
(iii) F-irresolute [11] if $™(v) is F- closed in G, for each V € F C (H)
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Il. Fuzzy ¢*-closed in Fuzzy Topological Space
In this section, we introduce a relationship between fuzzy ¢*-closed sets in fuzzy topological space and some of
its characterizations.
Definition (2.1)
A fuzzy set D in (G, 1) is called fuzzy ¢*- closed (F ¢*- closed) if a Cl (D) < U where D< U and U is F,- open
in (G, 1).
[0 The complement of F ¢*- closed set is called F ¢*- open set.
Note:
The class of fuzzy ¢*- closed sets of Fuzzy Topological Space (G, t) is denoted by F ¢* C(G).

Example (2.1)

Let G={a,b,c} with fuzzy topology

7 ={0,1,{805,b0.2 Co7 },{a0.7, Pos,Co3 } {805, D02.C 03}, {807, Dos, Cor}}

[1 Fuzzy subset D= {ag4, bog, Co7} is F ¢*- closed set in (G, t) but not F,-closed set since Cl (in t (Cl (D))) =
{a0s, bos, Cor}-

Preposition: 2.1

Every fuzzy a- closed set is fuzzy ¢*- closed.

Proof:

Let D be a F,-closed set in (G, 1), and since every F,-closed set is Fg,- closed. Then, a Cl (D)< U, where D < U
and U is F,- open in (G, 1) and since every F,- open set is F,- open. So, a Cl (D) < U, where D < U and U is
Fe- open in (G, t). Thus, D is F ¢*- closed.

Converse of need not be true as seen from the above example.

Preposition: 2.2

Every fuzzy ¢*- closed set is fuzzy g,-closed set.

Proof:

Every F,- open set is Fy,- open from the fact.

Converse need not be true as seen from the following example.

Example 2.2

In Eg (2.1) the fuzzy set D={ a5, bo3.C 07} Feu- closed set in (G, T) but not F ¢*- closed set.

Proposition 2.3

If D is F ¢*- closed set in (G, 1) and D < E < o ClI (A), then E is F ¢*- closed set of (G, 7).

Proof:

Let U be a Fy,- open subset of (G, 1) such that E < U. Then, D < U and since D € F ¢* C (G), then o Cl (D) < U.
(ie) a CI(E) <aCl (D)< U. ThenE € F $* C (G).

Proposition: 2.4
If D and E are F ¢*- closed set in (G, t), then DUE is also F ¢*- closed set in (G, 7).
Proof:
IfDV E<UandU are Fg- open then D < U and E < U. Since D and E are F ¢*- closed, o Cl (D) < U, and o Cl
(E)<Uand hence a C1 (D VE)=a Cl (D) Va Cl (E) <U. Thus, DVE is F ¢*- closed set in (G, 7).
Corollary 2.1
If D is F ¢*- open set in (G, 1) and a in t (D) < E < D, then E is F ¢*- open set.
Proof:
Let D € F ¢* O (G), and o int (D) <E < D. Then 1- D € F $* C (G), and 1- D < 1-E < a CI (1-D). By prop 2.3,
1-B e F ¢* C(G). Hence E [1 F ¢* O (G).
Proposition: 2.5
If D is Fy,- open set and fuzzy ¢*- closed set in (G, 1) then D is fuzzy a- closed set in (G, 1).
Proof:
Since D < D and D is Fy,- open set and F ¢*- closed, o Cl (D) < D. since D < a Cl (D), then D=« CI (D) , and
thus D is F,- closed set in (G, 7).
Proposition: 2.6

Every fuzzy ¢*- open set in fuzzy g,- open.
Proof:

Let D € F ¢* O (G), then 1-D F ¢* O (G) and hence F,- closed set in (G, 1) by prop 2.2 D is F,- open
set in (G, 7). Hence every F ¢*- open set in G is Fy,- open set in G.
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Definition: 2.2

Let (G, 1) be a fuzzy topological space. Then for a fuzzy subset D of G, the fuzzy ¢*- closure of D
(¥*- Cl (D)) is the intersection of all fuzzy ¢*- closed set of G containing D. (ie) $ * CI(D) =A {E:E>D, E is
fuzzy ¢ *- closed m G }.

Definition: 2.3
For any fuzzy set D in Fuzzy Topological Space G, we have the fuzzy ¢ * interior of D (¢ * - int (D)) is
the union of all fuzzy ¢ * -open set of G [1 D.
(ie) ¢ * - int(D)=Vv {E:E<D, EisF ¢ * - open in G}
Proposition: 2.7
For any fuzzy sets D and B in a Fuzzy Topological Space G, we have as follows:
(i) ¢ *-int (D) <D
(i) DisF¢*-opene ¢*-int(D)=D
(iii) ¢ *-int (¢ *- int (D)) =¢ * - int (D)
(iv) If D<B,then$*-int (D)< ¢ *-int(B)
Proof:
(i) Follows from definition 2.3
(i) Let De F ¢* O (G), Then D < ¢ * - int (D). By using (1), we get D= ¢ * - int (D).
Conversely assume that D= ¢ * - int (D). By using definition (2.3) D € F $* O (G).
(iii) By using (ii), we get ¢ * - int (¢ * - int(D)) = ¢ * - int (D)
(iv) Since D < E, by using (i), ¢ *-int (D) <D <E.
(ie) ¢ * - int (D)< E, by using (iii),  * - int (¢ * - int (D)) < ¢ * - int (E). Thus ¢ * - int (D)< ¢ * - int (E).
Proposition: 2.8
For any fuzzy set D in a Fuzzy Topological Space G, we have as follows:
(i) (¢ * - int (D))° = ¢ *- CI (D)
(ii) (¢ *-CI (D))"= ¢ * - int (D)
Proof:
(i) By using definition (2.3) ¢ *- int (D) =V {E:E < D, E € F ¢* O (G)}. Taking complement on both
sides, we get
(¢ * - int (D))= (sup {E:B < D, E is F ¢*- open in G}°
=in f{E% E°> D" E°isF ¢*- closed in G}
Replacing E° by ¢, we get
(@ *-int(D)=A {C:C>D", CisF ¢*- closed in G}
By definition: 2.4, (¢ * - int (D))°= ¢ *- CI (D°).
(i) By using (i), (¢ * - int (D%)°= ¢ *- CI (D)= ¢ *- CI (D).
Taking complement on both side, we get
¢ *-int(D°) = (¢ *- Cl (D))
Proposition: 2.9
Let D be a fuzzy set in Fuzzy Topological Space G, Then D € F ¢*c (G) if f D® is F $* - open
Proposition: 2.10
For any fuzzy set D and E in Fuzzy Topological Space. G, we have
(i) D< ¢*Cl(D)
(i) DisF ¢* closed & ¢ *-Cl (D) =D
(i) ¢ *- Cl (¢ *- CI(D)) = ¢ *- CI (D)
(iv) If D < E, then ¢ *- CI(D) < ¢ *- CI(E).
Proof:
Q) Follows from definition (2.5)
(i) Let D € F ¢* C (G), by using proposition (2.9) D® € F $* O (G). By using proposition (2.10) (ii) ¢ * -
int(D°) =D°e (¢ *- Cl (D))°=D°e $ *- Cl (D) = D.
(iii) By using (ii), we get ¢ *- Cl (¢ *- CI (D) = ¢ *- CI (D)
(iv) If DAE< D and DAE< E by using proposition (2.8)
(v) ¢ * - int (E% < ¢ * - int (D). Taking complement on both side, we get (¢ * - int (E))°> (¢ * - int (D))°
By using proposition (3.9) (ii), ¢ *- Cl (E)>¢ *- CI (D).
Proposition 2.11
Let D be a fuzzy set in Fuzzy Topological Space G, Then int(D)< a-int(D)< ¢ * - int (D)< ¢ *- Cl
(D)< o-CI(D)< CI (D).
Proof:
If follows from the definition of corresponding operator.
Proposition 2.12
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For any fuzzy set D and E in a Fuzzy Topological Space G, we have
(i) ¢ *-CI (DVE)=¢ *-d (D)V ¢ *- CI (E)

(i) ¢ *- Cl(DAE)=¢ *-d (D) A ¢ *- Cl (E)
Proof:

Since ¢ *- Cl (DVE) = ¢ *- Cl (DVE), by using proposition (2.8)(i) we have ¢ *- Cl (DVE) = ¢ * - (int
(DVE)9))°= (¢ * - int (D°AE ©))° By using proposition we have ¢ *- CI (DVE) = (¢ * - int (D) A * - int (E)C
=(¢*-int (DYV (¢ * - int (E)), By using proposition (2.8) (i) we have ¢ *- Cl (DVE) = ¢ *- CI (D) V ¢ * -
CI(E9*=¢ *-CI (D) V ¢ *- Cl (E).

(ii) Since DAE< D and DAE< E , by using proposition (2.10) (iv) we have ¢ *- Cl (DAE)< ¢ *- Cl (D) and ¢ *-
Cl (DAE)< ¢ *- CI (E). This implies that ¢ *- Cl1 (DAE)< ¢ *- C1 (D) A ¢ *- CI (E).
Proposition 2.13

For any fuzzy set D and E in a Fuzzy Topological Space G, we have as follows

(i) ¢*-Cl(D)>DV ¢*Cl(¢*-int (D))

(ii) $ *-int (D) <DV $*-int(¢ *- Cl (D))

(iii) int(¢ *- CI (D) <.int (ClI (D))

(iv) int(¢p *- C1 (D) > int (¢ *- Cl(¢ * - int (D))

Proof:

(i) By proposition (2.10) D< ¢ *- CI (D). Again, using proposition (2.7) ¢ * - int (D)_< D. Then, we have
DV ¢ *-Cl (¢ *-int(D))<¢*-CI (D).

(i) By proposition (2.7) (i) ¢ * - int (D)< D. Again by proposition (2.10) (i) D< ¢ *- ClI (D). Then ¢ * - int
(D)< ¢ *-int(¢p *- CI (D)).Then, ¢ * - int (D) <D V ¢ *- int(¢p *- Cl (D)).

(iii) By proposition (2.12) ¢ *- Cl (D) < ClI (D). we get int(¢ *- CI (D)) < int (CI (D)).

(iv) By (i), *-Cl(D)>DV ¢*Cl(p*-int(D)>DV ¢*- Cl(p*-int(D)). Then we have int(¢ *- CI
(D)) = int(D V ¢ *)- Cl (¢ * - int (D)). Since int(D V E) > int(D) V_int(E), int(¢p *- Cl (D)) > int(D) Vv int (¢ *-
Cl(¢ * - int (D)) > int(D) V int (¢ *- CI($ * - int (D)).

V. Fuzzy ¢ *- irresolute and fuzzy ¢ *-continuous functions in Fuzzy Topological Space

Here, we introduce some types of fuzzy functions and there application of closed - ¢ * sets (fuzzy) as well as
some of their properties.
Definition3.1

A fun ¥: (G, 1> (H, o) is said to be fuzzy ¢ *- continuous (F ¢ *- continuous) if ¥ (V) is F § *-
closed in G, for each fuzzy closed set V in H.
Proposition 3.1

Every F,-continuous function is F ¢ *- continuous.
Proof:

Let VEFC(H). Since V¥ is F,-continuous then ¥ (V) is F ¢ *-closed in G. Since every F,-closed set is
F ¢ *-closed, then ¥ (V) € F $ *C(G). Thus ¥ is F ¢ *- continuous.

Converse of proposition (3.1) need not be true as seen from the following example.
Example 3.1

Suppose that G = { a, b, c } with fllZZy tOpOlOgy T= {0,1,{8.0.5, b0.21 00.7}, {3.0.7, bolg, 00.3}, {a0,5, bolz,
C0_3}, {30_7, bo_g, Co_7} and H :{X, Y, Z} with ﬁlZZy tOpOlOgy c = {{0,1} {Xolg, Yo.2 20.3}}. Let V¥: (G, T)% (H, ('5) be
defined ¥(a) = x, ¥(b) = y and Y(c) = z, is F ¢* - continuous functions but it is not a F,-continuous function,
since V = {Xo2, Yo, Zo7} € FC(H) but ¥* (V) & F,C(G).
Definition 3.2

A function ¥: (G, 1) (H, o) is said to be F ¢ *- irresolute (F ¢ *- irresolute) if ¥* (V) € F § *C(G),
for each F --closed set V in +1.
Proposition 4.2

Every F ¢ *- irresolute function is F ¢ *- continuous.
Proof:

It follows from the definition, the converse proposition 3.3 need not be true as from the following
example.
Example:
In example 3.1 let ¥: (G, 1) (H, o) be defined by ¥Y(a)=x, ¥(b)=y and ¥(c)=z. ¥ is F ¢ *- continuous function,
but it is not a F ¢ *- irresolute function, since V = {Xo2, Yo.1, Zo4}€ F  *C(H) but ¥* (V) € F $ *C(G).

Proposition:

Let ¥: G>H and y:H->W be any two function. Then
(i) v ¥ is F ¢ *- continuous if g is fuzzy continuous and V¥ is F ¢ *- continuous.
(ii) v W isF ¢ *- irresolute if both W and g are F ¢ *- irresolute.

WWW.ijres.org 4 | Page



¢* Closed Set In Fuzzy Topological Spaces

(iii) yO ¥ is F ¢ *- continuous if g is F ¢ *- continuous, and ¥ is F ¢ *- continuous and ¥ is F ¢ *-
irresolute.
Proof:
Let VEFC(W). Since v is fuzzy continuous, then y*(V) €FC(H). Since ¢ is F ¢*- continuous, then we
have ¥'(y*(V) € F § *C(G). consequently y[I ¥ is F ¢ *- continuous.
By similarly (ii) — (iii).
Application of F ¢ *- closed sets
In application of F ¢ *- closed sets, three fuzzy spaces, namely fuzzy Ts- spaces, fuzzy Ty5 ¢ *spaces,
and fuzzy ¢ * Tys- spaces are introduced.
Here, we introduce the following definitions

Definition 4.1
A fuzzy topological space (G, 1) is as follows,
Q) Fuzzy Tys- space of every Fy,-closed set in G. G is F,-closed set in G.
(i) Fuzzy Ty ¢ * - space of every F ¢ *- closed set in G is a F,-closed set in G.

(iii) Fuzzy ¢ * Tys - space of every F ¢ *- closed set in G.
Proposition 4.1

If : G > His F ¢ *- irresolute and G is fuzzy ¢ * Tys — space, then ¥ is F ¢ *- continuous.
Proof:

By see next theorem 4.2.

Proposition 4.2

If ¥. G > His F ¢ *- continuous and G is fuzzy Tys ¢ *— space, then ¥ is F ¢ *- continuous.
Proof:

Let V € FC(H); since fis F ¢ *- continuous. Then ¥*(V) € Fy~ C(G). Since G is F Tys ¢ *— space, then
W(V) is Fo-closed set in G. Thus V¥ is F,-continuous.

Proposition 4.3

If' ¥ : G > His Fg- continuous and G is fuzzy Tys ¢ *— space, then ¥ is F ¢ *-continuous.
Proof:

Let V € FC(H); since ¥ is Fg,- continuous and YHV) is Feq- Closed set in G. Since GisF ¢ * Tys —
space then ¥}(V) € Fg~ C(G). Thus V¥ is Fg,- continuous.
Proposition 4.4

Let G, H, W be Fuzzy Topological Space, and ¥ : G > H,y: H> Wandyl ¥Y:G > W be
function, then if ¥ is F,- irresolute function and is F ¢ * - continuous function, such that H is fuzzy T,s*- space.
Then y[1 VW is F,- continuous function.

Proof:

Let u € FC(W), since y is F ¢ * - continuous, then y™(u) € F ¢ *C(H). Since H is fuzzy Ty5*- space,
then y™(u) is F,- closed set in H. But ¢ is Fy-irresolute function. Then W(y™(w)) is F,- closed set in H. But ¥
) =G0 YhH).

v W is F,- continuous function.
Proposition 4.5

Let ¥ : G > Hbeonto F ¢ * - irresolute, and F,- closed. If G is fuzzy then Tys ¢ *-Space, then H is
also a fuzzy Ty5 ¢ *-Space.
Proof:

Let V € F ¢ *C(H); since fis F ¢ * - irresolute, then ¥*(V) € F § *C(G). Since G is Frys ¢ *-Space,
then W?(V) is F,- closed set in G. Since W is F,- closed and onto, then we have V is F,- closed.

H is also a Frys ¢ *-Space.

Definition 4.2

A map V¥ : (G, 1) 2 (H, o) is said to be F ¢ *- open (F ¢ *-closed) if the image of every open (closed)
fuzzy set in G is F ¢ *- open (closed) set in H.

Proposition 4.6

Every fuzzy open-map is fuzzy ¢ *-open map.
Proof:

The proof follows from the definition (4.2) The converse of proposition 4.5 need not be true as seen in
the following example.
Example 4.1

Suppose G = {a, b, ¢} with fuzzy topology t = {0,1 {apg, bo2, Cos}}, and H ={x, y, z} with fuzzy
topology ¢ = {0,1, {Xos, Yo.2, Zo7}, (Xo7, Yo Zos} {Xo5 Yo, Zos} {Xo7, Yo, Zo7}. Let ¥ : (G, 1) = (H, 6) be
defined by ¥(a)=x, ¥Y(b)=y and ¥(c)=z. ¥ is F ¢ *- open map, but it is not a F — open map, since G = { ayg, bo2,
Co3}€ FO(G) but Y(G) & F[I (H).
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Proposition 4.7
Every fuzzy- closed map is F ¢ *- closed map
Proof :
The proof follows from the definition (4.2)
The converse of proposition (4.7) need not be true as seen from the following example.
Example 4.2
In example 4.1, let ¥ : (G, t) = (H, o) be defined by ¥(a)=x, ¥(b)=y and ¥Y(c)=z. ¥ is F ¢ *- closed
map, but it is not an F — closed map, since V= { a2, bos, Co7}€ FC(G) but Y(V) & FC(H).
Proposition 4.8
IfLet ¥ : G > HisF—closed map andy : H 2W is F ¢ *- closed map, then yOO ¥ : G> W isF —
closed map.

V. Conclusion

In this paper, we have defined a new class of fuzzy sets, namely, fuzzy ¢*-closed sets for fuzzy
topological spaces, which is properly placed in between the class of fuzzy a-closed sets and the class of fuzzy
generalized a-closed sets. We also investigated some properties of these fuzzy sets. fuzzy ¢*- continuous, fuzzy
¢*- irresolute functions, and fuzzy ¢*- closed (open) function have been introduced. We have proved that every
F$*-continuous function is Fg a- continuous, but the Converse need not be true and the composition of two
Fo*- irresolute function is Fd*-irresolute. Fuzzy Tys.spaces and ¢*rys- spaces have been established as
application of fuzzy ¢*-closed set. In future, we will generalize this class of fuzzy set in bi-topological spaces.
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