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l. Introduction :

Let A denote the class of functions of the form

) = z+ Z (1.1)

which are analytic in the unit dISC E ={z:|z| < 1]}. Let S be the class of functions of the form (1.1), which are
analytic univalent in E.

In 1916, Bieber Bach ([1], [2]) proved that |a,| < 2 for the functions f(z)S. In 1923, Léwner proved
that |az| < 3 for the functions f(2)S..

With the known estimates |a,| < 2and |a3| < 3, it was expected to try to find some relation between a;
and a,? for the class S,Fekete and Szegd [5] used Lowner’s method to prove the following well known result
for the class S.

Let f(z) S, then
3—4Bif A< 0;
la; —Ba3| <{ 1,if 0<B<1;
48-3,ifA>1
(1.2)
The inequality (1.2) plays a very important role in determining estimates of higher coefficients for some sub
classes S ([7], [8], [18]-[43]).
Let us define some subclasses of S.
We denote by S*, the class of univalent starlike functions

g(z)=z+anz” €A
n=2

and satisfying the condition

29(z)
Re(g(z)>>0,zEE. (1.3)

We denote by K, the class of univalent convex functions

h(z) = Z+chz",z €A
n=2

and satisfying the condition

((zh' (2))
Re=pros=> 0.7 €F. (1.4)

A function f(z) € A is said to be close to convex if there exists g(z) € S* such that

Re (Zf((j’) >0,z €E. (15)
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The class of close to convex functions is denoted by C and was introduced by Kaplan [7] and it was shown
by him that all close to convex functions are univalent.

S*(A,B) = {f(z) c A:Zf (z) 1+ Az

,—1SB<AS1,Z€E}

f(2) = 1+ Bz
(1.6)
K(A,B) = {f(z) € A (Z;,((ZZ))) 1122,—1 <B<A<1zE€ E}
17

It is obvious that S*(4, B) is a subclass of $* and K (4, B) is a subclass of K.
We introduce a new subclass as

1+w(z)
1-w(2)’

’ B ’ !
zf (z)) s ((Zf (2)) ek

f(2) f'(@

and we will denote this class as KS™*(a, B).
We will deal with two subclasses of S*(f, f ,a, 8) defined as follows in our next paper:

1-B
f(2) € A;tana < > < (1 + tana)

zf (2)

' 1-B
B
* - tana (L2Y 1 (@) Lz,
KS*(a,B,A,B) =< f(2) € 4; tana(f(z) ) +( ) ) < (1 + tana) 5, 2 €EE; (1.8
b ((er @) l_ﬁ
. - . 2f (@) 2f 1+42)7
KS*(A,B,a,B,y) = f(z) € A; tana ( f(z)) +< 5 ) < (1 + tana) {22} 2 € E 4(1.9)

Symbol < stands for subordination, which we define as follows:

Principle of Subordination: Let f(z) and F(z) be two functions analytic in E. Then f(z) is called subordinate
to F(z) in E if there exists a function w(z) analytic in E satisfying the conditions w(0) = 0 and |w(z)| < 1 such
that f(z) = F(w(z)); zE and we write f(z) < F(2).

By U, we denote the class of analytic bounded functions of the form

w(z) = Yoo, d,z",w(0)=0,]w(z)| <L (1.10)

Itis known that |d,| < 1,|d,| < 1 —|d{|%. (1.11)

1. PRELIMINARY LEMMAS:

For0 <c< 1, wewrite w(z) = (:CZZ) so that
1+w(2) 5
S 14242224 — — — 2.1)
1-w(2)

I, MAIN RESULTS
THEOREM 3.1: Let f(2) € KS*(a, B), then
5 1+ tana B%[tan’a — 1 — 9tana] + 12 — 98 — 8tana )

laz — paj| < { 5 —4ul,ifu

{Btana + 2(1 — B)} {Btana + 3(1 — B)}

8 — 58°tana — f — 3% — 4ftana 31 1+ tana _ 8—5B%tana — B — 3% — 4Btana
= 4(1 + tana){Btana +3(1 - B)} G 3(1—-pB) + [)’tanal 4(1 + tana){Btana +3(1 — )} ~ #
- 2B*tan’*a — 13f%tana + 3B% + 16 — 178 + 8tana 1+ tana
- 4(1 + tana){Btana + 3(1 — B)} T Btana + 2(1 — B)}?
p?(tan’a — 1 — 9tana) + 12 — 9B + 8tana]

{Btana +3(1 — B)} R
- 2B%tan’a — 13f%tana + 38° + 16 — 17 + 8tana
- 4(1 + tana){Btana + 3(1 — B)}
The results are sharp.
Proof: By definition of KS*(a, 8,y), we have

[4(1 + tana)u

(3.3)

' 1-B
zf (z B 2f (z w(z
(42 +(55) " -t v o 2w e 28

f@) '@ 1-w(2)’
Expanding the series (3.4), we get
tana {1 + Ba,z + (2[3a3+@a§)22 + - - —} +{1+2(1—Bayz+2(1 —B)Bas—(B + 2)a3)z* +
———=(1+tana)1+2clz+2c2+c12z24+———. (3.5)

Identifying terms in (3.5), we get
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2

= Btana +2(1-B) g (36)

az

_ 1+tana [8%(tan?a—1-9tana )+12-9p +8tana | _
% = Btana +3(1-p) cz + (1 + tana) [2(1-B)+Btana ]2(Btana +3(1—B) 2! (37)
From (3.6) and (3.7), we obtain
_ 2 _ 1+tana ﬁz(tanza—l—‘Btana )+12—9ﬁ+8tana _ 2 (1+tana )Z
a3 = HA2 = prana +301—p) 2 + Btana +3(1-B) 4ucy {Btana +2(1—ﬁ)}2'(3'8)

Taking absolute value and using Triangular inequality, (3.8) can be rewritten as

_ 2 (1+tana ) 1+tana ﬁz(tan 2@ —1-9tana )+12+8tana -9 _ 2
|a3 ‘uaZl = Btana +3(1-B) |C2| + {B+2(1-B)tan tan a}? Btana +3(1-B) 4#(1 T tana) |C1 |
(3.9)

Using (1.9) in (3.9), Simple calculations yield
g p y

_ 2 (1+tana ) 1+tana ,BZ(tan 2g—1-9tana )+12 +8tana —9f _ _

las ‘uaZl = Btana +3(1—B) = {Btana+2(1—p)}? [ {Btana +3(1-B)} 4(1 + tana)u'

(1+tana)tanaf+2(1-F)2fFtana+31-,Ffc1/2. (3.10)

Bz(tan 2q—1-9tana +12+8tana -9
: <
Casel: p = 4(tana +1){Btana +3(1-B)}
In this case, (3.10) can be rewritten as
_ 2 < 1+tana 1+tana [—3[32—562tana —pB+8—4ftana
|a3 uaz; = ptana +3(1-B) = {Btana +2(1—p)}? Btana +3(1-B)
Subcase I (2):

—4u(1 + tana)] ey 2. (3.11)

8 — 58%tana — f — 38 — 4ftana
4(1 + tana){Btana + 3(1 — B)}

u =<

Using (1.9), (3.11) becomes
1+ tana [ﬁz(tanza —1—9tana) + 12 — 98 — 8tana

{Btana + 2(1 — B)}? {Btana + 3(1 — B)}

laz — pa3| <

Subcase I (b):

—-4(1+ tana)u] (3.12)

8 — 5B%tana — B — 3% — 4ftana
4(1 + tana){Btana + 3(1 — B)} °

u =
We obtain from (3.11)

1+tana

— ya’ . -reme

la; —uas| < Srana 1305) (3.13)
Case Il:
- B%(tan’a — 1 — 9tana) + 12 — 9B + 8tana
#= 4(1 + tana)(Btana + 3(1 - B)

Preceding as in case I, we get

_ 2 1+tana 1+tana _ ZBZtanZa—13B2tana +3/?2+16—17/?+8tana _
|a3 MaZI = 3(1-B)+pBtana {tanaf +2(1-8)}? [4(1 + tana)” {Btana +3(1-B)} 4#(1 +
tana)lci/2. (3.14)

Subcase Il (a):
2B%tan’a — 13p%tana + 38% + 16 — 17 + 8tana
4(1 + tana){Btana + 3(1 — B)}

u <

(3.14) takes the form

| 2| < 1+ tana (3.15)

as; —pas| < .

37 KAz Btana +3(1 - B)

Combining subcase | (b) and subcase Il (2), we obtain
| _ 2| < 1+tana X B—SBZtana —ﬁ—3ﬁ2—4ﬁtana < Zﬁztanza—13ﬁ2tana +3ﬁ2+16—17ﬁ+8tana /
a3 ~Ha2l = e 30— if 4(1+tana ){ftana +3(1-p)} — © = 4(1+tana )[Btana +3(1—p)] \

2B2%tan 2a—13B2%tana +3B32+16—-17 B +8tana
Ty >
Subcase I (b) H= 4(1+tana )[Btana +3(1-B)]

Preceding as in subcase | (a), we get
_ 2 1+tana _ Bz(tanza—l—‘)tana )+12—9B+8tana
las — paz| < {Btana +2(1-B)}? [4(1 + tanaju {Btana +3(1-p)} ]
Combining (3.12), (3.16) and (3.17), the theorem is proved.
Extremal function for (3.1) and (3.3) is defined by
fi(2) = (1 +az)’
_ 2y{B+3(1—-p)tantana}
Where a = {4(1-p)(B+2)tan tan a—B (B —3)H{B +2(1-B)tan tan a}}3 -2y
And b = {(4(1-B)(B+2)tan tan a—B (B—-3)H{B+2(1—B)tan tan a}}3 -2y
- {B+3(1—-B)tantan a}{p+2(1-P)tan tana}}

3.16)

(3.17)
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Extremal function for (3.2) is defined by f,(z) = z(1 + cz?)¢,

Where ¢ =

tan tan a 14
B+3(1—-B)tantana andd = tantana
Corollary 3.2: Puttingy = 1,8 = 0 and applying limit as a — % in the theorem, we get
1-pifus 1
1, 4
o5 - Baj| <{ 3T SH=F

4
ln—L#nzg

These estimates were derived by Keogh and Merkes [9] and are results for the class of univalent convex
functions.
Corollary 3.3: Putting @ = 0,8 = 1,y = 0 in the theorem, we get

1
3-40if B o

—Bai| < 1
|¢13 a2| I 1.ifESll31;

\ 48-3,ifB> 1

These estimates were derived by Keogh and Merkes [9] and are results for the class of univalent starlike

functions.
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