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ABSTRACT: The paper is sanctified to the problem of time series analysis. The linear extrapolation methods 

of multidimensional time series with Euclidian metric and proximity function is offered. As practical application 

the problem of spatio-temporal segmentation of video is considered. 
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I. INTRODUCTION 
A necessity of forecasting time series heterogeneous in nature often arises for different applications, 

viz. technical, financial, economic, medico-biological, environmental, agricultural ones, etc. Nowadays, there 

exists a variety of methods to solve such problems: from traditional statistical and adaptive [1-5] approaches to 

more sophisticated techniques with artificial neural networks in use [6-10]. 

More complicated situation appears when a predicted sequence is multidimensional. However, this 

problem can also be solved either by decomposition of the original multidimensional series to the set of one-

dimensional ones or by means of multi-dimensional (MIMO) predictive models which parameters can be 

successfully identified by the same statistics, adaptive or neural network algorithms. 

It should be emphasized that successful application of these procedures assumes availability of 

sufficiently representative sample of observations, which gives possibility to create a fairly accurate predictive 

model. Unfortunately, often there are situations when the sample is either small or predictable process is not 

stationary, so its prehistory cannot be used to find parameters of the model. It is very hard to think about 

effective predictive model in this situation and therefore, prediction methods should be introduced, that do not 

use the concept of the model. Such approach becomes especially important when it is required to process 

enormous data volumes on-line or even in real time, e.g. its application to shot (basic unit of video content 

analysis) boundary detection for video annotation and retrieval due to inherently temporal aspect of video 

streams. The key to explaining this fact may lie in that content-based video retrieval systems have become an 

active field of research along with both the rapid increase in the amount of video acquisition and wide range of 

video applications, what is additionally emphasized by arbitrariness of video structures and semantic concepts. 

In any case, shot boundary detection can be a ground for effective parsing, as time series processing is an 

essential component of preliminary video analysis and forecasting. 

The paper is devoted to the development and improvement of one of the possible approaches to 

multidimensional time series forecasting. The structure of the paper is as follows. The second section sketches 

multidimensional linear extrapolation problem. Section 3 enlarges upon an adaptive multidimensional linear 

extrapolation algorithm with Euclidean metric. Section 4 presents a new algorithmic approach to the adaptive 

multidimensional linear extrapolation based on the proximity function. The final section proposes summarized 

results.  

 

II. The method of multidimensional linear extrapolation 
The basis of traditional mathematical forecasting methods (statistical, adaptive, neural networking, etc.) 

consists in different kinds of mathematical models obtained as a result of structural and parametric 

identification. Problems of time extrapolation are usually solved on the basis of mathematical models, and such 

models explicitly or implicitly include discrete time as an argument. Predictive model synthesis is not possible if 

there is not enough data to construct the mathematical model. In this case, spatial prediction (extrapolation) can 

be used instead of time extrapolation, which comes to estimation of vector field under particular observations. 

Multidimensional linear extrapolation [11] should be marked among the most promising methods of spatial 

extrapolation, it has proved its effectiveness for solving some actual design problems and control of complex 

multi-dimensional nonlinear objects. Consider multidimensional linear extrapolation method applied to the 

problem of one-step prediction of n -dimensional nonlinear nonstationary time series ( ), 1,2,...,y k k N  where 

k denotes the discrete time. Suppose the analyzed series (its i -th component) can be described by nonlinear 

relation (NARX-model) in the form 
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ˆ ( ) ( ( 1),..., ( ), ( 1),..., ( ),

( 1),..., ( ),..., ( ),..., ( ))

i i i i A i B

B p q B

y k f y k y k n x k x k n

x k x k n x k l x k n

    

    
 

, ,1 , ,( ( ),..., ( ),..., ( )) ,
A BA i i qi i i n i n nf z k z k z k                                                                                        (1) 

where ( )if   is a priori unknown nonlinear relation which should be restored from available observations; ˆ ( )iy k  

stands for an evaluation (prediction) of the controlled sequence ( )iy k , performed using data available by 

( 1)k   point in time; ,1,..., ; A ii n n  denotes the considered history depth of the analyzed sequence (generally 

A B, n n  are memory parameters of observations); ( )px k l  is p -th exogenous component of multidimensional 

signal that affects ( )iy k ; 1,..., Bl n ; 1,...,p q . Expression (1) can also be rewritten in vector-matrix form  

ˆ( ) ( ( 1),..., ( ), ( 1),..., ( )) ( ( ))A By k F y k y k n x k x k n F z k                                                                               (2) 

where 
T

1 2ˆ ˆ ˆ ˆ( ) ( ( ), ( ),..., ( ))ny k y k y k y k , 
T

1( ) ( ( ),..., ( ))ny k y k y k , T
1( 1) ( ( 1),... ( ))qx k x k x k l    , 

( ) ( ( 1),..., ( ), ( 1),..., ( ))T T T T T
A Bz k y k y k n x k x k n      is ( ) 1A Bn n qn    prehistory vector. 

Non-linear transformations ( )if   and ( )F  can be retrieved in the process of any artificial neural 

network learning when a learning sample exists. However, if the sample is small enough, the neural network 

approach is unusable, while multivariate linear extrapolation will provide quite accurate results. The problem of 

multidimensional linear extrapolation applied to prediction of multidimensional time series can be described 

using notations (1), (2) as follows [11]. Let matrix of precedents (prehistory)  

(1), (1)

(2), (2)

( ), ( )

T T

T T

T T

z y

z y

z N y N

 
 
 

   
 
 
 


 

be defined with dimension ( )A BN nn qn n   . Extrapolation, in fact, is reduced to evaluation of 

ˆ( 1) ( ( 1), )y N z N    ,                                                                                   (3) 

in time point N , where ( )   is extrapolation algorithm which should meet a number of requirements. The 

main requirement is that after its application, all the consequences matrix of precedents should be accurately 

recovered, i.e. 

ˆ( ) ( ) ( ( ), )y k y k z k   , 1,2,...k N .                                                                 (4) 

It should be noted that prediction methods based on various mathematical models almost never provide 

the condition (4). From the other requirements it can be noted that the algorithm ( )   should be constructed in 

a vector form, i.e. 

1( ,..., )n   , ( , )i iy Z  , 1,...,i n ;                                                                  (5) 

the complexity should increase by n  and N  not faster than linearly; the algorithm must be able to operate for 

all N  (even if 1N  ). It is clear that for small N , and also 1N  , sufficiently accurate mathematical model 

cannot in principle be constructed. 

  

III. An adaptive multidimensional linear extrapolation algorithm with Euclidean metric 
According to L.A. Rastrigin [11], consider multidimensional linear extrapolation algorithm as the 

following sequence of steps: 

i). generation of predicted process history in the form of matrices 

( (1), (2),..., ( ))Z z z z N  is matrix of ( )A Bnn qn N   dimension, 

( (1), (2),..., ( ))Y y y y N  is n N  matrix; 

ii). finding the weight vector 1 2( , ..., )T
N     that provides minimum for norm function 

22
1|| ( 1) ( ) ( )|| ( 1)N

kz N k z k Z N Z      ;                                                                 (6) 

iii). formation of optimal prediction as a linear combination 

1

ˆ( 1) ( )
N

k
k

y N y k Y 


   .                                                                   (7) 

Minimizing of expression (7) can be performed by means of the standard method of least squares and 
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as a result, it is obvious that  
1( ) ( 1)T TZ Z Z z N                                                                                  (8) 

which exists only if the matrix TZ Z  is nonsingular. It is essential to see that under sufficiently small N  

( )A BN nn qn   this is not true, therefore it is proposed to use pseudoinverse matrix [12] and finally we have 

the expression 

( 1)Z z N                                                                                     (9) 

from which it follows that, in fact, the problem is reduced to finding orthogonal projection of the vector 

( 1)z N   on the linear hull generated by the prehistory vectors Z . 

From computational point of view there are no difficulties in the implementation of this procedure, 

however, the solution becomes more complicated if the processing data are sequential in real time. In this case, 

all previous relations can be rewritten in the following form 

( (1), (2),..., ( ))kZ z z z k , 

( (1), (2),..., ( ))kY y y y k , 

2 2
1|| ( 1) ( )|| || ( 1) ||k

l k klz k z l z k Z      ,                                  (10) 

1 2( , ,..., )T
k k    , 

1

ˆ( 1) ( )
k

l k k
l

y k y l Y


    ,                                                    (11) 

( 1)k kZ z k   .                                                                  (12) 

In [11] it is proposed to use Greville formulae for the matrix 1kZ 
  calculation from available kZ 

 and 

incoming values ( 1)z k  , ( 1)y k  , although it is much more preferable to replace it by regularized version of 

(8) in the form 
1( ) ( 1)T

k k k k kZ Z I Z z k                                                                      (13) 

where   is regularization parameter, kI denotes ( )k k  identity matrix. 

For processing of non-stationary time series, which characteristics change unpredictably over time, it is 

appropriate to solve the problem in the ‘sliding window’ instead of all available sample processing. ‘Sliding 

window’ consists of   most recent observations, and in this case relations (10) – (12) can be rewritten as 

follows 

, ( ( 1), ( 2),..., ( ))kZ z k z k z k       , 

, ( ( 1), ( 2),..., ( ))kY y k y k y k       , 

2 2
, ,1|| ( 1) ( )|| || ( 1) ||k

l k kl kz k z l z k Z           ,    (14) 

, 1( ,..., )Tk k k     , 

, ,
1

ˆ( 1) ( )
k

l k k
l k

y k y l Y  



  

    ,    (15) 

, , ( 1)k kZ z k 
   .     (16) 

For implementation of this procedure in real time, the recurrent algorithm of pseudoinversion on 

‘sliding window’ had been proposed in [11], but it is inconvenient and computationally complex. In this regard 

it is expedient to use a modification of (13) in ‘window’ view, and its packet form can be written as 
1

, , , ,( ) ( 1)T
k k k kZ Z I Z z k         ,    (17) 

and respectively recurrent form [13] can be represented as 
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(18)




 

Actually the forecast is calculated according to (15). 

It is evident that expressions (15), (18) simplify prediction considerably, but there arises a question of 

reasonable choice of window   size which is usually specified by some heuristics, that in the end reduces the 

overall efficiency of the approach.  

 

IV. Adaptive method of multidimensional linear extrapolation based on the proximity 

function 
Multi-dimensional extrapolation method proposed below is based on the proximity (distance) between 

the last history vector ( 1)z N   and all previous data (1),.., ( )z z N , and also it is based on making predictions 

ˆ( 1)y N   using the same function. 

Implementation of the method consists in the following steps: 

i). Calculation of the distance between the vector ( 1)z N   and all the previous functions ( )z k  on the 

basis of proximity function ( 1, )d N k  (in the simplest case, this is the Euclidean metric) 

( 1, ) || ( 1) ( )||d N k x N x k k     ; 

 ii). Arrangement of these distances in increasing order (ranking) 
1 2

1 2( 1, ) ( 1, ) ... ( 1, )N
Nd N k d N k d N k      ; 

iii). Selection of the first   vectors, for which the following condition is true 

( 1, )d N k
    

where   is given or computed threshold; 

iv). Finding a set of weights l   

1

1
1

( )
,1

( )

l

l l
l

d
l

d


 





  


; 

v). Forecast computing 

1

ˆ( 1) ( )l
l

y N z l





   . 

All iterations are repeated under acquisition of a new experimental observation ( 1)y N  . 

Thus,   observations are also involved at each step of forecast formation, but this value may change, 

and it is clear that the less   is, the more non-stationary the signal is. It is also easy to see that if ( )y k const , 

then N  , 1
l N
  . 

One of the issues that can be solved with the above mentioned forecasting approach is video analysis. 

This is mostly due to multidimensional time series nature of video data. Besides, one of the peculiarities 

common for video data should be noted. It consists in close similarity of consecutive video frames (from a 

single shot), which permits forecasting future frames based on the previous ones. In particular, this video 

property is often used in a number of compression algorithms. For shot boundary detection, where a search for 

fragments with a common sense is an issue, video segmentation should be considered. 

Thus, if spatio-temporal video segmentation is considered [14], an input is presented as a series of 

frames, being partitioning of initial data. In turn, each frame can be characterized by its spatial segments, i.e. it 

is possible to present each frame as a vector which values correspond to geometric characteristics of segments, 

such as an area, perimeter, tilting about axes, etc. 
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In order to extract segments with a common sense from initial data, it is possible to use the 

aforementioned approach in a following way: if the forecast (15) for 1N   frame differs significantly from its 

actual value, it should be interpreted as a change of a shot, and consequently as a segment boundary. By doing 

so, the forecast may be performed only for vectors included into a single segment, otherwise values from the 

previous video segments may give a negative impact on the whole process of segmentation. Thereby, 

extrapolation intervals should be shifted according to segment boundaries while making forecasts. 

Fig. 1 shows an example of video application for the proposed extrapolation method. It can be seen 

clearly that the moment when characteristic values change a lot over a period, the forecast also changes greatly 

in some time. In other words, the difference between an actual value and its forecast defines moments of 

changes in shots. In addition, if short-term random outliers appear, they are smoothed, and they do not influence 

shot boundary detection. 

 
Fig. 1 – Experimental Result  

a) initial video data; 

b) multidimensional linear extrapolation; 

c) difference between initial data and its multidimensional linear extrapolation 

 

Using this line of reasoning, one may come to the conclusion that the proposed extrapolation approach 

can be used for «rough» temporal partitioning in terms of spatio-temporal segmentation. 

 

V. CONCLUSION 
The results of the study are evaluated and assessed in the light of the problems of temporal video 

analysis in an appropriate feature spaces. The major points covered by this paper may be summarized as 

follows. A method for multi-dimensional non-stationary time series forecast, which is based on the spatial 

extrapolation paradigm, has been proposed. The method does not require large volumes of a priori information 

(it is sufficient to have a small learning sample), it is not necessary to solve additional optimization problems or 
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to make pseudoinversion. It is rather simple from computational point of view.  

However, when choosing forgetting parameter, smoothing effect can affect forecasting validity, and it 

is required to take into consideration assessment of both threshold and length of ‘sliding window’. It is known 

with certainty that there is a good reason to create procedures of finding these parameters which ought to be 

included in adaptive forecasting based on multidimensional linear extrapolation. 
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