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Solution of Fractional Order Stokes™ First Equation
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Abstract: Fractional sine transform and Laplace transform are used for solving the Stokes™ first problem with
ractional derivative, where the fractional derivative is defined in the Caputo sense of orderm—-1<a <m

The solution of classical problem for Stokes™ first problem has been obtained as limiting case.
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l. Introduction

Fractional partial differential equations have many applications in applied sciences and engineering.
These applications appear in gravitation elastic membrane, electrostatics, fluid flow, steady state, heat
conduction and many other topics in both pure and applied mathematics. Typical examples of fractional of
fractional partial differential equations of the time fractional advection dispersion equation as in[6,7], fractional
diffusion equation as in[16,8,5,9,15], fractional wave equation as in[14]. The Rayleigh-stokes fractional

equations as in[2].

The Stokes fractional equations are examples of fractional partial differential equation .

In this paper we consider Stokes™ first fractional equation for the flat plate. Exact solution of this
equation will be investigated. The Fourier sine transform and fractional Laplace transform are used for getting
exact solution for this equation. The fractional terms in Stokes™ equation are considered as Caputo fractional

derivative.
Basic Definitions:

Definition1: The Rieman-Liouville fractional integral[10,2] of order a is defined as:

e
Definition 2: The Caputo fractional derivative [10] of order m—1< o <m is defined as:

e L[t
D f(X)— r(m _a).(!.(x_t)a—mﬂ dt

Definition 3: The Laplace integral transform[11,13,4,10], of the function f (X) is defined as:

o0

L(f(x))= J' f(x)edx

0

Definition 4: The Fourier sine integral transform[4,10,1], of the function f (X) is defined as:

F((x) = Efsm(g ) f (x)dx

Il.  Solution of Stokes" first problem
Consider the Stokes” first problem for a heated flat plate
au(x,t) a%u(x,t)
ot

= (V + aDtﬂ )6)(—2

@)

where u(x,t) is the velocity, t is the time, x is the distance and v, ¢ are constants with respect to x and t and

Dtﬂ is the Caputo fractional derivative with m —1 < £ < m. The corresponding initial and boundary

conditions of Eq.(1) are
%:bn(x), n>0, x>0
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u(0,t)=U, for t>0 3)

Moreover, the natural condition
o"u(x,t
u(x,t),%—w,nzo and X — oo 4)
X
also has to be satisfied.
Employing the non-dimensional quantities
AL T Ae _t? n_auz -
U 1% 1% v v?

Now u=u"U ,then

u_au, au .

U+ (6a)
ot ot 8’[
but since U(0,t)=U =1, then
a—u=0, fort >0, then @=6L
ot ot
Now
ou” ouroatt oul
" -, (6b)
ot ottt ot v
ou(x,t) _au* -
OX OX
and
ou® ou"oxt 1lou”
= — e (6d)
oX OX° OX v OX
then
au(x,t) 1ou’
=—— (67)
OX Vv OX
and
2 ,t 1 2, %
¢ ;)E)z( ): V2 le;lz (6h)

Egs. (1) to (5) reduce to dimensionless equations as follows (for brevity the dimensionless mark “*” is omitted
here)

ou(x,t o%u(x,t a

—((31 )=(1+77Df)—a)((2 ) m-1<psm p=" %

0 l;fi( ):bn(x),nzo, for x>0 ®)

u(0,t)=1, t>0 ©)

u(x,t),%—w,nzo for x— o0 (10)
X

Making use the Fourier sine integral transform and boundary conditions (9), (10). Then Egs. (7) and (8)
leads to

%m?éz(lwaﬁp(é.t)ﬂﬁ( (11)
\/7_[sm (&b, (x)dx=b, (<), n>0 (12)

Hence the Laplace transform of Eq. (11)is
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pU(S, p)+<2U(S, p)+n¢2p?U(S, p) 2 ngpfmu™(g,0)= ,/ —<13>
2

74’ m p—n-1
\ 7 Z (g“)p

u(c, 14
(€.p)= plp+¢2mp” +¢2) & +§ mp’ + ¢ @
2,
B — m 2 f-n=1
U(¢,p)= §hb, (¢ )p (15)

pl¢2mp? +p+(?) £ Z Cinp? +p+ (P

Taking the inverse Laplace transform of Eq. (15) and using the relation

Then Eq. (15) leads to

2 1 2(k+1). k+lE()

1 ﬂ2+,6k( Uélztliﬂ)"‘i b, (é/)

n=0

" k
xz(—l) 4/2(k+1) 2 /zEl([)wk /3+2( nthl—ﬁ) (17)

where E®) (y) = i E (y) = iM is the Mittag-Leffler function in two parameters [10].
“p dy* —“* I (of + ok +)

Now considering the inverse Fourier sine integral transform of Eq. (17). We get

u(x,t):\/gjsin(gx)g%(%j tﬂkl|:\/32:tﬂ+lEﬂ)lﬂ+k+1( ;77 J

m bn 2n E(k—)l +1(— 1 _ j:|d 18
+nZ:0 n (é’)t Bk o g (18)

which is the exact solution of (7).
2.Spicial Cases:

Now we consider the following two cases:
Case 1: when 0 < f <1:

Then equations (7),(8),(9) and (10) leads to

ou(x,t o%u(x,t

%)=(1+77Df) 6)52 ) 0<pet (19)
u(x,0) =by(x), x>0 (20)
u(0,t)=1, t>0 (21)
u(x,t)>0 for x—ow (22)

Making use the Fourier sine integral transform and boundary conditions (21), (22). Then Egs. (19), (20) leads to

au(g t)_ ~?[+ D U, \F; 23)
U(¢,0)= \/7Ism (&), (x)dx = by (<) (24)

Hence the Laplace transform of Eq. (19)is
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N )"
Y, (pl_ﬂ +nd )k+l k=0
- k-1
X;z(kﬂ) p (25)
(plﬁﬂ +774/2)k+1
Taking the inverse Laplace transform of Eq. (21), then Eq. (21) leads to
2 1 +1)4 k+ -
Z REIEL) e iy (€)
0 _1 k
XZ%? TR, %ﬂk palne ) @)
k=0 -

Now considering the inverse Fourier sine integral transform of Eq. (22). We get

f
C 1 2k ) I ¢ =

. 2 d
kok! ¢ Lhal ) <

+77b ( )tl ﬂEl Y- ﬂ+2( ngtl_ﬁ)

Xt

which is the special case of equation (18).
Now we will take special cases of case 1:

1. When b, (Q’) =0, then Eq. (23) yields

2 %sin(¢x) & (=1 s .
U(X,t)=—-[ (é/ )Z( ) ;/Z(k 1k 1E1(i<;'2+ﬂk (_nzévztl ﬁ)dé, (28)
% é’ k=0 k!

which is the result obtained by Fag and others [2].
2. When b,(£)=0, f =1, then Eq. (23) becomes

o = 2

u(x,t):l—gfs'n(gx)exp 5 ~tldg (29)
Ty ¢ 1+nd

which is the result obtained by Fetacau and Corina [3].

Case2: when 1< f<2:

Then equations (7),(8),(9) and (10) leads to

ou(x,t o%u(x,t

_gt )=(1+notﬂ)ax%), 1<pf<2 (30)
u(x,0) =by(x), x>0 (31)
u, (x,0) =b,(x), x>0 (32)
u(0,t)=1, t>0 (33)
u(x,t) -0, %ﬁ’t) —> o for x—> oo (34)

Making use the Fourier sine integral transform and boundary conditions (29), (30). Then Egs. (26),
(27),(28) leads to

6U§t) C+mDf (g )+ \/74 1<p<2 (35)

£,0)= \/;Isin(gx})o (x)dx = b, (&) (36)
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£.0)= |2 sin(zxp (ox = b, @

The fractional Laplace transform of Eq. (31) subject to the initial conditions (32), (33) is

J2 i t)p

p(¢2mp” +p+§)+§np +p+gt il p

2oy

u(¢,p)=

Y

nj - 1]k+1
( P $n

w k+1 -1k

L y(©) ew@} R
p1, L
[ " e ZTJ

o (1 k+l p(F-te
+m@£«ﬂ@j o -
)

¢n

Now taking the Laplace inverse integral transform and inverse Fourier sine integral transform
respectively to both sides of Eq. (34), we get the exact solution of Eq. (26) as

u(x,t):\/g.[sin(gx)g%(%j t [\E;tﬁﬂEﬂ)lﬁ““l( g_%ntﬂ—lj

1 4 1 4
gntﬂ 1]+nbl(é,)t2E£3k)l,k+l(_ é/zntﬁ l]:|d§ (39)

+ 170, (C)Eﬁ )lk[

Now we will take special cases of case 2:
1. When f =2, then Eqg. (35) leads to

+77b, (é)Elk)( . tjmbl({)tzEfkkl{— L tHdJ (40)
n ’ ¢n

2.When 3 =2,b,(¢)=0,b,(¢)=0, then Eq. (35) becomes

2 Tsin(¢x)& (-1)( 1} - ( 1 j
u(x,t)= gl t |d¢ (41)
,;! ¢ kZ? ki {7 ¢
which is the result obtained by Salim and El-Kahlout [12].
I11.  Conclusion

This paper has presented some results about Stokes™ first problem. Exact solution of this equation is
obtained by using the Fourier sine integral transform and integral Laplace transform. The Caputo fractional
derivative is considered in Stokes™ first problem as time derivative, where the order of the fractional derivative

is considered as m—1< £ < m. Special cases have

been considered in the cases =1, B =2.
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