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l. INTRODUCTION:

In 1986, Jungck [7] introduced the concept of Compatible mapping and proved some common fixed
point theorems of compatible mappings in metric space. The notion of fuzzy sets was introduced by Zadeh [17].
Various concepts of fuzzy metric spaces were considered in [8, 9]. Many authors have studied fixed point theory
in fuzzy metric spaces. The authors [4, 5, 1 3, 14] have proved fixed point theorems in fuzzy (probabilistic)
metric spaces. It is well known that the probabilistic metric space is an important generalization of metric space
(sec [14]). Fixed point theory in probabilistic metric spaces can be considered as a part of probabilistic analysis,
which is a very dynamic area of mathematical research.

Definition 1.1:
A binary operation *: [0, 1] % [0, 1] — [0, 1] is a continuous t-norm if it satisfies the following conditions.
1) *isassociative and commutative,
2) *iscontinuous
3) a*l=aforall ac[0,1]
4) a*b < c*d whenever a<c and b<d, for each a,b,c,d<[0,1].

Two typical examples of continuous t-norm are a*b = ab and a*b = min (a, b).

Definition 1.2:
A 3-tuple (X, M, *) is called a fuzzy metric space if X is an arbitrary (non-empty) set, * is a continuous t-norm,
and M-is a fuzzy set on X? x (0, o0), satisfying the following conditions for each X, y, zeX and t, s > 0,

1) M(xy, t)>0,

2) M(x,y, t)=1ifand onlyif x=y,

3) M(Xy, t)=M(@p{x, y} t) (symmetry) where p is a permutation function,

4) MY, ) * MY, z,8) < M(X, Z, t+S)

5) M(Xy,): (0,00) —[0,1] is continuous

Example 1.3:

Let X be a non-empty set and D is the D-metric on X. Denote a*b = a.b for all a,b<[0,1].

For each te (0, o), define M (X, y, t) = t/ [t + D(x,y)] for all x, yeX. It is easy to see that (X, M',*) isa M-
fuzzy metric space.

Definition 1.4:

Let A and S be mappings from a fuzzy metric space (X, M, *) into itself. Then the mappings are said to be
weak compatible if they commute at their coincidence point, that is Ax = Sx implies that

ASX = SAX.
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Definition 1.5:

Let A and B be two self-mappings of a fuzzy metric space (X, M, *). We say that A and B satisfy the property

(E-A), if there exists a sequence {x,} such that lim M (Ax,, u, t) = lim M (Bx,, u, t) =1 for same ueX and
n—oo n—oo

t>0.

1. MAIN RESULTS:
Let # be the set of all fuzzy set on X?x (0, «0) that is #= {f: X?x(0, 00)—[0,1]}.

Definition 2.1:
Let fand ge & The algebraic sum f @ g of fand g is defined by

fx,y,) ®g(x,y,)= Sup min{f(x,y,t;),9(x,y’,t:)}
t1+ty=t

Throughout this section ® denotes a family of mappings such that for each ¢ € @, ¢:[0,1]>~[0,1] is
continuous and increasing in each co-ordinate variable. Also y (t) = ¢ (t, t) > t for every te[0,1].

Now, we prove a common fixed point theorem using a property (E-A).

Theorem 2.2:
Let A, B, S and T be mappings from a fuzzy metric space (X, M, *) into itself satisfying the following
conditions. A(X) < T(X), B(X) < S(X) - (2.1).

2t 2t 2t
M (sx,Ty,2), mr (Ax,Sx, ) @ (By, Ty, 2),
M (%, Ty, ) @0 (5%, By, %)
for all x, ye X, t>0, pe®, and 0 < k < 2. Suppose that one of the pairs (A, S) and(B, T) satisfies the property (E,

A). (A, S) and (B, T) are weakly compatible and one of A(X), B(X), S(X) and T(X) is a complete subspace of X.
Then A, B, Sand T have a unique common fixed point in X.

M (Ax,By,t) = ¢ - (2.2).

Proof:

Suppose that the pair (B, T) satisfies the property (E. A) then there exists a sequence {X,} in X such that

lim M (Bx,,z,t) = lim M (Tx,,zt) = 1 for some ze X and all t>0. Therefore lim M (Bx,, Tx,,t) = 1 since
n—-oo n—-oo n—-oo

B(X) < S(X).
There exists a sequence {Y,} in X such that Bx, = SY/, hence lim M (Sy,,z,t) = 1.
n—oo

We prove that lim M (Ay,,z,t) = 1. Using (2.2) we have
n—oo
2 2 2
M (Syn, Txo ), M (Ay,, Syn, =) @M (Bx,, Tx,, 2),
4t 4t
M (Ay,, Ty, 5) OM (Syy, Bxy, o))

M (an,TXn,%),M(AYmBXm%) OM (BXH'TX“'%)’

M (Ayy, Bx,,t) = ¢

- ¢ M (Ay,, Tx, ) @1 - @3
Since, nllr(r”} inf M (Ayn, Bx,, %) em (an, Tx,, %)
> nllrg inf min { M (Ayn, an,% - e) , M (Bx,, Tx,, e)}
= limriliihgof]\/[ {Ayn, an,% - e}
letting e —0, in the above inequality, we get
nlig inf M {Ayn, an,%} eM {an, Txn,%} > nlirg inf M (Ayn, an,%).
Also, by remark 2.2, lim inf M (Ayn, Tx,, %) oM (Syn, Bx,, %) = lim inf M (Ayn, Tx,, g) o1

> liminf M (Ay,, Tx,, 2),

n—oo

hence letting n—oo, in inequality (2.3), we get,
lim inf M (Ay,,z,t) =M ( lim infifAy,, z, t)) = lim inf M (Ay,, Bx,,t)
n-o n-—-oo n—oo
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> @] 11m inf M (an,Txn, ) 11m mf{ (Ayn,an,%) &M (an,TXn,%)} ,
nllrg mf{ (Ayn,Txn,—) @1} >
0] (1 lim 1nfM(Ayn,an, ) 11m 1nfM(Ayn,Txn, ))
(nllg inf M (Ayn,an, ) hm inf M (Ayn,an, ) hm inf M (Ayn,Txn, ))
= (p{]V[ ( lim inf Ay, z, %),M (nlirg inf Ay, z, %) , M (nlirorg inf Ay, z, %[)}
(hm inf Ay, ,E)

n—-oo

(llm inf Ay,,z ,(E)n t) 1.

n—oo

Similarly, lim sup M (Ay,,z,t) = (11mf<3up Ay, 2, t) = 1, hence, llmM(Ayn,z t) = 1.
n—oo
Assume that S(X) is a closed subset of X. Then, There exists ue X s.t Su =z using (2.2), we get

M (Au,Bx,, 1) 2 o(M (Su, Tx,, 2), M (Au, Su,2) @ (Bx,, Tx,, 2),
M (Au, Tx,, L) @M (Su, BXy, )

M (z, Tx,, %) M (Au, Z, 3) OM (an, Tx,, %) ,
M (Au, Tx,, &) ©M (z Bx,, )

In addition, itis easy to verify that

lim inf M (Au Su, )@M (an,Txn, ) >M (Au, Su, %) 5(2.5).

In fact, for all ee( —) we have

M (Au,Su,2) @M (Bx,, T, 2) 2 min {M (Au Su,2 - €), M(Bx,, T, €)}
Since lim Bx, = hm Tx, = Su, the above inequality implies that,
n—oo

=0 —(2.4).

lim inf (J\/[ (Au,su,Z) @ (Bxy, Ty, 2) = M (Au, Su, 2 - ))

n—oo

Letting €—0, in the above inequality, we get (2.5). Also by remark (2.2), we get
. . 4 4 . . 4

nlirg inf (]\/[ (Au, Txn,f) M (Su, an,f)> = nlLrg inf M (Au, Txn,—t) ®1

> lim 1anV[(Au Tx,, )

n—-oo
2t
=M (Au Z, k)
So, letting n— oo, in inequality (2.4), we get
2t 2t
M(Au,z,t) = ¢ (1,]\/[ (Au, Z,E),M(AU, z,;))

2o o (2,3 1)

>M (Au, Z, %)

>M (Au, Z, (E)n t) — 1.
Hence, M (Au,z,t) = 1.
That is, Au= Su=z. Since, A(x) < T(x), There exists veX s.t z=Tv. Using (2.2), and Remark (2.2),
we have M (z,Bv,t) = M (Au, By, t)

> ¢ (M (Su Tv, 3)) M (Au Su, )@M (Bv, TV,Et),
M (AuTv, )@M (su,Bv,2))
= ¢ (1,1®Jvr (BV z, ) 10M (z, Bv, %))

= (p(]\/[ (Bv, Z,%),M(BV, Z,;),M(Z, Bv,%))
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>M (Bv Z, it)
> M (BV, Z, (E)n t) — 1.
Hencez=Bv=Tv.
Since the pairs (A, S) and (B, T) are weakly compatible, we obtain Az = Sz and Bz =Tz using the inequality
(2.2), we have
M (Az,z,t) = M (Az, Bv,t)

M(Sz Tv, k) M(Az Sz, )@M (Bv, Tv,%),
>
=9 (ZTV ) (SZBV—t)

- ( (Az2%),10 1,0 (Az,2,] )@M(AZ'Z'%))

) S R G RU CE3)

>M (AZ, Z, ?)

n
> M (Az, z(2) t) >1.
Then Az=Sz =z
Similarly, we can prove that z = Bz =Tz. Therefore z is a common fixed point of A, B, S and T.
Now, we prove the unigqueness:
Let if possible w =z be another common fixed point of A, B, S and T. Then by inequality (2.2), we have
M(z,w,t) = M (Az, Bw,t)
M (s2,Tw,2), M (Az,52, %) @ (Bw, Tw, ),

=0

M (Az Tw, ) @ (5z,Bw, )

( 101, M (2w, ) OM (zw%))
( (Z'w'%)'M(z.w.%))

ZIJV[ (z, w, (E)n t) - 1.

which is a contradiction. Hence w = z is a unique common fixed point of A, B, Sand T.

v

Remark: 2.3:
Putting B =A, and T= S in the above theorem, we get the following corollary 2.6.

Corollary 2.4:

Let A and S be mappings from a fuzzy metric space (X, M, *) into itself satisfying the following
condition:

0] A(X) = S(x)
M (sx,5y,2), M (AX, 5%, 2 ) @1 (Ay, Sy, 2),
(ii) M(Ax, Ay, t) = o
M (Ax, Sy, T) @M (Sx, Ay, %)

for all x, yeX, and t>0, Where 0 < k < 2. Suppose that the pair (A, S) satisfies the property (E-A), (A,S) is
weakly compatible and one of A(x) and S(x) is a complete subspace of X. Then A and S have a uniqgue common
fixed point in X.
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